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Wave propagation in slowly varying, weakly non-uniform media:
Eikonal formulation of wave equations.
Wave-packet amplitude evolution equation.
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The integral form of the dispersion relation...

O Summary from Lecture 3: Assuming an isolated singular layer at r» = rg,
the variational principle obtained for the SAW energy functional becomes
an integral form of the dispersion relation, which reads

ils|A = W .

0 Expressions of the general inertia A and of the normalized potential energy
W (in the fluid MHD limit) are given in Lecture 3.

O The integral (global) form of the dispersion relation derived above is the
simplest form of the general fishbone like dispersion relation (GFLDR) [Z &

C 2014], which can be further reduced to a local WKB dispersion relation
for short wavelength modes.
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0  Reconsider the general inertia expression obtained in Lecture 3

k2% (dap /dr)
61 = 2r? v
" Z[ ng‘Skﬁ‘ ]r:ro,ﬁ:()

b (r0)| A (rg)

o
and specialize it to short wavelength modes.

[0 Here, summation ZTO is extended to all resonances (non only a single iso-
lated one) and we have used the definition of A as

9—0t

iA(ro) = (2 B (70) 2) h 61, (r0. ) s (o, 0)]

v—0— .

0 Recall that the ) is due to the presence of singular contributions at
nqg — ¢ — Rev, due to the Poisson summation formula

Z oi2mi(ng—v*) _ Z d(ng—v*— 1) = Z [sko| =10 (r — 1o — £/nq’)
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O As the fine radial structures are accounted for by integration in ¢ (the
parallel mode structure) the remaining radial variations must occur on the
mesoscales (Lecture 6). We can thus replace

> lsko| T (ro) = /Oa{...} (r)dr .

O Using this method, the general inertia expression specialized to short wave-
length modes becomes

¢ Tk (da/dr)
o = 2 2/ d [19 ]
" 0 ' ng V=0

AN

¢sn0+ <T>

CiA(r)

with the expression for A remaining the same and being calculated at a
given flux surface 7.

E: Comment the previous equation as intuitive form for the general inertia expres-
sion and compare it with the result used in Lecture 3. What are the differences?
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O The same procedure can be adopted for the potential energy expression.
Thus, from Lecture 3 (p.30)

©dpldr o [ [ |
_ 9 3 127TNQq] \IJT 2
oW (2m) g /0 d’r—2 e /_OO Jdv [47TVJ_ U (r, 0+ 2my)

JEL
N T () + B (10 4 21)V - 6 L 19)] .

O Because of the phase factor oc €?™% the integral will rapidly vanish for
Ing| > 1 unless j = 0. Thus, the leading order expression is

S o / L, / 749 [|VL¢;M(T,19>
0 —00

¢ TkiA(dwp/dr)
— 9 2/ d [ % ]
LT IR

0 The equation above is the definition of the local contribution to the fluctu-
ation potential energy oW.

2 . 5
+ 47 ®! (1, 0)V - 8J (7, 1)

AN

¢sn0+ (7“)

’ 5Wf(7”) .
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0 The final expression for §W; is

T Bglo=o/ (kje
2 gbsnOJr (T)

Compare this expression with the result given in Spring 2017 Lecture 3. Can you
recover the result using the general expression?

Wy (r) = / Jdy UVL\PS” r, 1) —|—47r<i>ln(’r, NV - 6J (T, 19)] .

O  Collecting results, we can rewrite the SAW energy functional as

a 2 .2
F[q)87 5PCOmp] — 5W_5[ — 27‘(‘2/ dfr- [k‘ﬂc (d¢2/d,r)]
0 jBO 9=0

2

[SW(r) —iA(r)] .

A

¢sn0+ (T)

00 This equation suggests that global SAW at short wavelength can be viewed

as superposition of radial wave packets, satisfying the WKB dispersion re-
lation (GFLDR) [Z & C 2014, Chen RMP 2016]

D(r, kp,w) = We(r k,,w) —iA(r,w) =0 .
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O Note that here, explicit dependences on mode frequency and radial wave
number have been shown explicitly.

E: In general A(r,w) does not depend on k,. Why? Why can §W; depend on w?
What about the limiting case of low-frequency ideal MHD?

E: Reconsider the expression for d1W as a weighted integral over §W; and the

expression for §W introducing §W; in Lecture 3. Show that 6W; = |s|0W; for
a radially localized mode, where equilibrium is slowly varying and the mode is
considered constant over the mode width |ng'|~! = |sky|™t.

O The general result obtained so far (GFLDR) [Z & C 2014, Chen RMP 2016],
allows us to study the propagation and stability properties of long as well
as short wavelength SAW in toroidal geometry.

00  The remaining part of this series of lectures will be focused on discussing
the properties of short wavelength SAW, using the general theory of wave
propagation in slowly varying, weakly non-uniform media; with application
to the description of Alfvén waves in tokamaks.

IIIII AN NATIONAL AGENCY

Fulvio Zonca @ Iffr 2 ﬂk%‘% ;“;Y)éé\f‘@& #1‘1"3 FreA
FOR NEW TECHNOLOGIES, ENERGY AND

SUSTAINABLE ECONOMIC DEVELOPMENT Institute for Fusion Theory and Simulation, Zhejiang University


https://www.afs.enea.it/zonca/references/seminars/IFTS_spring18/lecture3.pdf

IFTS Intensive Course on Advanced Plasma Physics-Spring 202/ Lecture 4 — 8

Ballooning formalism and radial envelope

O For high toroidal mode numbers, |n| > 1, the MSD approach (Lecture 3
and Spring 2017 Lecture 2) reduces to the well-known ballooning-mode rep-
resentation [Lu 12].

0 More specifically, one may define Ay = 1/(ng’), r1 ~ O(a) and |Agr;|*/?
as, respectively, the microscopic, macroscopic, and mesoscopic radial scale
lengths (Lecture 6).

O The poloidal harmonics f,,(r,ng —m) (Lecture 3) can then be expressed as

fu(r,ng —m) = An(r) fon(ri;ng —m)

with A, (r) representing the meso-scale radial envelope.
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O f(r,0,() can then be expressed in the following ballooning-mode represen-

tation
[r,0.0) = D €™ fualr) = Y Au(r)em™ ™ fou(risng — m)
meZ meZ
S e [
meZL
— ZAn(,r)einC—imQ/ei(m—nq)ﬁPBn(,r) 19) [fon] a9
mEeEZL

0 Here, the functions fy,(r1;nqg — m) are nearly invariant under radial trans-
lations by multiples of Ay. Furthermore, due to the meso-scale nature of
A, (r), it is possible to use the eikonal Ansatz

An(r) ~ expi/ ng 0y, (r1)dr
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O This notation was introduced originally by [Dewar 81, 82| in theoretical
analyses of short wavelength ballooning modes. In this way, the expression
for V| in the (r,0) — (r,9) mapping becomes

Vi = [ikyVr (s9 — sO;) +inV( +ikyrVO| [1 + O(1/nq)] ,

with ky = —(ng/r) and the magnetic shear defined as s = rq¢’/q. Thus
0. plays the role of a normalized radial wave vector and, by definition,
k, = nq'0;, = —sky0,.

O To proceed further analytically, let us adopt the so-called (s, ) model equi-
librium for a local description of tokamaks with shifted circular magnetic
surfaces. Here, a« = —Ryq*df/dr is the dimensionless ballooning pressure
gradient parameter.

O In this case, Boozer flux coordinates are easily constructed (Spring 2017
Lecture 2), with J = qRy(By/B3) and By the equilibrium magnetic field
on the magnetic axis.

: e s L1 > 3
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O With the above expression of V|, we find, defining k347 = — V7,

2= [s(9 —6;) —asind]® (14 2A" cos )
—2s(1 — 0,)A"sind + 1 — 2(r /Ry + A") cos 9,

where A’ is the radial derivative of the Shafranov shift and, consistent with
the large aspect-ratio tokamak ordering, |A'| ~ r/ Ry < 1.

5 Introducing (Spring 2017 Lecture 3) ¢s = i Py, wa = va/(qRy) with v4
computed at the magnetic field value on axis, wg = cs/(qRy), g(9,0) =
[s(¥ — ) — asind] sin ¥+ cos ¥, and neglecting the kink term for |ng| > 1,
the SAW vorticity equation becomes

N R 82 / w2
L4 (qu) = [(W + A cosz?) + ) (1 +4(r/Rp) cos )

acos? (s —acos?)’| - ,9(10,0) ( BoRy\ .~
- s — 5Pcom .
72 = ] O =0 B P
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0 Meanwhile, the SSW equation can then be written as

) . w% 02 A ckyPo\ g(0,0k) -
P = ([ 1+ 22— | 6Peomp = 2T (i : .
Ls (5 COmP) ( T 8192) OFeomp (Z BORO) fol bs

OO0 In the equations above, the subscript n from field variables is dropped, since

we are treating toroidal mode numbers independently, consistent with the
linear analysis.

00 With the theoretical framework presented in this Lecture series, the above
equations can be used to explore the SAW and SSW spectral properties in
axisymmetric tokamaks within the single-fluid MHD approximation.

[

Note that, once the solutions ®,(r,9) = ¢,(r,9) /i (r,9) and 6 Poomp (r, 9) in
the (r,v) mapping space are known, the corresponding real space solutions
are readily obtained from the MSD definition (Lecture 3, p. 24).

: e s L1 > 3
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O Thus,
Oy(r,0,0) = 27y 020G (1§ — 2m0)
Le
0 Peomp(r,0,¢) = 2m Y ™m0 0G P (r,0 — 270)
LeZ,

0 In the high toroidal mode number limit |ng| > 1, we further have

AN

O (r,0) = A(r)Pyo(r, ),
5pcomp(ra 19) — A<T>5Pcomp0(rla 19) )

with the envelope A(r) given by the eikonal representation at p. 9.

0 After suitable normalization, which can be arbitrarily adopted for properly
rendering the fluctuating plasma response in dimensionless form, we may
rewrite the governing equations as follows:
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qgs Ckz‘}
(6q2)1A/2 BORO — A(T t)eiS(r,t) €1 (Tv t)yl (197 r, t)
; 5Pcomp N ’ : ) .
TR,

0 Here, the functions y; (V;7,t) and yo(v; 7, t) are solution of

. v, 0
Laeiyr — (2F56]2)1/2 g(/% k)€2y2 =0,
1

. J,0
Lseays — (QFBQQ)UQ g(/% k>€1y1 =0,
1

which are obtained from SAW vorticity and SSW equations (pp. 11-12) by
direct substitution of the definition above.
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O The functions y; (9;r,t) and yo(J; r, t) describe the parallel mode structures
in the variable 9 and can be normalized to unity

/ ‘91,2(19573 t)‘2d19 =1.

— OO

E: Demonstrate that, with the above definitions, we have just defined the tunction
space for the relevant fields ¢, and 0FP.omp as a normed linear space, and, even
further, as a Hilbert space.

O Furthermore, k.(r,t) = ng'0,(r,t) = 0,5(r,t), w(r,t) = —0,S(r,t), and

A L €1 (T, t)

6(’]", t) - ( €2<T, t) ) )
is the unit polarization vector, defined such that €™ - é = 1, with &* the
adjoint of é(r, ).

. - % é_“ > -
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Eikonal formulation of wave equations

0 The WKB eigenvalue problem, generated by the field equations above with
outgoing wave boundary conditions for || — oo (no energy source at |k,.| —
00), with A(r,t) = é(r,t)A(r,t), can be written as

D(r,t, k., w)- A(r,t)e®") =0 |

Dll(ra t k?“a CU) — / yikﬁAyldﬁ )

>~ g(v, 0
Dl?(rata k?“aw) — D;1<T7t7 kraw> — (2F6q2)1/2/ g<l%7 k>y>1ky2d19 )
—00 1

Doy (1, t, kpyw) = / Y2 Lsy2d0 .
0  Note that we generally assume that the plasma equilibrium does not depend
explicitly on time. However, we maintain explicit time dependence in the
notation adopted here for the sake of clarity and generality.
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O Note that, in the present case, y1(¥; 7, t) and y2(1; r, ) can be assumed as real
functions, but the complex notation has been maintained for completeness.

O The D(r,t, k.,w) operator in is generally a linear integral operator, and the
corresponding wave equation can be cast as

/D('r, tr—s,t—1) A(r—s,t — 1) dsdr = F(r,t) .

O For the sake of generality, we have added a F'(r,t) term on the r.h.s., which
can describe external forcing as well as nonlinear interactions [Chen RMP
16].

O The D(r,t, k.,w) operator is computed from the integral kernel D(r, ¢, 1, t')
by

D(rt k,,w) = /’D(r, t,r —s,t —7)e st dsdr
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O This form of D(r,t,k,,w), originally introduced by [Kravtsov 69], is called

non-symmetric in contrast to the symmetric form later adopted by [Bern-
stein 75].

0 There is a profound implication in this subtle mathematical twist. In fact,
by definition of adjoint operator (see also Lecture 3)

[D+ (Ta t, Tlv t/)] v - [DOJ? tlv T, t)]*

vp

with p, v indexes running over the polarization states; i.e., u,v € (1,2) in
the present case.

OO0 Thus, from the above definition of the integral operator, we have
D (rt k., w) = /D+(r, t,r —s,t —71)e Pt dsdr

— /D*T(r — s, t—T,7, t)e_ikrSHMdeT .
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0 Meanwhile, using the inverse formula of the integral operator definition on
p. 18,

D*T(,r, . S, t _ 7—’ /'a, t) — 4 2 /D*T r — S, t . 7_’ ]’C;, w/>€ik;ﬂs—iw/7dk;dw/
T

ikl s—iw'T —s&a 70 *
= 4—772 e ‘D (r, t, K., W) dE.dw

E: Substitute the definition in the integral operator definition in the expression
above and verify that it gives you an identity.

OO0  The expression for the adjoint operator finally becomes

1 YN SO ; ;
DY (rt ky,w) = s gl kr—kr)s=i(W'=w)7 o =104 Ort10u 0 T (1 ¢ J! k! dw' dsdr
T

_ —10g,. Or+10,,0 *T
= e WO D (r t ke, w) .
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O A rigorous and formal analysis of this equation is linked with the phase space
representation of wave equations (see also Lecture 5) and the construction
of Wigner-Weyl symbols [McDonald 1988] and pseudo-differential operators
[Hormander 1997].

O Below, we summarize the most important results and provide governing
equations that are needed for our analyses of mode structures, stability
properties and nonlinear dynamics.

. et L 1 -
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Wave-packet amplitude evolution equation

O  In aslowly varying and weakly non-uniform plasma, we may identify typical
time and spatial scales, respectively 1" and L, characterizing the spatiotem-
poral evolution of the background medium.

OO0 Introducing a small dimensionless parameter ¢ < 1, we consider wave pack-
ets in the form of A(r,t)e’") with A(r,t) = é(r,t)A(r,t), and

k(r Il = [0S0 B)|L~ et > 1,
wr T = [0S0 8)|T ~el>1.

O Furthermore, we impose that the F'(r,t) term on the r.h.s. of the wave
equation (p. 17) is O(¢g); and, for now, we also assume

0, InA| ~ |0,Ink,|~ |0, Inw|~ L,
O,nA| ~ |0,Ink,|~ |0 Inw|~T".

. et L 1 -
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O As D(r,t, k.,w) is generally complex, we separate real and imaginary parts
D(r,t, k., w) = Dg(r,t,ky,w) +iDy(r, t, k., w) ,
and assume that
Dg(r.t k., w) = D%(r t k., w)+eDg(r t k., w)+ ..,
D(r,t,k,,w) = eDj(r,t k., w)+ ...
O Thus, DY(rt,k,,w) = 0 and D%(r,t, k,,w) is symmetric, consistent with
definitions on p. 16.
[

We can also separate Hermitian from anti-Hermitian plasma response noting

that, consistent with ordering of spatio-temporal scales, the definition of
Hermitian conjugate on p. 19 yields

N . 82 62 -
D" (r,t k., w) ~ [1 +1 (&uc‘?t — akr&“)] D™ (r,t, k., w) .
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0  Hence, from definition of Hermitian and anti-Hermitian operators,

Dy(r,t, k., w) (D(fr,t, kp,w)+ D" (r,t, kr,w))

DO | —

= DY%(r.t k., w) +eDy(rt k., w)+ ...

1 02 o2 .
[1 i 5 ((%J@t B akrar>] DR(TJ t; km CU)

(Dl(/ra tv k?“v w) + Dl*T<T7 t’ k"“’ w>) !

2

+5
2

Dy(rt k., w) = _7% (D(fr,t, kp,w)— D" (rt, kr,w))

= eDY(r,t, kW) + ...

2

_725 (Dl(r,t, ky,w) — DY (r,t, kr,w))
_1 62 B 82
2 \Oowot Ok, O0r
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O Evolution equations for the wave packet are obtained expanding A(r—s,t—
7) and e*U=%=7) in the wave equation (p. 17) as

Alr—s,t—1) = A(rt)—s0,A—T10,A
+ [(s°/2)07 + 70,0, + (T7/2)07 ] A+ ...,

iS(T—S,t—T) eis(r7t)€_ikT8+iWT [1 —|— Z<82/2>arkr _I_ Z(ST/Q)

X (Opk, — Ow) — i(7°/2)0pw + ... .
O At the lowest order, O(1), the wave equation (p. 17) yields

DY (r,t k., w)-A(r,t) =0 .

O In the example considered here, D%(r,t, k., w) is a 2 x 2 matrix that admits
two independent orthonormal eigenvectors, é;(r,t, k., w) [i € (1,2)], and
can, thus, be reduced to diagonal form.
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O  In particular,

DY (r.t, k., w) = Z DY (r,t, ky,w)éé
with 1=1,2
DY (r,t, ky,w) = €5 (r,t, kp,w) - DY (1, t, ke, w) - €i(r, t, Ky, w)

O The two independent solutions represent SAW and SSW polarizations,
whose local dispersion relation can be written as

D%Z-(’r,t, kr,w) =0,

which yields
w=Qk.,11t).

E: In the light of the results of the present Lecture (see p. 6), can you say what
is the dispersion relation for SAW and SSW?
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OO0  The local dispersion relation generates the Hamilton - Jacobi equation
D% (r,t,0.5(r,t), —0,S(r,t)) =0,

and S(r,t) is the Hamilton principal function, which can be constructed in
terms of the characteristics

. Ok, D
r = —&u—l)%l — (9er(]-€¢,7“, t) ,
. o.D0.
kr = _arQ k?“a 1)
0.DY, (Be, 7 ¢)
- 0: D,
W = —&u—l)%z — @Q(kr,’r, t) .

0 For a stationary plasma equilibrium, the solution for S(r,t) can be written
as an integral along the characteristics.
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O With w = Q(rg, ko) and kg = 9,,5(r0):
S(r,t) = S(rg) — wt —|—/ k. (r")dr" .

o
O At the next order, considering terms up to O(e), the wave equation becomes
oD} 0A B oD%, 8A 1 0° DY,
ow Ot ok, Or 2 Ok2
0° DY, 0° DY
LA —
T O G ]

(D; —iDpg) - A+ [ Ok —5

—|—(atk'7n (3) ) —ie_iSF .

O  Combining terms, this equation can be cast as

D0 92D" oD", aA 1 9 /0D"
1 R . = R .
[D T3 (ak or &uc‘?t)] A+ [ R X (&u ) A]

_i_
oD?Y, 6A L1 10 6D0
ok, COr | 20r

—iDy - A — [ iec " F .
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Lecture 4 — 28
L]

Taking the scalar product with é*(r,t), dropping the subscript i denot-
ing either SAW or SSW polarizations for simplicity, and noting A(r,t) =
A(r,t)é(r,t), one derives [Kravtsov 69, Bernstein 75|

a aD% 2 a aD% 2 1 A2 -1 A2
6t(6w A)—ar<akrz4 +2DY A% — 2iDLA

0 5+ 5 5+
+<é+.%é_%é+.é>8DRA2_<8e , 0é Oe

Oé
—— . DY. _ DY .= ) A2
Ow ow oot ot Th &u)
oet o  oet Oé |
D% . ——-—.DY%. A% = —2ie""PAét - F .
+<a/«r R~ or TR 61@) e ae

0 Here, we have introduced the notation

D]l%(fr, t ok, w) =

c€t(r,t) - Dyp(r t, k., w)-é(r,t),
DY(r.t, k,,w) cet
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0  Furthermore, we have taken into account that

oD% oD% 0é
(%JR.e B &ue_D%.@_w’
oDV 0DV e
St R _ o+97r _C€ o
€ Ow € Ow Ow o

with similar identities holding for J,, replaced by 0O, .

O Letting A(r,t) = |A(r,t)| expip(r,t), the equation on p. 28 is usually split
into two equations, one describing transport of the envelope intensity |A|?,
and another accounting for the evolution of the envelope phase; that is

o (oD% .\ 9 [9D% 1 et F\1. .
- _— - ki N Y
ot ( O A') (‘97“((9/@ A 2| Pa—Im{ 5 )| A1
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ODR0p O0DROp [ et F i (.. d,. d.. .\ 0D}
[D Re( . >]+—(e -%e—%e - ) e

dw O Ok, Or AeiS 2 ©
pet ., e 0der ., e
(aw D at—W'DR'a—w)

i (0e* oe et Dé
_ Pl = _ = . pYy. .
3 (6’1@ R G T or R 6‘1@)

These equations are consistent with any of the well-known existing asymp-
totic analyses of wave equations, in particular with those based on the
non-symmetric form of the integral operator proposed by [Kravtsov 69|, as
well as those adopting the symmetric form assumed by [Bernstein 75].

Although this point may seem obvious and also a necessary prerequisite
for any acceptable theoretical description of wave propagation in space and
time varying media, there are some subtleties related with it that may be
worth exploring.
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