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Energetic particle excitations of shear Alfvén
instabilities in tokamaks

0 Kinetic effects and resonant wave-particle interactions enter with different
spatiotemporal scales. Kinetic response 0K o w, and pressure-curvature
coupling, also o wy, favor important role of geodesic curvature (radial drift,
coupling through k). Thus:

e inertial layer: mostly thermal ions/electrons (drive and damping) en-
hanced by o w3 response
e ideal region: mostly energetic particles (drive) as layer response is
suppressed by finite magnetic drift orbit width effects
e meso-scales: could be due to both thermal plasma and EP, e.g., in
fusion plasmas; they need careful analysis (not this lecture)
= EP excitation of BAE/BAAE in kinetic thermal ion gap [Chen 2007]

O Tllustrate the possible role of EP in the layer by EP excitation of TAE/KTAE
[Chen RMP 2016] assuming small EP drift orbits.
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BAE/BAAE: kinetic effects in the layer

O Use the equations form Lecture 5. For simplicity, write layer equations
(AL ~ |s¥| — o0) neglecting FLR (FLR are treated by [Wang 2010].)

O QN condition for £, — oo (p. 22 of Lecture 5)

(1+2) (s~ ) = . (o),

O GK vorticity equation for k; — oo (p. 23 of Lecture 5)
with g(¥, 0y) ~ s sin ¥

0? ~ w(w— W) .2  ATRq* g(9, 0w
— oV, P26, ’
02 * w? * By ckgk |

<mi (,uBo + vﬁ) 5IA(m> =0 .

v

O BAE are important since they can be excited by both fast ions (long wave-
lengths) as well by thermal ions (short wavelengths; AITG)
[POP 1999; Chen RMP 2016].
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U The particle distribution function 0K is derived from the drift-kinetic equa-

tion (no FLR; wy, = v /qR)

AN

Wiy — i (w0 —wa)], 0K, = z(%) OF,; [(5&-5@2) + (%)5;4

O For BAE one typically has w ~ wy; = wipi = kjva. Important effects are

expected from kinetic interaction in the radial local region (kinetic layer)
kjgRo ~ /2.

00  Typical paradigmatic case for application of MSD to drift Alfvén turbulence
as well as MHD (no specification of mode number so far; just kjgRy ~ 1/2),

5 Derivation of layer equation via asymptotic expansion in B2, Lowest or-
der solution yields 0K\” = —(e/m);(QFy; /w)(66© — §i)©), which yields
5100 = §6©) when substituted back into the quasi-neutrality condition.
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— At the next order, Sp™) = e5p1H) + e=5h(17) with a corresponding
5K¢(1) = 6“95[(2-(1” + 6_“95[(2-(1_). Let w>) = [1 + (ng — m)] (v)/qRo). Then

2
vi/2+ ik, 550
Rowqw 21

z’{iw;ﬂi) — w} 5[%'7;(&) = <m) QFOZ 515 :FZ< ) QLo

O Note that the dominant effect comes from the geodesic curvature (large
k. o< 1), causing radial magnetic drifts. Sideband generation is evident in
the wave-particle interaction as well as in the w, effect in QFO(;F ), which is
computed at m F 1.

= Substituting back into the quasi-neutrality and letting wéi ) =

(2T /m:) "2 1 £ (ng — m)] /R,

+
5008 _ g 0 Nn(w/wi™) ke o
B ) wR
€50 D1 (w/wy,; ") Wit
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0 Definitions: Z(z) = n~Y/2 [*_e™¥" /(y — x)dy and subscripts m and m F 1

indicate poloidal mode numbers to compute

N@) = (1=22) [o+ (1/2+2%) 2(0)]) - 28 [ (1/2 4+ 2%) + (1/4+2") Z(2)]
D(z) = (%) (1 + %) + (1 - “w") Z(x) — “;TZ’ 2+ (22— 1/2) Z(2)] |

0 Corresponding solutions of the drift-kinetic equation are

A Ty e/m; | m; (v Ny (w /w5 kr
SR = Fi i | o ( ) +v2> QFp — — = S QFT | —-66”
BowFwfy) [2H\2 7 Dua(w/uii) * " | who

1
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O The large |9] vorticity equation becomes finally (canonical form yielding the
general fishbone like dispersion relation)

o -
(W - A2> U0 =0

O Definitions: 60© = & §)©

N = S (1= 2 2 [ (1 ) (V) + (V)
— (@G ) + ()G ) w)))

= <<w/w§f>>Nm<w/w§:>>

Flz) = x(2®+3/2) 4 (2" +2° +1/2) Z(x) ,
G(z) = z(a*+2°+2)+ («° +2%/2+ 2> +3/4) Z(z) |
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O Reminder from Lecture 3: A? = k:ﬁch% represents the SAW continuum:;
i.e., frequency gap is at A? < 0

u To demonstrate that A? expression contains the physics of low-frequency
(BAE) gap formation in the SAW continuum, take the fluid limit in which
MHD is valid, |w| > wy

[0  Large argument expansion of the plasma 7 function yields:

1 7 T, , W? (W Wy w2 T\
A== [w2— (—+—) q2wt21-] +iy/mgle /v 5 (—t— T)( 5 + )

W4 4 T Wy \ W We; wy 1

0 From solution of the low frequency MHD equations (Lecture 3) we have
that gap should occur at w? < I'(T; + T.)/(m;R5). Comparing results with
kinetic theory:

[' =2 electrons behave as adiabatic massless fluid in 2D

I; = 7/2077
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Micro- and meso- scale excitation of low-frequency
AE/EPM

O With the general expression of A (k = 0). Reduces to fluid limit (Lecture 3)
and incorporates Landau damping (esp. of Alfvén-acoustic branch)

w? Wi Wy, Waeni WaTi
A2 _ _(1_ *pz) 2 4} {(1_ *nz)F D) — * ZG .
%) " +q ) 5 (w/wii) " (w/wii)

Nm(C;/Wti) (g:igz?:’;; + g:ié:?ii)]

low frequency AE/EPM can be excited by both thermal ions (micro-scale)
and energetic ions (meso-scales)

iA =W, + oW, (fast ions included)
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O Excitation of low-frequency AE by thermal ions is most eas-
ily seen wusing the simplified expression of A derived -earlier:
AITG excitation mechanism

1 7T T 2 (i wer) (@ T\
N =— [w2 — (— — —) q2wt2i] N e w2 (w_t _ LT ) (w2 + T~)

w4 4 T Wy \ W Wi Wi

O When ww,r; > w? accumulation point becomes unstable! The unstable

continuum is not a concern
(E: compute how much the mode can grow before mode converting to KAW.

Hint: compute how long takes for a wave-packet born at small ¥-ballooning
to reach large ¥ where KAW physics is important).

O When ww,; > wi and equilibrium effects localize the AE, the Alfvénic ITG
mode is excited (AITG)
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O Energetic particle contribution to potential energy from Lecture 5 (p. 27)

_ . . —1 1 SN 47 Roq? g(9, 0 )w A
SW,, — (5@5‘1”5@5‘1)) (—§> / 5c1><0>T[ Bsq g(ckﬁgkj <mE (1Bo + ) JO(SKE>U] 4

— 0o

E: Derive this expression by using the form of §W}, of Lecture 5 and the expression
of wag (i.e., replacing V By— with curvature-drift).

= This expression is ready for numerical implementation, once 0 Kg is pro-

vided. Complete analytical expressions are also available and given in
[POP 2014; Chen RMP 2016].

0 For simplicity, neglect finite orbit width effects, and assume w;, > @ .

[0 Since the thermal plasma has infinite conductivity, we can take 0¢ = 01y at
the lowest order.

ITALIAN NATIONAL AGENCY

Fulvio Zonca @ I‘Jﬁ' 2 9’{%’% ;‘:‘I‘Y)'aél\—“ﬁf& ﬁl*‘s i&Eh
FOR NEW TECHNOLOGIES, ENERGY AND

SUSTAINABLE ECONOMIC DEVELOPMENT Institute for Fusion Theory and Simulation, Zhejiang University


http://www.afs.enea.it/zonca/references/seminars/IFTS_spring17/lecture5.pdf
http://www.afs.enea.it/zonca/references/seminars/IFTS_spring17/lecture5.pdf

IFTS Intensive Course on Advanced Plasma Physics-Spring 2017 LeCt ure 6 — 1 2

0 The GKE can be written as (p.22 Lecture 5)

, _
(a F oYy v VL) 5K =i [QFy (30, — 50,

—vg - V1QF0; " (5¢y)]

O Applying present approximations and letting —ivy -V = wy = @04 + Wy
(incorporating the toroidal mode number into the definition of wy, unlike in

Lecture 4)
. - e Wy | =
(w+ i)V — @wg — wq) 6K = —E;dQFO (01g)
. _ e Wy . =
= (w + V) — wd) 0K ~ _EZdQFO&b

0 Here, we have noted that §K = e @ § K, and vV @y —wqg = 0.
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O The pull back operator e *?* from bounce-banana center to guiding center
is nearly an identity for negligible orbit width and 0K ~ 0K,. Similarly

(01)y) >~ 0 =~ 4.

U Since wy < wy, at the lowest order VoK ~ (%MA( ~ (). To avoid secularities
in ¢ and introducing bounce averaging on unperturbed particle motions

SIONLE

ing f
S — EQFoe—inqﬁ emnav w0 ¢
m w Wy — W

it is possible to obtain

which represents the integral particle response.
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E: Discuss why this response of energetic particles is integral, even if we assumed
negligible orbit width. What type of approximation could you introduce to further
simplify the problem?

0 In general, the integral particle response reflect the “memory” of the system
in collisionless fusion plasmas

e~ ¢ingd ) 5 = (30

O Here, note that @, is a notation for recalling that we need to treat VB
and curvature drifts in the same fashion, for correctly accounting for equi-
librium and perturbed parallel pressure balance (Lecture 2, Lecture 3 and
Lecture 4). Meanwhile g is defined by the above equation.

[0 Further approximation is generally possible either assuming deeply trapped
particles and /or fixed mode structure; e.g., one single (m,n).
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O Assuming Fyg to be symmetric in V|, and g = Qg = —(uBo + Uﬁ)kﬂ/(QRo)
for deeply trapped particles, with 7, = 27 /wy, = 2mqRo/[(r/Ro)E]M?

. 2 2 Oa\"  QF
Wy = ————qRoBy Y. /dé’/du( d) rp L0

ks Wy — W .

O Consider EPs with an isotropic slowing down distribution function and
injection energy Er much larger than the critical energy FE,., so that for
Er/mg > & > E./mg the EP energy is predominantly transferred to ther-
mal electrons by collisional friction (as for a-particles in fusion plasmas);
i.€.,

" AnEp (26)32 + (2E./mg)3?

where H denotes the Heaviside step function and the normalization condi-
tion is chosen such that the EP energy density is (3/2)Pyg for Ep > E..
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00 Substituting into the expression for W}, we obtain

W = 3n(r/Ro)*ag [1 LY (Mﬂ - 1) + mi]
" 8v/2|s| WdF W War|

with wgr = we(€ = Er/mg) and having noted that |w.g| > |w| for SAW
resonantly excited by EPs.

E: Derive this expression step by step filling in the missing algebra.

E: Use the simplified expression for A on p. 10 to show that BAE can be excited.
Can you discuss the condition for exciting EPM?

RP: Use the same dispersion relation to show that there is a transition from EP
driven modes at long wavelength (BAE) to thermal ion driven modes (AITG) for
increasing mode number.

RP: Adopt the fluid expression of A derived in Lecture 3 and demonstrate the
properties of the EP excitations of the low-frequency fluctuation spectrum. What
can you conclude from the comparison of BAE vs BAAE excitation?
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EP excitation of TAE/KTAE

O Tllustrate the possible role of EP in the layer by EP excitation of TAE/KTAE
[Chen RMP 2016] assuming small EP drift orbits.

O Relevant equations for TAE’s (KAW’s) as a vorticity equation. Derived
assuming small Finite Larmor radius (FLR) correction to ideal Ohm’s Law
(p.3 this lecture and Lecture 5)

acost (s — acost)?

05 + Q0 (1+2ecosb) + —— — — _
k] aan

4

2 2 12
s P e drwe; ¢°R ~
— v —0 o — E < wgo K >,;= 0.
2l k)] 2 Rk y

J

O Here, ® = &,00, &1 (9) = 1+[s(0—0;)—asind]?, « = —R¢?8', § = 87 P/ B2,
0% = w?/w?, €0 = 2(r,/R+ A"), ky = —ng/r, and A’ is the derivative of
the Shafranov shift.
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wg; (V) = Qg; {cos ¥ + [s(¥ — ;) — asin ] sin v}

2
Qg = _kﬁejBR ( > —i—’U”) and < ...>,= /d v(...)

O Kinetic effects associated to finite ion Larmor orbits and electron collisions
as well as resistivity are accounted for by Lecture 5)

pic = (k307 /2)[3/4 + (T./T;)(1 — i0)] — ikyc™n/16mw

o (L>3/2 7 1+1n( ?w)

W (T/R0)3/ / )3/2

Aretn,In A
mé/2(2Te)3/2
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O The distribution function 6 K ; 1s derived from the gyrokinetic equation

(p. 22 Lecture 5; with w; = v)/qR the transit frequency)

A

widy — i (w—wa)], 6K, = z(%)j OFy,; — (ﬁ)j@ |

K w

E: Note that here fast ion finite Larmor radius is neglected. Is that consistent
with the assumption of thermal FLR? Why? What is fast ion FLR producing?

O All characteristics of Alfvén waves are described:
€0 = 0, p% = 0, = ideal MHD continuum

€0 # 0, p3% =0, = TAE’s

€0 =0, p% # 0, = KAW’s

€0 # 0, p% # 0, = KTAE’s )

Energetic particle effects x< w0 K >p,, = EPM’s (¢ not crucial;
E: can you tel why?)

0 Short scale mode structure from the large <, >> 1 behavior
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Eigenmode analysis

[

Eigenmode analysis follows p. 30 Lecture 3 with & ~ A(¥) cos(9/2) +
B(9) sin(1¥/2).

Results remain the same: coupled differential equations for A(¢¥)) and B(¥),
with the addition of FLR effects and energetic particles.

FLR effects are < k5 ~ s°09? as k; > 1: no coupling between A(¥) and
B(1).

Energetic particle response is modulated by geodesic curvature coupling:
wg =~ (g8 sin .

2 2

Wiy — i (w— wd)] 5[( — @(%) QFo; "Z;‘; (Qd> [g (smﬁ—l—sin@)

BV 3
9 COS2 (3082
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O Solution is straightforward, using |w;| > |wy| and |A’/A|, |B’'/B| < 1.

5 e st Qg wB/2 —iw A4 v
K = (= F e
ik = = (), 0mrig (2), | (=) o=
N wA/2 +iw B /4 sinﬁ— wB/2+37,th/4 COS%
w? — w? /4 2 — 9w? /4 2
N wA/2 — 3iw,B/4 g 30
in —
w? — 9wy /4 2

O Note that, due to geodesic curvature coupling, the particle response has
both ~ cos(19/2) and ~ sin(1/2) dependences, as well as ~ cos(31/2) and
~ sin(31¢/2). This is called sideband generation and is typical of toroidal
geometry where magnetic drifts induce kj£+1/(¢gRy) behaviors in the parallel
mode structure.

E: Derive the above equation step by step and discuss the physics implication of

sideband generation.
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O When substituted back into the vorticity equation, the particle response
o wy vanishes if one assumes even particle distribution function in v space.

E: Convince yourself that this is indeed the case. Why should the particle distri-

bution be even in v space? What happens if this is not the case?

OO0 Compute now the coupling of kinetic particle compression via geodesic cur-
vature in the vorticity equation, neglecting odd terms o w; and modulations
that are not modifying the leading order AE eigenfunction

drwe; ¢* R? ; .
- N ij +’Un QFo;

X - + - Acosl9 + B si v +
— in —
w? — w4 — 9w? /4 2 2

E: Derive the above equation step by step. Is it valid for thermal particles as
well, in addition to energetic particles? What does this response describe?

. » d ‘L‘) 3 -
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] Collecting terms and recalling Lecture 3, the relevant equations are:
— A+ (I- — s°pp®) B = 0
B + (I'y — sp®) A = 0.
Fj: — (Q2 — 1/4 — 61) + €0Q2

9 1
b = W Zm] (vL JrIUII) QFo; (% _W2)

] Two relevant limits:

e Small (perturbative) kinetic effects = TAE’s

e Kinetic effects ~ Toroidal effects = KTAFE’s

. - - ‘L‘) 3 -
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TAE Linear Stability

e Treat kinetic effects perturbatively

e Lowest order solution is (Lecture 3):

A(J) = exp(—T'[9])
= (-, T_)Y?

E: Show that this is the solution. Can you write the solution for B(#)?

e Condition for localized modes in 9 space (nonsingular radial structures) is:

=" — (0% —1/4)° >0
Q% — 1/4] < ¢Q* = FREQUENCY GAP
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e Expression for the local growth rate, including thermal electron and ion
Landau damping:

7y 4¢P R v ?
~ = T <Z m; (; -+ vﬁ QFp, [5(UH — va)
J

30— oa/3)| ) + 2

RADIATIVE DAMPING
~ kipi

E: Use Fy as Maxwellian distribution function to compute explicitly thermal
electron and ion Landau damping. Comment on the importance of ion Landau
damping at high-3.
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e Fnergy flow to |9 >> 1 (small scale) = radiative damping
Mett and Mahajan "92]

e Typical scale: |9 ~ 1/T. Ty = (Q* —1/4 — ;) + ¢Q? = perturbative
treatment of energetic particles may overestimate R.D.
E: Can you show why this is the case?

e Consistency condition:
— (eos%p%)/T* << 1
— In general: |v/w| << ewa

E: Comment both these conditions and explain what they mean

e [t may break down because of local effects (large R.D.) or global effects =
CONTINUUM

DAMPING
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Asymptotic matching with internal region
0 Follow Lecture 3, pp. 31-32; and corresponding E: and RP: on p. 33.

[0 Internal region equation is

0? 1 acos? (s—acos?)’| -
- — _ o = O
o "1 Thl =l b

' For |s|,]a] < 1, the external region solution ¢,p = A(9)cos(9/2) +
B(1)sin(¥/2) applies in the internal region as well

O For |s], |a| < 1, the mode is located very near the lower continuum accu-
mulation point (verify a posteriori), so |I',| < —I'_ ~ ¢y/2

ds1 ~ (=T_)/2 cos /2 internal region
dsp = [(=T_)Y2cos /2 £ ([1)/2sind/2] 7 external region

. - - ‘L‘) 3 -
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0 Apply perturbation theory and method of variation of arbitrary constant to
derive the asymptotic behavior of internal solution (E: fill in the algebral)

A v _ 2 /
ps1 = (—I_)? {1 — / [(S QAZOSﬁ) — acAosﬁ ] sin ﬁ’dz?’} cos(9/2)
0

(=T _)V? { /0 i [(S - 0‘30“9/)2 _ 2o 19/] (1+ Cosﬁ’)dﬁ’} sin(19/2)

R /%J_
0 Matching the sin /2 terms one find the TAE dispersion relation as [Cheng,
Chen, Chance 1985]

(T2 o osT 1+s
(—F_)1/2 = 5Tf = Z 1l — &2

O] Real TAE frequency determined by same equation as in fluid theory
(Lecture 3). E: Compute the real frequency shift due to kinetic particle
compressions and radiative damping using perturbation theory.
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KTAE Linear Stability

e Approach the lower continuum accumulation point:
— Iy ~0and I'_ >~ —¢y/2

e Relevant equations:
A" + T_ (T — s*p?) A = 0

e Dispersion relation:
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e At the upper continuum I'; ~ ¢,/2 and
['- ~0:

2 2\ 1/2
I = (2N +1) (S pK)
L'y

e Radial width ATKTAE ~ (kgS)_l(EoSQIO%{)l/ZL. ATKTAE < ATTAE ~ (kgS)_lF =
= €,5°p5 /T << 1.

E: Show that the derived KTAE disper-

sion relations explain this figure (shown ?,',O(SAl_I % | GI_I
before) 001l o™ 5
E: Show that for p7 = 0,7 # 0 lower L o ° - _
and upper KTAE are on stable lines at ool o -ﬂ .. ]
45° departing from accumulation points l ! !

[Cheng, Chen, Chance 1985]. How about 025 030 03 040 045

A

p? # 0,7 =07 [Mett and Mahajan 1992]
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