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Lecture Plan and Teaching Material

Abstract: This Introduction to Physics of Alfvén waves and energetic particles in fu-
ston plasmas is devoted to Linear physics and stability in tokamaks and will be lectured
by Prof. Fulvio Zonca in Spring 2017. These Lectures will cover with pedagogical style
the first part of Reviews of Modern Physics 88, 015008 (2016). Prerequisite of the
course is a preliminary knowledge of general plasma physics and classical mechanics.
General theoretical aspects are treated in Lectures (1 +6), which are complemented by
corresponding Q& A Sessions.

Main areas that will be explored are:

(I) Fluid description of Alfvén waves: one dimensional plasmas

i) Shear Alfvén waves: continuous spectrum.
Initial-value approach and time asymptotic response. (Lecture 1)
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(IT) Fluid description of Alfvén waves: two dimensional plasmas

ii) Shear Alfvén waves in tokamaks. Mode structure
decomposition and ballooning-mode representation.
Shear Alfvén continuous spectrum and frequency gaps. (Lecture 2)

iii) Low-frequency Alfvén and acoustic fluctuations.
Toroidal Alfvén Eigenmodes (Lecture 3)

(ITT) Kinetic description of Alfvén waves in tokamaks

iv) The linear gyrokinetic equation and the wave particle
resonance condition in toroidal geometry. (Lecture 4)

v) Kinetic energy principle and variational approach.
Kinetic Alfvén waves. (Lecture 5)

vi) Energetic particle excitations of shear Alfvén instabilities in tokamaks.
(Lecture 6)
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Lecture Notes: Available in electronic form. At the end of each lecture and during
the Q&A time, a list of specific reading material is given explicitly. Should you have
difficulty in finding literatures and papers, please contact me at fulvio.zonca@Qenea.it

Exercises and Research Projects: In the lecture notes, Exercises (E) of various
difficulty levels are suggested. These are meant to be important part of the lectures
themselves. Possible topics for Research Projects (RP) are also indicated, which require
significant more in depth analysis and work.

Q& A Sessions: Devoted to detailed discussions and analysis of technical aspects.
They are meant to be complementary to general lectures and are a necessary addendum
for full appreciation of the material presented in the course.

Time and Location: Lectures (9am-11am) will be held at IF'TS on April 27 and May
4-6-8-10-12, with corresponding Q&A Sessions on April 27-28 (4pm-5pm) and May
5-8-9-11-12 (3pm-5pm).
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Review of ideal MHD

d
e Continuity equation: —p+ pV -v =0

dt

, d Jx B
e Momentum equation: p—v =

dt C

d
e Equation of state: —p 4+ ypV -v =0

dt
B
e Ohm’s law: E’:E+V>< — 0
c
10B
e Faraday’s law: V X E = _10B
c Ot
. 41
e Ampere’slaw: Vx B =—1J
c
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Waves in an infinite homogeneous magnetized plasma

O Uniform B = Byz (no eq. current), vo = 0, but finite pg and py.
O Three purely oscillation modes are found: (v4 = B3 /(4mwpo), v = Ypo/po)
e Shear Alfvén Wave (SAW): w? = k”vA (pr=p1=V- vy =0)

o Fast and Slow Magnetoacoustic Waves (FMW /SMW):
= (k?/2)(v3 +v3) [1 £ (1 — o?)'/?]
(04 = 4(kj [k vavs/ (vh + v5)7)

E: Derive the three branches above. Show that, for § = v%/v3 < 1, the
FMW becomes the Compressional Alfvén Wave (CAW) with w? = k%*v% and
4tpy/ (BOBlz) = O(f); meanwhile the SMW becomes the Sound Wave (SW)
with w? = k3 vS and vy, /v, = O(f).

E: Ideal MHD implies E| = 0; yet it gives the SW! Solve the apparent paradox.
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Fluid description of Alfvén waves:
one dimensional plasmas

O To illustrate how plasma nonuniformities modify the spectral properties of
SAW, let us consider the simple configuration of a 1D plasma slab confined
in straight magnetic field [Chen 74, Goedbloed 84].

O The equilibrium quantities (plasma density, pressure and magnetic field)
are assumed to vary only along the z direction (9,0 = 0mo(2), Po = Fo(x),
By = By(x)) and the equilibrium magnetic field is taken to be,

BO(ZC) = Boz(ﬂj)ez .
0 Here, we will adopt the well-known one-fluid ideal MHD description; which,

we note, is valid for |w/we| < 1, |kipi|* < 1 and m, < m;.

E: demonstrate that one-fluid ideal MHD description is valid for |w/wq| < 1,
k1 pi]* < 1 and m, < m;.
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0  Introducing the standard notation for the displacement vector du = 0,0&
and applying Faraday’s and ideal Ohm’s laws, such that

0B =V x (0¢ x By) ,
it is straightforward to derive the following linearized force balance equation

0? o1
QmOﬁ(Sg — _V5p - A

7

(By - V)0€ — - By(By - V)(V -66).

O The total (kinetic plus magnetic) perturbed pressure

BO5B||
4

5p = 0P +

corresponds to the eigenvector for the compressional Alfvén wave.
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O Denoting by I' the ratio of specific heats, from the equation of state, the
perturbed plasma pressure can be obtained as

P
P = —5@@ —T'Py(V - 0&) = 6 Pogny + 0 Prgrny, -

0  Note that, by adopting a fluid description, we have suppressed important
kinetic effects such as wave-particle interaction in the compressional com-
ponent of 0P, § P.omp, (Lecture 4).

0 Use the following Fourier representation for the generic perturbed
quantity f: A
flr,t) = fa)e @t
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O The force balance equation yields [Chen 74]

4 . : : d
DA5€|| = B—gzk||5p—l-zk|| (Zk|5f| + 1k, 0&, + %5€x> :
A . .
Dad¢, = B—gzkyép,
A d .
DA6£33 — B—(%%épv

O Here, we have denoted vy = (470,,0) /2By the Alfvén speed, kj = k, and
0§ = 0&; while the local SAW dispersion function is

Dy = (w?/vy) — kﬁ :

O Applying Faraday’s and Ohm’s laws to 0 B) in the expression of 0p, one can
readily write 0p in terms of the three components of 0§,

. . B? , d
op = —Z]-CHFPOCSfH — (FPO + 4—7?_) (Zk?y(Sfy + @(%x) :
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O Substituting 6§ and noting the equation for 0§,, one obtains

iak,  doc
56, (x) = —ory_ D%
() akz — Dy dx
where 8(x) = 87 Py(x)/B3(x) and
I Buw?

alz)=1 :
W)= o TR

E: Derive the above results step by step. What can you do next? What is the
physical meaning of the equation that you are about to derive?

O Combining results, one finally arrives at the following wave equation in
terms of d&, [Chen 74]:

d ( B2Dja& doe,

— ByD4d&, = 0.
dr \ak? — D, d:z:) o0t
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0 This equation describes SAWs coupled with compressional Alfvén and ion-
sound waves by equilibrium nonuniformities.

E: Show that this is indeed the case. Why can you say that the compressional
Alfvén wave is described by this equation?

0 We note that the obtained differential equation — and hence its solution &,
— is singular at the points where B5D  a = 0.

E: Discuss what is the condition for a singular layer to appear in a differential
equation. Apply this argument to the obtained differential equation.
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The shear Alfvén continuous spectrum

0 Singularity defines the following two continuous spectra.
One is the SAW continuum given by D4 = 0; i.e., by

w? = wi(z) = kﬁvi(az) .

The other is the ion-sound continuum given by @ = 0; i.e., with vZ(z) =
['Py(z)/0mo(x) being the ion sound speed,

L+ vg(x)/vi(z)

0 Note that the spectra are continuous, since the wave frequency varies con-
tinuously in the non-uniformity direction .
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0 To gain further insights into properties of SAW continuum, let us suppress
the ion sound wave by assuming a cold plasma; that is I'8 — 0 or @ — 1.

[0 Assume the plasma is confined by two perfectly conducting plates at z = 0
and z = L [Chen 95].

O Our governing equation then describes shear and compressional Alfvén
waves coupled by plasma non-uniformities; 0,,0(x) in this case.

O In this limit, 0§ = 0, and it is sufficient to consider the perpendicular
components of the force balance equation

5BH

DA5£J_ — VJ_ (E) .

O Here, 0&, = 0¢,e, + 0¢.e,, V, = ik e, + e€,0, and meanwhile D4 is the
local shear Alfvén operator

2 2
W 0
D,y = +
AT 02 T 022

. - - ‘L‘) 3 -
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[0 The compressional component of the magnetic field fluctuation is given by

B, L

E: Justify the above expression using the results obtained so far.

O We now decompose all perturbed fields f in the complete orthonormal set
of shear Alfvén eigenfunctions ¥ 4,(z|x)

flrt) = e @R N fy(ag, m) Yae(z]an)
/=1

where 1) 44(z|x), with boundary conditions ¥4, = 0 at z = 0 and L, satisfies
the differential equation (w%,(z) defines the local SAW frequency)

] -
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[0 Perturbed field decomposition takes into account the existence of continuous
frequency spectra, with a corresponding singular eigenfunction behavior,
introducing “fast” xy (singular) and “slow” x; (equilibrium) radial variables.

0 Using the following definition of the internal product

L
(Vae|Var) = / V3 aeandz = Sgpr
0

with k, = ¢n/L and w%,(z) = kjv5(x), one has

Vae(z|z) = (2/Lv%) 2 sinkyz .

O We now exploit the existence of two spatial scales (xg and x1) and solve the
problem via asymptotic expansions of the fluctuating fields

fo= O+ /W

where |f3"/ ;| & |0a, /Do ete.
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O Noting that |Dy| < kz for a typical shear Alfvén wave (i.e., kﬁ < k7), the
perpendicular force balance equation with the expression for 4B may be
combined and yield, at the lowest order,

0 9, ,
— k2ear| 06 =0
where €4, = w? — w?,(2).

E: Derive the equation above step by step.

[0 Solutions become singular at the radial positions x g, where the “local disper-
sion relation”, €4, = 0 (w? = w?,(zre)), is satisfied; i.e., at those positions
where the shear Alfvén continuous spectrum is resonantly excited.

O A natural definition of the “fast” (singular) variable is xqg = x — xRy, since

€Ay — 6146(331)330.
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O It is readily shown that solutions that may be written in the form

55;%) = ——= In(xg) .

Meanwhile, at the lowest order, V - 55102 = 0, from which we get

’I:Cg(ﬂ?l) 1

ky€ao(21) 20

56?52) — k—ax05fg(32) —
Y

[0 Using this expression along with the y component of the perpendicular force
balance, one can show that 05| is given as

0B = e Wi Z 5[;Hg($1)¢Ae(Z’$1)-

(=1
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' Here, the 51% , functions depend only on the slow variable and are directly

related to the functions Cy(x1) introduced above:

Og(ﬂfl)

k205 (z1)

5[)”6(331) _ 6246(331)33055(0) _
By ik, 0% (zy) Y

[0 This result means that, in a non-uniform plasma, shear and compressional
Alfvén waves are coupled together and their coupling is the origin of the
singular solutions corresponding to the “local” shear Alfvén oscillations of
the continuous spectrum w? = w,(x).

(] The group velocity of shear Alfvén waves is directed along the magnetic
field lines (z-direction in the present case), whereas the compressional wave
generally carries energy across the field itself.

O Thus, CAW “piles up” wave energy at the radial location where the shear
Alfvén spectrum is resonantly excited, explaining the origin of “local sin-
gular oscillations” [Chen 95].
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Resonant excitation and resonant absorption

0  The concept of resonant absorption of shear Alfvén waves is introduced by
(Chen 1974]. In fact, a finite amount of wave energy can be absorbed at the
resonant layer, xpgy.

O The time-averaged energy absorption rate, d(W)/dt, is given by the Poynt-
ing energy flux into the infinitely narrow layer at xr,. Thus [Chen 74|, with
L, is the system extension in the y-direction,

d<;tV> - CLyRe{/ dz/ K%“’(sg x B0> x 6B*] daz} |

[0 Using the fluctuation decomposition and orthogonality relations, along with
boundary conditions at z =0 and z = L,

AT _Potwp R e |
n o e{; | 893( Uiégﬂcsm) dg;}
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O The power absorption has contribution only at the resonant surface xg,.
L Using the causality constraint Imw — 0, it is possible to demonstrate

that 55@ (cf. p.18) has a jump given by

Adé;%) = —iwsgn( / ~ ) Culrr) .
€ar

(re) ) €ae(TRe)
O Thus, the power absorption becomes [Chen 95]
d{W) Ly, o~ lwae(zre)l 2
A LA |(5b
i 8 y; Cpara)] 1)
L,L (* 20 |2
- g 208

8k2 0 ; = $R€)|L 20) &t

This demonstrates resonant energy absorption at a rate oc w’y,. In turn,
the resonant energy absorption of a given initial perturbation takes place
on time scales ~ (w;wAa:)_l, with Az the perturbation radial extent.

: ( . :: ) T Lw N
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Initial value approach

[0 The discussions on the singular solutions and resonant absorption are per-
tinent upon steady state excitations.

0 It is also instructive to consider the wave perturbations from the initial-value
approach.

O We are interested in the |w,t| > 1 time asymptotic behaviors. Assuming,

to be justified a posteriori, |0,| > |k,|, the governing equation (p. 17) with
w replaced by 0, then becomes

[0 This equation can be straightforwardly integrated once and it yields

o . . |
%5&%(3:, t) = Cg(az)eiZ“M(x)t,

. s % £ B -
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U Here, ég(l’) is a function depending on equilibrium non-uniformities. Now,

note that, as w4t — oo (the assumption |0, | > |k, | is justified time asymp-
totically),
Op = Fiw'y,(x)t
and, thus, & ()
N T .
S ; 1) — . 14 +iw g¢(x)t .
A =

U From the condition V - 5éu = 0, one derives (Séyg = (i/ky)(‘?x(Séxg; i.e.,

~ A :
0&ye(z,t) = k—Cg(a:)eiwAf(x)t.
y

0 Insight in the dynamics associated with the resonant excitation of the shear
Alfvén continuum and resonant wave absorption:

e the 0¢,, component exhibits the characteristic (1/t) decay via phase
mixing of the continuous spectrum

o 5@6 shows undamped oscillations at frequencies corresponding to the
shear Alfvén continuum

. - - ‘L‘) 3 -
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[0  These properties are nicely demonstrated by the satellite observations of
magnetic field fluctuations in the Earth’s magnetosphere [Engebretson 87].
Br, Bg and By correspond to, respectively, 0B,(0&,), 0B, (0&,), 0By .

AMPTE CCE YEARDAY = 87065 MAR 6, 1987

BR

02:00 04:00 06:00 08:00 10:00 12:00 14:00 16:00 18:00

=
N
I
£ g
> B
Q
Q BE 3
) ]
2 3
w
o
('S

02:00 04:00 06:00 08:00 10:00 12:00 14:00 16:00 18:00

BN

UT  02:00 04:00 06:00 08:00 10:00 12:00 14:00 16:00 18:00

L 49 73 8.8 9.1 8.6 72 4.7
MLT 1.6 131 139 14.5 15.1 15.9 17.3
MLAT -11.2 =123 122 -10.6 -7.9 -4.9 43:5

(ifts) .. - -
W) 52 kg B 12 MRS g
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[0 The same behaviorshave also been demonstrated by ideal MHD initial value
numerical simulations of Alfvén wave dynamics in a cylindrical plasma [Vlad
1999].

O Introducing (7,1, z) as coordinate system in a cylindrical plasma of periodic
length 27 Ry and radius a, du(r, 9, z,t) = 0,66 = e/ Fo=mgsq . (r.t).

03
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| | T T | )
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\
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Lecture 1 — 20

] The existence of “local singular oscillations” of the SAW continuous
spectrum is further demonstrated by the Fourier frequency spectrum of
oty 1(r,t) at several radial locations, reflecting the spatial structure of the
continuum frequency wy(r/a)/wa [Vlad 1999].
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