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IFTS Intensive Course on Advanced Plasma Physics-Spring 2012 LeCt ure 6 — 2

Summary from Spring 10 Lecture 4 and 5

B Solved for the renormalized Fy(w) (fully NL) assuming monochromatic ap-

proximation and neglecting high-harmonic generation (stronger phase mix-
ing).

[0 Further reduction of the problem was possible on the basis of scale separa-
tion:

e description of a strong fishbone burst, with significant distortion of

the “equilibrium” F,

e break down of the description when equilibrium is completely de-
stroyed: all particles are ejected from within ¢ = 1 surface

0 In this Lecture, show derivations that can be used to reconsider more qual-
itative (historic) descriptions presented in Spring 10 Lecture 4.
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Lecture 6 — 3

IFTS Intensive Course on Advanced Plasma Physics-Spring 2012

0 New twist in this Lecture: deal with high mode number, i.e., look for most
unstable TAE/EPM driven by precession resonance (w = wy) for simplicity.

e mode structure enters importantly: one n but many m’s coupled to-

gether

e transition from local saturation to global saturation dynamics

O Understanding different NL regimes is based on the generalized form of

[y(w) extended to many modes.

O Note that ballooning mode structures (2 radial scale structures) enter im-

portantly.
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IFTS Intensive Course on Advanced Plasma Physics-Spring 2012 LeCt ure 6 — 4

O Assume deeply trapped particles for simplicity of treatment (no action-angle
formalism): 6 ~ —0,sin(wyt); r — ro =2 (Vgoby/ws) cOswyt, |w| = Wy <K wy.
Fishbone problem with additional twists (see Spring 10 Lecture 4).

A e [ w Fo(w— o
0K (w) = - ?koo()\Lk)Jg()\dk)Qk’w 3(wdk )

S (2)dx
0 Same notation as Spring 10 Lecture 4; £k — m,n,w, -k — —m, —n, —w*
e =kivy Jwe o Aap = q(E/)Y*(Op)w )k, 3 e=1/Ry ; € =102/2

O With the inclusion of FLR/FOW and assuming monochromatic wave

Qz:,w(r)

w*(7)

. . e m O

FO(CU) — £Stﬁ’o(w) + ;S(W) + LFO(O) + Z wCBO M?@T { [Jg()\Lk)Jg(Adk)

2TW

fO (W — QiW(T)) 2 2
A7 A
% w—(,U(T)‘i‘(de—'_JO( L k)JO( d k)

Qk:,w(T) FO (w — 2iy(7))
w(T) W+ w*(T) — Wy

] Wik |0 Pok (T, 7)2}
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O Note that ), indicates ) . for n is fixed (single n is assumed for simplicity,
but could be generalized).

U Different spatiotemporal scales enter the equation for the renormalized Fo(w)

expression

e the finite interaction time, describing how long a resonant particle
effectively exchanges energy with the wave; it can be defined as I'!,
i.e. the inverse nonlinear de-correlation time

e the finite interaction length Ary, corresponding to the particle radial
displacement necessary for detuning the wave-particle resonance by
spatial nonuniformities

e the characteristic scale ~ (ng’)~! of one poloidal harmonic dpg(r, 7)

e the characteristic scale of the radial envelope
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[0 This solution is valid for strong distortions of the equilibrium distribution
function and is the analogue of the Dyson equation (G = Gy + GpXG,
with Gy/G the bare/dressed propagators), as noted, e.g., by (Al'tshul” and
Karpman 65).

+ —=—D—— + > +..

Fi 0 The description does not include
power spectrum generation and spa-
tial bunching and accurate treatment
of phase mixing on scales much longer
than the wave-particle trapping time.

E K Not a limitation for EPM nonlinear
F dynamics = convective amplification
0 of unstable front.
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. Zonca et al. TAEA, (2002)

Avalanches and NL EPM dynamics
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0 Importance of toroidal geometry on wave-packet propagation and shape
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[0 For the understanding of the transition from weak to strong energetic ion
transport and the corresponding change in nonlinear AE/EPM dynamics,
it is crucial to note (Zonca et al 05)

e most unstable modes are characterized by k,pg ~ 1 (pg the energetic
ion typical orbit width)

e the finite interaction length may be typically larger than the radial
width of poloidal harmonics, |Arz|2Z |ng'| .

e for chirping modes, with self-consistently determined time-evolving
frequency (non-adiabatic regime), the Ary can be further extended:
detuning due to energy changes is weaker than that due to spatial
nonuniformities
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Finite interaction length Arj

O Consider precession resonance, for simplicity, allowing chirping that, for
most unstable EPM, nearly compensates the detuning by spatial nonuni-
formities. Using nF 4+ wP, = 0 and letting € = Wy /w.p = 17/ Ry

(s —1) AFE Aryp

'S v = A(@ar — wi(T)) . Arp, (War — Wk(T))‘i‘@dkf ~ (deET

O For chirping EPM € ~ r/ Ry, while ¢ & 1 for fixed frequency modes.

T o~ 7~ 7 c em O

2TW

X Fo (w = 2i7(7)) + I3 A=) I3 (Na—r) Ot Fo (w — 2iy(7)) ] Wak | 0o (7, 7)2}

w— w(T) + Wak w(T) W+ w*(T) — Wy
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5 Focus on optimal balance in Fy(w) expression

e NL term must be formally O(1) for nonlinear dynamics to enter

e Define I' as the nonlinear de-correlation rate to be determined

L Estimate [...] on p. 9 and note Ary/r ~ ¢ (v /war)Z € N /war) (see p.
9)

 Qrun £ il 2 (w—17y(7)) - ko OF ['fw(T)
~ w(T) Fo( 2 ’7( )) (w - Z"}/(T))2 . (w L (de)2 W, (9?” FQ o (w o (de)2

()]
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5 Estimate 8, ~ Ar; . The NL term in the Fj(w) expression becomes

[NL] ~ 1= (cko/Bo)T | Ar|*|0¢w]* ~ (cko/Bo) T~ *|0¢n[*wgy (e /r7)

= ' ~ |ckg/Bo||0di|(e/1)|war| = ews

where wpg is the wave-particle trapping frequency with no chirping and/or
adiabatic chirping.

[0 That nonlinear de-correlation rate is weaker for frequency chirping modes
is a consequence of phase locking, introduced in Lecture 4 (see p.14) and
discussed in detail in Lecture 5.

E: Discuss qualitatively the physics underlying phase locking and the reduced
nonlinear de-correlation time, with emphasis on the importance of dealing with
resonance wave-particle interactions of supra-thermal particles.
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Local saturation (weak drive)

0 The typical separatrix width of particles trapped within the wave is small
compared with the AE mode structure at short scales (Berk and Breizman
90), e.g., the fine TAE structure at Ar/r ~ 6/(nrq") ~ d/(ngs), d =~ r/Ry
(Cheng, Chen and Chance 85).

0 £0
Arg|S |Ar] = Letg o g 20
Wk ngs W  ngs
0  Local mode structure becomes important as AE mode structure of the single
poloidal harmonics: theories at marginal stability (Berk and Breizman 90)
need refinement. Note € ~ (w/w,g) ~ r/Ry for EPM, while € ~ 1 for AE.
1 €
Arp|S |Ar = el — 5 TEg =

Y

Wk nqs w ' ngs

RP: Recover (Berk and Breizman 90) analyses using these equations in the first
case. Extend their analysis to the second case. What happens for strong drive?
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Global saturation (strong drive)

O Assume that local saturation is not possible, i.e. (from previous page)
et (yr/w) & (yr/w)(wsp/w)Z (ngs)™

O Fast ion avalanches (see later) and EPM convective amplification is triggered
when local saturation is not possible (Zonca et al 05). Still |Arp| is less than
the EPM radial envelope width ~ (L,z/ke)'/?, with L, the characteristic
energetic particle pressure scale length (Zonca and Chen 96/00)

Lo 1/2

Ko

:>i§ ’YLW*ES Lyg/r
ngs™ w w 7 |kgLyg|Y?

<A<
nqgs

O For even stronger drive, strong avalanching is expected, with macroscopic
distortions of the EP distribution function (Zonca et al 05)

VL WxE LpE/T
w w 7 |keLyg|Y?
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Transition from local to global saturation

O These criteria coincide with those discussed in (Zonca et al 05) for moderate
mode numbers.

E: Show that, for kyL,r =~ (Ry/L,r)* and moderate mode numbers, as considered
in (Zonca et al 05), one obtains same criteria for transition from weak to strong
energetic particle transport.

[ Transition from local to global saturation takes place for
(1o/w)(wsp/w)Z (ngs)™".

0 Transition is accompanied by a corresponding transition from weak to strong
energetic ion transport in burning plasmas.

O Transition is favored for EPM (vs. fixed frequency AE, such as TAE) and
for precession resonance.
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[0  Focus on single-n and precession resonance. Multiple toroidal mode numbers
n are beyond the scope of this year’s course. For transit resonance see
Lecture 4 and Lecture 5.

[0 When global saturation sets in, particles stay in resonance with the mode
across one characteristic poloidal mode width. Thus, they experience the
radial average effect of the radial envelope.

U From now on, (71 /w)(w«g/w)Z (ngs)™! so that only radial envelope equa-
tion matters (Zonca et al 05); i.e. neglect (for simplicity) the fine radial
structures of TAE/EPM.

O Treat the spatial average with ballooning formalism. Note that TAE/EPM
mode structure, for computing the resonant deeply trapped particles re-
sponse, can be indicated as

€ A(T 7') /OO il (90 ) (90
— 5y, = —— ing—m)? [509,9 = 4+ 5046, 0,) sin — | d
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A(Tv T) /OO —i(ng—m)0
~ e "\TMY5 0.6, 0,)do
N dc(0,04)

0 Indicating with 7, the position of the rational surface nqg = m and averaging
on a scale 2¢/nq’ < (L,/kg)'/? centered about r,, (Zonca et al 05)

rm—L/nq’
/ FoJg (ALk) J3 (Nai) [6or (r, 7) P dir =

—L/nq’

T% d (6
—Z%/ F0|A|2 a:// d0de' J§ (Ark) Jg Aa) e =6¢.(0, 0,)5¢%(0, 0,

T2 o0 T2
= FlAPE [ d0T 0 T ) 50406, 00) = 2 Fo? AP

— O
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O Summarizing: Assume that equilibrium scale L,g is larger than the scale

of variation of both A and F}, and looking at the average (|k.| < k| enve-
lope modulation driven nonlinear dynamics) (see also Spring 10 Lecture 6).

Moreover QEy ~ (ko/w.)0rFy (|wep/w| = Ro/Lys > 1).
ki ¢ Tz 0
w Bi e2 or

9 {[ (@ar/w (7)) . (@a/w(7)) ]8Fo(w—Zi’y(T))j2|A(T,T)’2}

w—w(T)+ w0 wFw(T) —wa | Or

S(w) + %Fo(o) +

[] Definition: To be used in the following (note the slight difference of this
definition with that of Spring 10 Lecture 4 and the presence of FLR/FOW

terms)
To Mc2 | ’ROBO 3 / 8d8/dAwdkaJ2
v/ vll|[=£1
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[0 Nonlinear envelope equation for EPM comes from the generalized fishbone
like dispersion relation (Zonca and Chen 06, Chen and Zonca 07; see also
Lecture 4 of Spring 2009 intensive course)

iATA(T, t) = (5Wf,MHD + 5Wf,EP + 5WKT> A(T, t)

00 — —wt
S e — Io/ Ko ] Wdk€ 0 Fo(w)duw
oo We Wap — W — w(T) Or
ko J2 O _ >
oWy pp =—To w_CJTgEFO I = /_OO T3 (ALk) |0¢(6,0,)|* d

O Simple application for small/moderate shear s (Chen and Zonca 95/96
e frequency dependent continuum damping Ar

1 /1/4—Q? L2 W v ,
= ATzlg( /EOQQ —1)] L Q=— ; wa=-—5; € =2(r/Rytd)
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e Consider localized modes (small |0x|, 0. = —(i/nq")0,)

Wt D = s/ (1 + 2K(s) — ﬁ) — ’Sjﬁ(s)ﬁi

8 a,

s? 1 1
e = ;o R(s) =1+ e~ 1ls
05 ()

0 Compare nonlinear equations with hybrid MHD-GKE simulations

e 1o sources and collisions
e assume initial unstable F;(0) and let the system evolve freely

e assume moderate mode number so that FLR/FOW effects are negli-
gible

e initial distribution function is a slowing down
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. Zonca et al. TAEA, (2002)

Avalanches and NL EPM dynamics
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0 Importance of toroidal geometry on wave-packet propagation and shape
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Vlad et al. TAEA-TCM, (2003)
Propagation of the unstable front

0.85 0.060

r [d(rn ! )/dr] [d(rn ; )/dr] .
0.80 0.055
0.75 0.050
0.70 0.045
0.65 0.040
0.60 0.035
0.55 0.030
050 1 1 1 : 1 1 0.025 1 - 1 1 - 1 1
0 50 ,.:".100 150 ""._"200 250 300 0 50 :,."’:100 150 "‘-.“ 200 250 300
linear | vt, [ diffusive linear | .+ vt, % [ diffusive
phase | <" | convective | °| phase phase | | convective | * | phase
phase phase

0 Gradient steepening and relaxation: spreading ... similar to turbulence
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L Still need to compute the nonlinear EP response from 2y
0Wy pp partly cancels 0Wgr

<k . R
0 W + W(T) €_Zwt2F0 (w)dw

o We Wap — w — w(T) or

5Wf,Ep—|—5WKT = IO/

= linear(0) + nonlinear

5 By formal substitution of Fy expression (see p. 16; Stfh(w) = S(w) = 0)
linear(0) = T o f}‘) @dkwfz)) o @ar F(0)
— jw\;;’/; aEC;(d;) [ln (;D(df) — 1> +i7r] . ap = —Roq*(87P},) /B3
Fo(0) = Eii REVE (12EC/M)3/2 ; F,. = critical energy < Ep
v ——— T D 52 kB E £7036- RIS oo
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E: Derive the linear results on p. 22.

0 Consider a localized Gaussian beam to show the self-trapping of the EPM
by the beam spatial profile (Zonca and Chen 00)

N2
0, Py = <1 _r=ro) > d,, Py

O] Radial EPM envelope equations, z = nq'(r — rg)

, o) s|m  (O%A
ArA = 1 L
i\ 8 ( + 2K(s) — ac)AJr 3 /{()(%Ij2

3rel/? 2% /5% \ w(T) [ (QdF > ]
+ « 1 — In —1)+ir| A
44/2|s| = ( k§L§E> WdF w(T)
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O Localized solutions exist

A ~ exp (- r = TO)Q)

22
2 —
A = 3v2e ]29 anﬁ lln ( HdE 1> —|—7Z7r]
K(s) L WiF w(T)

[0 Meso-scale mode structure with typical mode width

A~ (Lye/ke) Pri(s) /e "

E: Explain why the radial envelope width is called meso-scale. Derive the results
above step by step.

E: Show that the localization of the free energy source (mode drive) is needed for
the self-trapping of the EPM mode.
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O Next: compute NL terms assuming time scale separation as for the fishbone
case (see Spring 10 Lecture 4)

E: Follow these detailed derivations and demonstrate the model NL fishbone
equations given in (Zonca et al 07).

B Perform the NL calculation assuming that the width of Fy(w) is less than

v, with w(7) = wo(7) + iy(7)
T I wtw(r) kg T 07
oWy gp + 0Wxr = linear(0) + Z o /Oo € dw@dk —w(T) —w w B €2 Or?
< { [ @ar/w())  (@a/w(T)) ] ko 0

e e = -yl o o 1o (w — 2iy(7)) |A(r, T)!z}

N
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0 Integration in w can be performed assuming time scale separation
Wik — Wo + 32’7 ]{7362 T]_% (92
(g, — wo)? + 992 B2 €2 Or?
Wik ko O 2

Fo(t) |A
[(@dk _ w0)2 +’Y2 W, or 0( ) ’ (TaT)l ]
kepEvEI Wik — Wo 0
(1) (War — wo)? + 992 Or?
Dak (ko /we 0
< |l k(o) lAG )P

Wik — (U()>2 + ’}/2 or
kippvg 0 Vwar (kg /we) O 2
o (7 G s PO M)

5Wf,Ep + OWgr = linear(()) +7Zo

= linear(0) +

—H
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O Note that the real NL response is ~ 7/wy smaller than the imaginary re-
sponse.

E: Can you justify why resonant particle response is stronger than non-resonant?

[0 These equations can be used to analyze strong nonlinear distortions. The
avalanche dynamics can be estimated already looking at the early nonlinear
evolution phase.

O This is achieved writing a recursive solution (perturbative). Note that both
real and imaginary parts are important.

E: Show that the real response provides the real mode frequency wy and can mod-
ify mode radial localization. However, mode localization is mostly determined by
the linear drive radial profile.
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O For the ground state (see p.23), the linear dispersion relation is

|s|m ( oz) Tk(S) 3mel/? Wo [ (CddF )]
1+ 2k — Re + app— |In[ — —=1)| =0
8 (s) - Qe 8|s|ks A% 44/2]s] " Gar Wo
. A 4/ 2
§ Y _ <7r _wo B AT) _ Tm K(s)/amo Ay = \1/_2|5’ Ay
War — Wo Wdr 3v/2ek; A2 3mel/2ap

E: Show that the ground state is the most unstable mode.

[0 In the early nonlinear stage, the amplitude equation can be modified from
the ones above and is given by (y =r — 1)

0| Al? A .2 52
h t’ ’ _ (ﬂ_ﬂ A > |A|2 _ Im /{(S)/O;EO ’A’ + QIOEUE’A’2 < ’A’2>
2(War — wo) WdF 3v/2ek2 A2 4~2(T) Oy? \ gr
Wo A 2 R(s)/amo | o kg PEVE (29 > 4
~ | m7— —Ap | |A]" —Im A —|— —1 A
( WdF T> A 3\/2_€]€§A2’ | v2(1)AL \ A% wdFl |
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0 For brevity, here, the notation has been used ReA™2 = A;{Q.

0 Study of the NL PDE that one can derive for the EPM induced avalanche is
subject of ongoing research and is beyond the scope of the present lecture.

[0 Easy estimate can be given in the local limit:

e drive strength is decreased at the position where the mode is localized
and is increased nearby

e the radial displacement for the EPM to be locked into the strongest
drive is (Zonca and Chen 05) < (phase locking)

Y koprevE
L o HPEYE )y
LpE TAR

E: Compare the results of this local analysis with the qualitative results predicted
by the relay-runner model discussed in Lecture 5.
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. Zonca et al. IAEA, (2002)

Avalanches and NL EPM dynamics

Onn(Dl vr, = 60.00 @nnMl tT,,= 75.00 ona Dl tr,,= 90.00

-2
x10 | 84 x 10 8, 4 | 84
X 1 X110 “ g X30
0.254 10, 4 0259 10,4 oos 10.4
11, 4 11, 4 ' 1,4
12,4 12, 4 0074 12,4
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0.15 - 0.15- .005 —
.004 —
0.1- 0.1 003
0.05 0.05 002
.001
0 I T T T 0 0+
0O 01 020304050607 0809 1 0 01 020304050607 0809 1 0 010203040506070809 1
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27 2 5]
0 : : 0 0
- NL distortion of . -
free energy SRC
'4_|||||||||'4_|||||||||'4_|||||||||
0 01 02 03 04 0.5/ 0.6 0.7 0.8 09 1 0O 01 02 0304 0.5/ 06 0.7 0.8 09 1 0 01 0203 04 O.E} 0.6 0.7 0.8 09 1
r'a r/a r'a
0 Importance of toroidal geometry on wave-packet propagation and shape
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