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Abstract

A general review of our present understanding of MeV ion dynamics in magnet-
ically confined plasmas and their connection with collective mode excitations is pre-
sented, with particular emphasis on aspects that involve open questions. Both linear
and non-linear theory issues are addressed, and the possible overlap with more general

non-linear dynamics problems is discussed.

1. Introduction

The existence of collective modes in the gaps of the shear Alfvén continuous spectrum is
widely recognized to be a concern for the good confinement of MeV energetic ions in toroidal
plasmas. Among these modes, particular attention has been devoted to the so called Toroidal
Alfvén Eigenmodes [1] (TAE) and their Kinetic counterpart [2] (KTAE), with frequencies in
the toroidal gap of the Alfvén continuum, as well as to Kinetic Ballooning Modes [3] (KBM)
and Beta induced Alfvén Eigenmodes [4] (BAE), associated with the ion diamagnetic and/or
finite-3 (compression) gap. In a tokamak plasma of major radius Ry and minor radius a, the
most unstable among the above mentioned modes are characterized by high toroidal mode
numbers n such that a/prr 2 n 2 a?/Roprr > 1, with pp the energetic particle Larmor
radius.

In addition to Alfvén gap modes, which are normal modes of the thermal plasma, also
strongly driven oscillations may be excited in the presence of a sufficiently intense energetic
particle free energy source. These oscillations, called Energetic Particle Modes [5] (EPM),
are excited via wave-particle resonant interactions at the characteristic frequencies of the
energetic ions [5], wyp, wpp and/or Wy, i.e., respectively the transit frequency for circulating

particles and the bounce and toroidal precession frequencies for trapped ions. As in the



case of TAE, KTAE, KBM and BAE, most unstable Energetic Particle Modes are generally
expected to be characterized by large toroidal mode numbers. However, low-n EPMs can
also be unstable, as in the case of fishbones, which can be viewed [5] by all means as n =1
Energetic Particle Modes.

In the presence of weak free energy sources, EPMs are not excited. In fact, their fre-
quency is typically inside the shear Alfvén continuous spectrum and as a result, they are
more strongly damped than usual Alfvén gap modes. Above a critical threshold, however, the
energetic ion drive (ap = —Ryq*3};, with g the safety factor, S = 87 Pp/B? and “prime”
denoting radial derivation) is sufficiently strong to overcome all background dampings (es-
sentially continuum damping [5, 6]) and the mode is strongly unstable. Usually, above the
critical EPM excitation threshold, the fast ion energy density is comparable with (higher
than) that of the thermal plasma and compression effects (finite-3g) are strong enough to
force a frequency shift of the usual Alfvén gap modes out of the frequency gap itself, i.e.,
a strong stabilization of those via radiation (continuum) damping [6, 7]. A sharp transition
in the plasma stability at the critical EPM excitation threshold has been indeed observed by
nonperturbative gyrokinetic codes in terms of changes in normalized growth rate (w;/w4,
with wy = v4/qRy and v, the Alfvén speed), real frequency (w,/w4) and parallel wave
vector (kqRy) both as ap [8, 9, 10] and o = —Ryq?#' 10, 11] are varied. These strong
dependencies of both EPM frequency and growth rate on thermal plasma as well as energetic
particle pressure profiles are in good agreement with the experimental observations of Beta
induced Alfvén Eigenmodes (BAE) [4] and also suggest another explanation [10] for the
existence of frequency chirping modes observed in most large tokamaks.

The present work further explores theoretical aspects of EPM excitations by spatially
localized particle sources, possibly associated with frequency chirping, which can radially
trap the EPM in the region where the free energy source is strongest. Results of a nonpertur-
bative 3D Hybrid MHD Gyrokinetic code [8] are also presented to emphasize that nonlinear
behaviors of EPMs are different from those of TAE and KTAE.

2. EPM localization by strong energetic particle gradients
In the present paper, we assume a low-3 (3 = 87 P/B?) toroidal equilibrium with typi-

cally Ry/a > 1 and use (r, ¢, 1) toroidal coordinates. For simplicity, we also take shifted



circular magnetic flux surfaces. In this case, we can describe electromagnetic wave dynam-
ics in terms of two scalar fields: the scalar potential 0¢ and the parallel vector potential d A
fluctuations.

In this Section, we analyze the problem of EPM excitation by precessional resonance
in the limit L,z < A, = 1/nq and for s> ~ a ~ O,ap ~ (r/Ry). Here, L,g is the
typical scale length of the energetic particle pressure profile, s = rq’/q is the magnetic
shear, 0, is the poloidal bounce angle of a magnetically trapped fast ion, and A is the typical
distance between adjacent rational surfaces for the toroidal mode number n. The L,p < A,
assumption [12] is what really makes the present approach different from the previous ones.
Even if this limit may seem one of purely academic interest, it is likely that it may have
practical implications for actual experimental senarii characterized by low magnetic shear
in a relatively extended region in the plasma interior, e.g., as those of JET optimized shear
discharges [13, 14]. For L,r < A, the mode structure and stability properties are entirely
determined by the energetic particle source. In fact, energetic particles provide an effective
potential well that radially (globally) traps the EPM. This problem is analyzed in detail in
Ref. [12] and, thus, we will recall here only the main results obtained therein.

Assuming w < wy (forw &~ w4 /2 see [12]) and highly localized Ion Cyclotron Resonant
Heating around r = r,, which locally creates an energetic tail of trapped ions, the vorticity

equation becomes [12]:
(eg — €:€) - [Qz — (ng — m)z} (eg — €:&) 0y, + (52D1 + @E) 0y, =0, (1)

where b - Vi) = (=1/¢)0:0A4), Q = w/wa, § = i(r/m)0,, ki /ke = — (eg — &), Dy is
the Mercier index [15] and G ~ Ey(1 — p*/A?), with p = r — ro. For simplicity, we also
take a single pitch angle analytic distribution function for the description of the energetic ion
tail [16] and assume the simple limit where the fast particle temperature is a constant and the

particle localization is only due to density variations. In this particular case, we obtain [12]

Oy o < 4 Q > oo g8 exp(—)
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where oy is the bounce averaged value of ap at vy and Qup = Wyg /wa. Under these
approximations, Eq. (1) reduces to the form of a Weber’s equation by assuming that € 4 =
02 — (nqg — m)? is nonvanishing at ro. Then, recalling that we are presently treating a case

with L,p ~ A < A,, this implies that continuum damping is exponentially small for such a
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mode, which is trapped in a narrow radial region around 7, and is described by the following

dispersion relation [12]:

E0+82D[ To
1422 = 0 (90 3
(14 B0 — I 120 ®)

Here, / is the radial mode number. Furthermore, the typical radial width, w, of the eigenfunc-
tions is w? ~ 2(ro/m)A. Incidentally, we note that Eq. (3) indicates that EPM excitations
by localized particle sources can be easier for low magnetic shear since, as stated above,

continuum damping is exponentially small.

3. Hybrid MHD Gyrokinetic simulations of EPM

Results of a nonperturbative 3D Hybrid MHD Gyrokinetic code [8] are presented in this
Section in order to emphasize that nonlinear behaviors of EPMs are different from those of
TAE and KTAE. In particular, we confirm previous findings that strong radial redistributions
in the energetic particle source take place when the EPM excitation threshold is exceeded,
yielding potentially large particle losses and, eventually, mode saturation [9]. Such a thresh-
old may occur at experimentally accessible values of 3g, e.g., as low as St = 0.75% (on
axis value) for n = 8 EPM excitation by Maxwellian energetic ions with pyr/a = 0.01 and
a pressure profile, 5y = Bgoexp(—r?/L2y), with Lyg/Ry ~ 0.075 and a/Ry = 0.1 [17]
(cf. Fig. 1). With the same parameters and profiles, Fig. 2 shows new simulation results
which illustrate the nonlinear dynamic evolution of an n = 8 EPM. After the first phase
in which the eigenmode structure forms (up to t = 36 Ry /v4, Fig. 2A), it appears clearly -
from the modifications in the fast ion line density - that strong particle redistributions take
place from t = 36 Ry/v4 (Fig. 2A) up to t = 72Ry/v4 (Fig. 2B), which are consistent with
the mode-particle pumping model [18] (particle radial convection). However, while it was
shown that these nonlinear dynamics dominate particle losses and mode saturation al low-n
above the EPM excitation threshold [8, 9, 17], Fig. 2 indicates a new dynamical process that
becomes important for nonlinear EPM evolution already at moderate n. In Fig. 2B, evident
radial fragmentation of the EPM coherent eddies (ks = k) = 0, k, # 0) is present and it is
visible both in the contour-plots and in the radial variation of the various poloidal harmonics
in which the eigenmode is decomposed. This fragmentation, meanwhile, is associated with
a diffusive transport of fast ions, as it may be inferred from modifications in the fast parti-

cle density profile up to ¢t = 144R/v4 (Fig. 2C). The diffusive nature of both particle and
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Figure 1: On axis value of the critical S, ﬁg’o, for EPM excitation as n changes. Values as low as
glo = 0.75% are obtained for n = 8 EPM excitation with prz/a = 0.01 and a pressure profile,

B = Broexp(—r?/L2g), with Lyp/Ry ~ 0.075 and a/Ro = 0.1 [17].

energy fluxes associated with fast ions is confirmed by analytical studies, discussed later in

Section 5, which yield explicit expressions for fast ion transports [see Eq. (17)].

4. Nonlinear Equations for EPM dynamics

The radial fragmentation of EPM coherent eddies has a clear analogy and possible over-
laps with more general nonlinear dynamics problems, and specifically with the spontaneous
excitation of zonal flows by drift-Alfvén turbulence [19]. Within this framework, we have
recently demonstrated that EPM may yield to spontaneous excitation of zonal flows [20]
since they are modulationally unstable above a given amplitude threshold of the coherent
eddies which they form above their excitation threshold. The EPM nonlinear (NL) evolution
is dominated by fast ion nonlinearities (which enter in the ballooning interchange term in
the vorticity equation [19]) for (ag/3)(Ro/r)Y?(T;/Tx)ep ' > 1, with eg = 2(r /Ry + A'),
which is typical for unstable EPMs. Meanwhile, fast ion nonlinearities play a role via NL
modifications of their nonadiabatic response, 0Hy ~ (8¢ — vjdA)/c)wdH,, where k, K’
subscripts refer to the high frequency EPMs and sidebands, generated via NL interaction
with the low frequency zonal field (subscript z). Thus, the NL fast ion response is formally

equivalent to a quasi-linear diffusion, consistently with numerical simulations.



To see this in detail, we strictly follow Refs. [19, 20, 21] and, for both scalar potential
d¢ and parallel vector potential A fluctuations, we describe the NL dynamic evolution in
terms of a four-mode coupling scheme, i.e., each electromagnetic fluctuation is taken to be
coherent and composed of a single n # 0 mode (§¢£pr, 0 A ppi) and a zonal perturbation

(8¢, 6A),); e.g., for scalar potential fluctuations we take

0¢ppM = 09 + 04 + 00—
¢ = et J brdating > e ™ go(ng —m) + c.c.

eifnekdq . . A
5¢i — e:l:mcp-i-lszdr Zeqizmﬁ(bi(nq . m) + cc.
efifnGqu ™
5, =S hdry 1 ce. 4)

where an analogue decomposition is assumed for fluctuating parallel vector potentials. Here,
0y is the eikonal describing the radial structure of the wave radial envelope. Thus, Eq. (4)
suggests that zonal fields may be actually considered as radial modulations of the wave
envelope, while the (+) modes are simply upper and lower sidebands due to zonal field
modulations of the mode [21]. Furthermore, we have adopted the convention that, in the
expressions involving the (+) sidebands, the first row in a two component array will refer to
the (+) while the second row will refer to the (—) sideband. The same notation will be used
throughout.

Introducing the notation b - Véy) = —(1/¢)0;0 Ay, the n # 0 wave NL equations are the
quasineutrality condition [19]

TL62 —_—

T (1 + %) O = <6Jo(%)5Hi>k — <65—He>

®)

k Y

and the vorticity equation [19]

00y, w? k2 Wini WxTi
BO, (ki = ) + EZ)_L (1 - ) (1—=To(b;)) — - bi(To(bs) — T1(b:))| 0
4 b (K xK
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In Egs. (5) and (6), the subscript k stands for 0 or (+) depending on whether the EPM wave
or its sidebands are considered, simple angular brackets (. ..) denote velocity space integra-

tion, Y, stands for summation on particle species s (e, ¢ and E for, respectively, electrons,
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thermal ions and energetic particles), 75 = k1 v /wes, wes 18 the cyclotron frequency, Jj is
the Bessel function of zero order, 3y = b -V, b; = k2 p2,, prs = (Ts/ms)*? Jw, s is the Lar-
mor radius for the s-species, I'g 1 (b;) = 1o1(b;) exp(—b;), win; and w,p; are the thermal ion
diamagnetic frequencies associated with - respectively - density and temperature gradients,
wg is the magnetic drift frequency, k = k' + k", 0L, = d¢p — (v /c)dA), and the fluc-
tuating particle distribution functions have been decomposed in adiabatic and nonadiabatic

responses as [22]

oF = L65-2

—0¢ 2/2F0+Zexp (—ik, -v x b/w,) 0H}, . 7

The nonadiabatic response of the particle distribution function, 0 H, is obtained from the

NL gyrokinetic equation [22]:

. — . € c 1" / ’ <17
(00 + 00 + wa), THy = i QFyJo(1)0Ly — b (K] x K1) Jo(y)dLidH

8F0 BX \Y
k-
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The relevant NL equations for zonal fields [19], meanwhile, can be derived from the
quasineutrality condition and parallel Ampere’s law. Assuming k2 p?. < 1, the NL cou-

pling coefficients are formally of the Hasegawa-Mima type and the quasineutrality condition

reads [19]:
( ‘k:”vA 2
oy — |——
Wo

+ao({|®o — Wol)] (AFA, — AgA_) . )

c
O XindO, = Ekﬁkzkzp%i

) ((1%o]*)) + 200 Re(((Po — Vo) W)

Here, wy is the lowest order (real) EPM frequency and we have introduced the notations
Xiz =~ 1.6¢%¢ Y2k2p% . [23], e = /Ry, ag = 1 + P10/ (nedey), and @y, ¥y indicate the
symmetric Fourier Transforms into ballooning space of ¢, ¢ in Eq. (4). Furthermore, for
simplicity, we have omitted collisional damping of §¢, [24], ({...)) stands for integration
over ballooning space, |k |>({|¥o|*)) = ({|0p¥o/qRo|?)). 0 is the “angle-like” coordinate in
ballooning space, and Ay and A indicate the amplitude of radial envelopes of the EPM and
sidebands at the current radial position. Similarly, from the parallel Ampere’s law one can

show that, typically [19],

W
]iIHC(SA”Z ~ k|25?4 zéz(s(bz < 5¢z ;



which makes it possible to neglect the effect of A, due to the strong shielding of parallel
electron current on the electron collisionless skin depth . = ¢/w,,., since zonal fields enter

in Egs. (5) and (6) in the typical form d¢, — (wo/kjjc)0A,.

5. Modulational Instability of EPM

From the structure of Eqgs. (5) to (9), it is readily recognized that, as stated above, ener-
getic particles contribute to the EPM NL dynamics only via the ballooning interchange term
in the vorticity equation, since they carry pressure but not inertia. In fact, energetic particles
do not appear explicitly in neither Eq. (5) nor (9). This fact allows us to easily evaluate the
conditions under which fast ions dominate the EPM NL evolution. In fact, recall that the

typical EPM eigenfunction has a mode structure [1, 6, 7]

in ballooning space, where E, Fy are the amplitudes of the k¢ Ry = 1/2 Alfvén waves that
form the standing EPM and A2 = (3 — 1/4)% — €2Q); is the (square of) continuum damping
intensity [6], with Q) = wy/w4. Meanwhile, we also have |®y — Vo| ~ k2 p2,|W,| [19].
Then, since 3; < 1 and wy & w4 /2 > w,y, it is readily demonstrated that oy ~ 1 in Eq. (9)

and

Ey|? Fyl?
oo =Sk, (w0 B 4y WOE) (o aay
0 0

where Wy = |Q32 — 1/4] & |Ao| in the small magnetic shear limit, whereas, in general
W, = O(¢) and they need to be determined numerically [6].

Equation (11) allows us to estimate the magnitude of d¢, and, in turn, to simplify the
direct solution of Eq. (8) for the zonal nonadiabatic response 0H, of the various species.
At this level, the first crucial difference between fast ions and thermal particles emerges: for
the former ones, 6 H 5 is dominated by the formally nonlinear terms in Eq. (8) [20]; while
the response of the latter are essentially due to the formally linear term < ¢, [19]. The
fundamental reasons for these different dynamic responses are the finite orbit width of fast
ions (compared to the inverse perpendicular wavelength) and the intrinsic resonant character
of their interaction with the EPMs. Using the ordering of d¢,, as it results from Eq. (11), it
is also readily demonstrated that the NL n # 0 nonadiabatic fast ion response is dominated

by the 6H .z ~ (8¢ — v 0 A /¢)wd H i nonlinearity, which is an order ¢?(Ro/7)"/?¢; " larger
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than that 6H,z ~ 0¢,0H /5. Thus, as stated above, the NL fast ion response is formally
equivalent to a quasi-linear diffusion, consistently with numerical simulations. Using these
results and those of Ref. [19], which allow us to estimate thermal particles nonlinearities

in the optimal ordering qRow/(T;/m;)'/?

~ k,pr;, a lengthy but straightforward direct
comparison of NL terms in Eq. (6) yields the already anticipated result that fast ions dominate
the NL EPM dynamics for (ag/3;)(Ro/r)"?(T;/Tx)ey* > 1, which is typical for unstable
EPMs.

Considering a NL regime dominated by fast particle dynamics - as we will do in the
following - has two main advantages: the first and obvious one is to analyze a relatively
simple physical model; the second advantage is to explore a regime in which the zonal field
0¢, never enters directly in the NL. EPM equations. d¢, becomes a “passive scalar”, entirely
determined by thermal plasma nonlinearities via Eq. (11) once the NL EPM field evolution
is consistently determined by fast particles. This physical picture, provides the theoretical
framework which justifies using a Hybrid MHD-Gyrokinetic model for the consistent sim-
ulation of NL EPM dynamics [8, 9, 17]. The zonal field d¢, can be evaluated by direct
numerical solution of Eq. (11) as a post-processor of the Hybrid MHD-Gyrokinetic code.

Detailed analytic solutions of Eqgs. (6) to (8) may be obtained in the limit kgprp ~ e(l]/ ’ x
k.prE, formally corresponding to the most unstable linear mode, for which the energetic
particle drive in the MHD ideal region is dominated by geodesic curvature [5, 25]. Following
Ref. [25], we transform Eq. (8) to the drift-center reference frame, according to the invertible

transform

5—Hk = Zi{]g()oe_iw) (S—Hdk s
k
SHaye = D (=) Te(M)e0H are

SHayy = OHG)e/2 { T om0z (12)

where [25] A = (k. /kg)(£24/w;) accounts for finite drift orbit effects, w, = v /(¢Ro), Qa =
k:g(vﬁ + v?/2)/(Row,) and a decomposition similar to that for the eigenmode structure,
Eq. (10), has been assumed for 6 H g,.

With present assumptions and within the framework of weak turbulence theory, Egs. (8)
may be solved for the linear and NL nonadiabatic fast ion responses. The actual calculations

are cumbersome but straightforward and, thus, they will be omitted here for brevity. Results
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are most easily expressed introducing the new notation
=+ lw £y, . -
SHY) = <—t> Jo(e) eMISHE) (13)
wo Fk

where Fy, Fj, A; have the same meaning of Ey, F, Ao in Eq. (10), but extended to the case
where k stands for (1) sidebands of the pump EPM. Dropping the subscript £ for shortness,

we finally obtain:

. F k22 MF)  TAxA
SHSE, = St <—Q 0) Ay + ok JF () ——A [ .
d+¢ mﬁfz) w )y + B2 0( ) w, 0 Eé:;)*
1 1
g £,
8 _ F, k22 ME TAA_
i = g () {a - Blison a2
MLy N W/ Lo

} . (14)

In Eq. (14), we have introduced the definition of the nonlinear propagators and of M g(i):

(€3] k3 5 Mé(i) 2
Loy = wt(f+/\+i1/2)—W++§kzjo(/\z)w—z|z40| ;
£2c2 ME
L7y = w (A F1/2) - = R O) T Al
k202 M(i)

£ = (€4 Ko % 1/2) = wo + = k2T () = (1AL +14-7)

02 —1/4] £ |A CPw? |w?
u@ = o AE] °|<<J§<%>J3<Ao> k{//kg°>> . (15)

Here, we have also assumed that time dependencies in the solutions of the NL equation may
be taken as complex exponentials, which is justified assuming proximity to marginal stabil-
ity for the pump EPM mode, i.e., I', = Imw, > Imwy, and considering the early desta-
bilization phase of the EPM sidebands, i.e., |AL| < |Ay|. Note that Eq. (15) includes both
turbulent broadening and real frequency shift of wave-particle resonances. In what follows,
we will derive analytic expressions in which the terms o M éi) in the propagators can be
consistently neglected. However, their formal presence in the NL wave particle resonances
is what guarantees regularity of these contributions; thus, we have explicitly indicated them

in Eq. (15).
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Meanwhile, the solution of Eq. (8) for the zonal nonadiabatic particle response yields:

—  keck, , (+) SHYG)  OHY)
OH, ~ —2-2 J2( )\, M A* A, Tm 0 _
B w, O( );(iz) ¢ 044+ A(] A+
S OHT)
—AyA_Tm do¢ _ “7d-(=0) . (16
0 (Ao T (16)

where the explicit appearance of Tmd H iy only emphasizes the fundamental role played
by resonant particles, formally resembling the quasi-linear diffusion effect on the particle
equilibrium distribution function. This analogy is only formal since, here, we have a single
n coherent EPM eddy that nonlinearly produces dH, via modulational instability. From
Eq. (16), the low frequency particle and energy density transport equation for fast ions is

readily obtained as

0 0
a(snz = —EFE ,
0 (0P _
o (T*‘”ﬂ ) — 5
koc e QF,
(T Qp) =25 — <J§(>\Z) [1, m(vﬁ + vi)/z} (_W_OO)
¢ (%)

where I'p, Q) are, respectively, NL particle and energy fluxes of fast ions. Considering that
Wipr/wo = kopreqRo/Lyr > 1, Eq. (17) demonstrates that energetic particle transports are
dominated by diffusive processes after radial fragmentation of the coherent EPM eddies sets
in.

Equations (14) can be used to explicitly derive the NL contribution of fast ion dynamics
to the vorticity equation, Eq. (6), specialized to the case of EPM sidebands. Multiplying both
sides by W for the (£) sidebands and integrating over the ballooning space, we obtain, after

some algebra:

2
DA A, = 1ML 2434, + A4 )
o
D_AgA_ = wf‘g (AjAL +24A0A) . (18)

Here, D are the linear EPM sideband dispersion functions [6, 7] and

ral)

£ (d) Wo METWE wWo

€EA0

2
2 Ve Beq 5,4 4 2,2
T = T€ 5 q kyprpk,vE
UA 8 E
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X (‘Qo - Z’ + \Ao|) <<JO(%)T>> Jo(A\z) %07 + ) , (19)

with v%4 = Tg/mp and the E subscripts explicitly indicated for clarity.

Equations (18) can be viewed as 2D partial differential equations for the slow radial and
time evolution of the EPM sideband envelopes. In this respect, and since they include fast
particle NL dynamics treated within the framework of weak turbulence theory, they may be
considered as the generalization of the linear formalism developed in Refs. [6, 7] for a self-
consistent calculation of the radial envelope of the mode, which was later applied to the case
of electrostatic drift waves driven by ion temperature gradients [26]. Full exploitation of the
present formalism is beyond our scope. Here, we will consider the local limit of Egs. (18) to
demonstrate that EPMs are modulationally unstable and to derive the growth rate of the low
frequency zonal field perturbation, d¢,, which is associated to their radial fragmentation.

Following Refs. [6, 7], we readily see that, in the local limit,
aDQ . 8RGD0

D, ~ . Ar o,
+ (%JO v 8w0 L
D D
D~ OReDy, (20)
&uo &uo
where D is the EPM linear dispersion function [6, 7] and
9?ReDy/0k? k
A = O Rty | 2 ) 21
v =(nd) OIReDy/dwy [ o (nq’)] b

Substituting these expressions back into Egs. (18), we obtain the NL dispersion relation for
w,, which is easily solved in the limit |w,| > |A| and yields

, OIReDy /0wy L Y3,
MDD, [0wo|2 - |9Do ) dwo?

Generally, three of the six solutions indicated by Eq. (22) are unstable. However, for the con-

W = 9 [(9ReDy/dwy)? — 3 (9ImDy/0we)’] . (22)

. =

dition |0IReDg/0wy| < |0ImDy/0wy|, typically verified near the toroidal Alfvén gap [7],
two of the solutions are typically most unstable

31/Ge:|:i7r/3 2/3
=4 23
(O Dy /Do /3 1M 23)

which correspond to growing d¢, with positive or negative real frequency.

Wz

Solutions of the NL dispersion relation for w, can be also explicitly obtained in the limit
lw,| < |Apr|. In this case, two growing modes are found with either positive or negative

frequency: o
3t e

=4 .
|AL8R6DQ/6WQ|1/2 ™

wy (24)
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Equations (23) and (24) do not show explicitly the presence of a finite EPM threshold for the
onset of the modulational instability. That would be brought back into our model provided
that dissipation effects are considered on the zonal field generation [24]. Further analyses are

in progress to quantitatively compare our theoretical estimates of w, with numerical results.
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Figure 2: Nonlinear evolution of an n = 8 EPM at t = 36Ry/v4 (A), t = 72Ry/va (B) and
t = 144Ry/va (C). In each figure, six frames are visible. On the first row, from the left to the
right: the wave energy in each poloidal component, the line density rn g (r) of energetic ions, and
the radial mode structure. On the second row: the contour plot for the scalar potential fluctuation
in the laboratory frame and at, respectively, the toroidal angles of a magnetically trapped and of a

circulating particle (white bullet).
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