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Motivation I 2

Need to develop the nonlinear physics in order to properly 
construct the SAW turbulent spectrum and assess the 
associated heating/acceleration and transports. 

In terms of EP-driven SAW instabilities, there are two possible 
nonlinear routes. [C&Z POP13, RMP16]


One route corresponds to nonlinear wave-wave interactions and the 
resultant spectral energy transfer. 

The other route corresponds to nonlinear SAW-EP interactions


Need a comprehensive theoretical framework for the self-
consistent description of drift Alfvén wave excitation and phase 
space energetic particle transport in fusion plasmas [C&Z 
RMP16]


This theory is based on nonlinear gyrokinetic formulation of 
fluctuation spectrum evolution and energetic particle transport, 
treated on the same footing.
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Motivation II 3

Theoretical framework based on two pillars [C&Z RMP16]

The so-called General Fishbone-Like Dispersion Relation [GFLDR; 
Z&C POP 21 072120 and 072121] (Ruirui Ma’s talk)

The derivation of the renormalized energetic particle response [Z&C 
NJP 17 013052)]. 

It is fully deployed and explained in the 2016 Rev. Mod. Phys. article


Outline of this talk 

Schematic derivation of the theoretical framework

Simple applications of two routes to NL physics:


nonlinear wave-wave interactions 

nonlinear SAW-EP interactions 


Extensions to broader scope of plasma physics: 

Earth’s chorus chirping rate
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https://aip.scitation.org/doi/10.1063/1.4889019
https://aip.scitation.org/doi/10.1063/1.4889077
https://iopscience.iop.org/article/10.1088/1367-2630/17/1/013052


Schematic derivation 4

General Fishbone-Like Dispersion Relation

The GFLDR can be seen as a gyrokinetic energy principle, valid in a 
wide frequency interval, from the low MHD up to the Alfvén wave 
frequencies 

The GFLDR has been systematically verified numerically and 
validated experimentally in AUG, DIIID, FTU, HL-2A, JET, KSTAR, 
Tore Supra, etc. 

Ruirui Ma’s presentation for application to DIIID


Renormalized energetic particle response 

The phase space zonal structures (PSZS) as the proper definition of 
nonlinear energetic particle equilibrium evolving on the 
spatiotemporal meso-scales [Z&C NJP 17 013052] 

PSZS evolution equation is cast in the form of a Dyson equation
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https://iopscience.iop.org/article/10.1088/1367-2630/17/1/013052


The GFLDR - I 5

Evolution of the fluctuation spectrum
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The GFLDR - II 6
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The GFLDR - III 7

Construct GK “energy” functional [Chen&Hasegawa 1991]  

Use the mode structure decomposition (MSD) approach [Z. Lu 2012] 
(reducing to ballooning formalism at short wavelength)

GFLDR generally cast as 

generalized GK inertia GK potential energy/compression

“fluid” potential energy/MHD
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The GFLDR - short wavelength I 8



The GFLDR - short wavelength II 9
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The GFLDR - short wavelength III 10
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The GFLDR - short wavelength IV 11
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The GFLDR - short wavelength V 12
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The GFLDR - short wavelength VI 13
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Relevant limits - I 14

The wave kinetic equation 
Dispersive term is dropped

Nonlinear term is simplified (k-space diffusion)
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Relevant limits - II 15

The QL field amplitude equation 
Radial local limit

Nonlinear term is simplified (QL diffusion equation)
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Schematic derivation 16

General Fishbone-Like Dispersion Relation

The GFLDR can be seen as a gyrokinetic energy principle, valid in a 
wide frequency interval, from the low MHD up to the Alfvén wave 
frequencies 

The GFLDR has been systematically verified numerically and 
validated experimentally in AUG, DIIID, FTU, HL-2A, JET, KSTAR, 
Tore Supra, etc. 

Ruirui Ma’s presentation for application to DIIID


Renormalized energetic particle response 

The phase space zonal structures (PSZS) as the proper definition of 
nonlinear energetic particle equilibrium evolving on the 
spatiotemporal meso-scales [Z&C NJP 17 013052] 

PSZS evolution equation is cast in the form of a Dyson equation
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https://iopscience.iop.org/article/10.1088/1367-2630/17/1/013052


Phase space zonal structures - I 17

Phase Space Zonal Structures [Z&C NJP15]

3D evolution equation
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Phase space zonal structures - II 18

Fast spatiotemporal dependence
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Phase space zonal structures - III 19

Slow and fast 

spatiotemporal responses

Numerical verification by HMGC + HYMAGYC codes [S. Briguglio 

and G. Vlad, 2020 - EUROfusion project MET] - ongoing work within 

EUROfusion projects ATEP (Lauber/Falessi) & TSVV#10 (Mishchenko)
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Phase space zonal structures - IV 20

Emerging key physics issues 
Analysis coincides with what is contained in most global 
GK codes - however it is reduced to 3D space for 
spatiotemporal mesoscales

Mixed full-F/delta-F formulation suitable for long time scale 
simulation [EUROfusion projects ATEP/TSVV#10 cit] 
Clear path for a multi-fidelity hierarchical approach 
         Dyson Schrödinger Model (DSM) [ZCFQ JPCS21]   

Works not only for SAW excited by EP but also for DW 
turbulent transport 

Chen et al. POP2000, 2001, etc. (see [PPCF2015]) and 
examples on pp. 12-13
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Phase space zonal structures - V 21

Conceptual steps 
Both “slow” (CGL equilibrium evolution) and “fast” (NL 
spatiotemporal scale; e.g. avalanches) evolution of PSZS 
are dominated by emission and absorption of same k

Slow terms generate “secularities” 
Renormalization & Dyson like equation

Principal series of secular terms

Van Hove L (1955)
Prigogine I(1962)
Balescu R(1963)
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Resonance broadening 22

Conceptual steps… continued 
Also finite n (symmetry breaking) fluctuations are 
dominated by emission and absorption of same k [Dupree 
1966; Aamodt 1967; Weinstock 1969;   
Mima 1973]  

Nonlinearity competes with the resonance structure, rather 
than the linear drive

Resonance broadening is generally an integral operator, 
treated assuming broad turbulent spectrum in the original 
works
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Dyson Schrödinger Model I 23

Having adopted action angle variables, the solution of Dyson 
Schrödinger Model (DSM) is technically challenging but 
straightforward 

Present application refers to the fishbone paradigm 
(precession resonance) for simplicity. General result 
discussed in [FCQZ JPCS21,NJP21,PPCF21]

Perturbation expansion of particle response in the weak 
field intensity limit, yields secular terms dominated by 
emission and absorption of the same k-fluctuation (called 
diagonal interactions).

Extension to stellarators [Zocco et al, ATEP/TSVV#10 cit]
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Dyson Schrödinger Model II 24

PSZS fast
PSZS slow

Bounce averaged expressions left implicit:  
to be made explicit as shown above

PSZS slow scale
PSZS fast scale

BroadeningZS detuning
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Dyson Schrödinger Model III 25
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26Evidence of avalanches
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27

Recovering QL limit: … for a broad spectrum

Dyson Schrödinger Model IV
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Motivation II 28

Theoretical framework based on two pillars [C&Z RMP16]

The so-called General Fishbone-Like Dispersion Relation [GFLDR; 
Z&C POP 21 072120 and 072121] (Ruirui Ma’s talk)

The derivation of the renormalized energetic particle response [Z&C 
NJP 17 013052)]. 

It is fully deployed and explained in the 2016 Rev. Mod. Phys. article


Outline of this talk 

Schematic derivation of the theoretical framework

Simple applications of two routes to NL physics:


nonlinear wave-wave interactions 

nonlinear SAW-EP interactions 


Extensions to broader scope of plasma physics: 

Earth’s chorus chirping rate

October	6th	2021

https://aip.scitation.org/doi/10.1063/1.4889019
https://aip.scitation.org/doi/10.1063/1.4889077
https://iopscience.iop.org/article/10.1088/1367-2630/17/1/013052


Nonlinear wave-wave interactions - I 29

Recent ISEP talk: … Liu Chen
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Nonlinear wave-wave interactions - II 30

Zonal Structures by Toroidal Alfvén Eigenmodes

[Z&C NJP15]
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Nonlinear wave-wave interactions - III 31

[Qiu et al PRL18, PST18, NF19a,b, PPCF20]
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Nonlinear SAW-EP interactions - I 32

EPM: convectively amplified solitons in active media

[Z&C NJP15; C&Z RMP16]
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Nonlinear SAW-EP interactions - II 33
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Nonlinear SAW-EP interactions - III 34

Theoretical framework systematically verified by NL  
Hybrid MHD GK simulations (HMGC): (Xin Wang AAPPS 
Invited; EPM chirping explained with hybrid simulations)
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Nonlinear SAW-EP interactions - IV 35

Theoretical framework systematically verified by NL  
Hybrid MHD GK simulations (HMGC&HYMAGYC): 
fishbones (G. Vlad et al. New J. Phys. 18 (2016) 105004)

XHMGC e-fishbones; 

weakly hollow q profile



Extensions to broader scope of plasma physics 36

Example from Space Physics: chorus emission & chirping

Adopt the Dyson approach to construct the nonlinear growth 
rate and frequency shift & Solve WKE [FZ et al, sub.to RMPP/
JGR]

See also X. Tao, F. Zonca, L. Chen and Y. Wu,
Theoretical and numerical studies of chorus 
waves: A review, Science China Earth Sciences 
63, 78-92, (2020).

X. Tao, F. Zonca, L. Chen, A “Trap-Release-
Amplify” model of Chorus Waves, JGR: Space 
Physics, 126, e2021JA029585  

FZ, XT, LC, submitted to RMPP/JGR
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Quasilinear limit 37

1. Propagator becomes the linear one 
2. The spectrum is considered broad (w.r.t. ωtrap) small Kubo # 
3. Resonances overlap and ωtrap >> 1/τdiff  ~ 1/τNL 
4. Near marginal stability: γ even smaller than 1/τdiff  ~ 1/τNL

Dyson – like equation (DSE)

Closed by …
resonance broadening

slow spatiotemporal dep.
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38Conclusions

Nonlinear GK theory of Alfvénic fluctuations and EP transport 
in burning plasmas is mature 


Based on wave-wave and SAW-EP interactions 
treated on the same footing: 2 routes of NL physics


Overarching and unified theoretical framework with different 
levels of approximation for self-consistent description of EP 
transport in tokamaks has been successfully derived and 
demonstrated


complete NL GK/Hybrid

Dyson Schrödinger Model (DSM)

Quasilinear transport


Numerical applications have been made for selected reference 
cases and verification of the approach is complete
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39Conclusions
Applications to realistic cases of practical interest (CFETR, 
BEST, DTT, etc.) are in progress along with the extension to 3D 
stellarator equilibria [EUROfusion projects ATEP/TSVV#10 
(Lauber/Mishchenko)]


Thank you for your attention!


謝謝

Your questions are welcome
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