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Motivation and Outline

O Follow-up of Hangzhou Spring 2025 Lectures on nonlinear charged particle
dynamics.

O Discussing wave-particle interactions in toroidal geometry is fundamental
importance when discussing dynamics (linear and nonlinear) in burning
plasmas.

O General theoretical framework |[C&Z RMP 2016] is made of elements that
can be computed in cases of actual and practical interest.

O Two Lectures on “wave-particle resonance in tokamaks” held at National
Central University in Taiwan.

OO0 Here, I will show that concepts such as effective mode structures and reso-
nance conditions can not only be computed but serve as tools for guidance in
analytical work as well as for gaining insights into and better interpretation
of numerical simulation results.
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Action angle coordinates in toroidal geometry

0 For a thorough overview of basic concepts in Hamiltonian mechanics refer
to Hangzhou Spring 2025 Lecture 1.

0 Two obvious pairs of action angle coordinates for charged particle motions
are (mp, ) with p = v7/(2Bg) + ... the magnetic moment and « the
gyrophase, and (P, ¢) with P, the canonical toroidal angular momentum
and ¢ the toroidal angle.

O After averaging over the gyrophase, at the leading order, P, is given by

€

== (F)g - v)

C
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O The third pair is (J,6.), with J the second invariant and 6. the respective
conjugate canonical angle

0
J:m%v”dl , chwb/ do' /o' .
0

Here, integrals are taken along the particle orbits in the equilibrium mag-
netic field, By, dl is the arc-length along the particle orbit, ¢ denotes closed
(in the poloidal plane) orbit integral.

OO0  Furthermore, we have introduced the unified notation of w;, for bounce and
transit frequency of trapped and circulating particles, respectively,

2T

wb(:LLaJJP¢>:§d9/9' :
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L Given the equilibrium guiding center Hamiltonian, Hy = m(vﬁ 2+ uBy) =
mé&, and the definitions of J and wy,
0J 2T (9H0

OHy  w = A

[0 Therefore, J can be readily computed given the reference magnetic equilib-
rium

J:J(M,P¢,H()) < H():H()(/L,J,P(b) .

0 This means that (u,J, Py) and/or (&, u, Py) can be equivalently used as
action-like constants of motion identifying particle orbits in the given equi-
librium magnetic field configuration.
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0 Since wy is positive definite, a complete identification of the particle orbit
requires specifying ¢ = v)/|yy| for circulating particles. Meanwhile, for
trapped particles, 0 = £1 can be defined as to be indicative of the right-
/left-handed rotation of the particles on the outer leg of their poloidal orbit.

O At last, the toroidal precession frequency of particles can be given by

8[—[0 B 0J/8P¢ B Wh 0J

) by OHy _
“alw I Bo) = 5 = g jaH, ~  2r 0B,

which can be readily computed once J = J(u, Py, Hy) is provided.

O A suite of Python based scripts is available on ENEA github (upon request)
to systematically construct action-angle variables once a generic tokamak
equilibrium is assigned.
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Particle trajectories in toroidal geometry

O In wave-particle interactions, it is crucial to describe the effective mode
structure that a particle is interacting with along its trajectory. This is a
Lagrangian description of the fluctuating fields.

OO0 The effective mode structure can be constructed parameterizing the particle
trajectory by means of a time-like parameter 7. Conveniently, using the fact
that equilibrium (integrable) orbits are expressed as closed trajectories in
the poloidal plane, one can introduce 6. = 0. + w,7, with 7 a time-like

parameter tracing the particle position along the closed poloidal orbit of
period 27 /wy,.

OO0 Thus, for a particle with given constants of motion,

r="T.+ ﬁc(90> )
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O Here, r. and p.(0.) are parameterized by (u, J, Pp), and ~ denotes a generic
periodic function in 6., which can be computed from the particle equations
of motion in the equilibrium Bi.

0 Similarly,

circulating particles

0 =0,+0.06.) ,

with ., = 06, for circulating particles,
while, for magnetically trapped parti-
cles, 6. = 0. "

O Meanwhile, ©,(6,) is, again, a periodic
function of 6. that vanishes at the end
points 6. = 0, 2. ; 7 ; ;

O At 0 = 0, the equilibrium |By| is min-
imum and the particle motion in the 0 Qualitative illustration of the orbit
poloidal direction is fastest, while it be-  of a circulating particle with o = 1
comes slowest at 6 ~ w, where the equi-  ipn the (6,6.) plane.
librium |By| is maximum.
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trapped particles

Oc

=1.0 -0.5 0.0 0.5 1.0

O Magnetically trapped particle orbit in the (6, 6.) plane. Lower and upper
bounce angles are denoted as #; and 6,.

0 As reference, the particle has right handed rotation at the outer leg of the
poloidal orbit and, thus, it is positively charged.
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[ Finally, introducing another periodic function EC(QC), vanishing at 6. =
0,27, the parametric representation of ¢ along the particle orbit in the
equilibrium By is

_ _ = 90 v dq F”UH do
= (, 0.+ =.(0.)—— — .
¢ = (o + WaT + Gob. + =Z.(6.) 277]{<jB*dw N

O Here, wq(u, J, Py) is the toroidal precession frequency,

Bl = By (1+ (v)/Q)bg - (V x by)) and

4 qdb B 4 qéd@c/wb

2To 2mo

cj(,u, J, P¢> —

0 Furthermore, the origin and justification of the last term on the r.h.s. is
the self-consistency of the present parameterization of particle equilibrium
orbits with the Hamiltonian equations of motion.
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O In fact, ¢ parameterization and g definition suggest that toroidal precession

is consistent with particles experiencing an effective magnetic field line pitch
represented by ¢q(v¢) — Fuy /).

O Meanwhile, from ¢ parameterization one readily derives the following defi-
nition for the function =.(6,),
.df WyT
/ (T - g

where integration in 6 follows the guiding center orbit and we have assumed
0.0 = 0 for simplicity.

[I]z

0 Finally, for the toroidal precession frequency we have
_ W : v dq Py .| db
J, P —qf| —
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0 Reminder about guiding center equations of motion (cf. Hangzhou Spring
2012 Lecture 1).

b o= 9, Fu
-~ JBrog Q )

o — a9 ( _M>
J B} 0 Q )
L I mcla (jBO,U”_qM)

JBr " JBi e [0y

9 ViV Foydv
"0 (j”” BoR2 B aw)] ’

where the equilibrium magnetic field is given as By = F'V¢p + V¢ x Vi, in
the standard form, and the function v(1,#) is introduced for adopting straight
magnetic field line coordinates.
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Effective mode structure in toroidal geometry

O For analytical and numerical investigations, it is useful to introduce the
effective mode structure.

0 The representation of the f function in the drift /banana center coordinates
is then given by fg

fo(r,00,C) = f(r+5u(6.), 0060, +Z.(00))
= eiQBf(Tae(QC)aC) :

O By direct inspection, it can be verified that f. (the effective mode structure)
and fp are related as follows ((...) denotes equilibrium orbit averaging)

folr,0e,C) = ) e eiQs f (r,0(6.), ()

e

Z eitfee=ille fp, (r, 0., (),

e
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0  Push-forward and pull-back are then combined into one single formal iden-
tity, which reads

f(r,0,0) = €795y " eeieiQn f (r,6(8,), () -

e

0 Thus, we have obtained the sought projection of f(r, 6, () along the particle

orbit, which may be considered as effective mode structure that is actually
experienced by the given particle.

O It is parameterized by the actions (u,J, Py) and/or (£, u, Py), and by the
time-like variable 7 = (6. — 0.9) /wp. Thus, we can consider it as a foliation
reproducing infinite representations of f on phase space leaves.

O The integer ¢ € Z stands for the transit/bounce harmonic similarly to
m,n € Z denoting poloidal and toroidal Fourier harmonics.
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O Diagram illustrating the map h : (r,60,() — (r., 0., (.) as lifting of a generic
function f to the phase space, such that f = f.o h.
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O Approach is very general and leads to the resonance condition, once a
monochromatic wave f(r,0,() o« exp(—iwt) is assumed, for magnetically
trapped particles,

w = w(p, J, Py) = nwg + lwy ;

and, for circulating particles,

w = w(p, J, Py) = nwq + lw, + (ng" — m) owy, .

0  Issue arising: what about ballooning space? Do we need to construct the
similar mapping and resonance conditions?

O Resonance conditions are independent of the representation, as it should,
while representation for ballooning space needs to be constructed ad hoc.

0 By construction, mapping of the ballooning space effective mode structure
back to the real space is exactly the same in the limit where the finite orbit
width is significantly smaller than the mode envelope width.
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O Fourier harmonics d¢,,(r, t) have two scale structures:
o ~ (ng)~" due to —15 kjgR = (ng — m)< 1: || mode-structure

o ~ L, < L, due to equilibrium variation: radial envelope

RADIAL ENVELOPE

POLOIDAL HARMONICS
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Effective mode structure in ballooning-space

O  Quick reminder that ballooning mode representation is given by

f(?", 97 C) — einC Z e_imefn(ra ng — m) :

mEeEZL
U Introducing fn(r, ) as the Fourier conjugate of f,(r,nqg —m); i.e.,
fulr,ng—m) = / ei(m_"qwfn(r, V) dv

the mode structure decomposition becomes (using the Poisson Summation
Formula)

f(r,0,¢) =2y em 020 f (16— 270)

LeZ
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0 The general representation of the effective mode structure in the balloon-
ing space can be written following the transformation to the magnetic
drift /banana center frame and noting

PB?%(Tv 19) : f(?“,@,C) — fn<T7 19) — An(r>f0n(rrv 19) :

O By substitution into the expressions at p. 2 and adopting the Poisson
summation formula, one has

R0, = ey [

mez "~
x =m0+ O0)+inZe00) f (1 4 5.(6,), D) |

= 2me™ Z g~ inal0+2mt) ei@BAn(T)fOn(r, 0+ 2nl) .
lez

0. @)

dﬁei(m—nq)ﬁ—inq’ﬁcwc)ﬁ

ITALIAN NATIONAL AGENCY

Fulvio Zonca @ = J;,lg_- % Z‘W%ﬁ,\)@& #os -
FOR NEW TECHNOLOGIES, ENERGY AND

SUSTAINABLE ECONOMIC DEVELOPMENT Institute for Fusion Theory and Simulation, Zhejiang University



IFTS Seminar on Plasma Physics-Fall 2025 20

0 Here, Qp — Qp is the mapping space. That is,

=~ . ) = B F’U” kf}
QB T pC(QC)( Za?“) —|_ n‘_'C(QC) T Q dw/d']n

s(0 — 0;) + nZ.(6,) ,

where ky = —nq/r, O = (1/nq¢’ )k, = —(1/sky)k,.. Note that ¢(r) is defined
for £ — 0 (guiding center position).

O For convenience, the map 6.(J) in the ballooning space is constructed ex-
tending it to R. More precisely, noting that 6. is normally defined € |0, 27|
and that ¥ mod 27+ 6, 6. +— 6.(¢J mod 27).

E: In the light of these results, demonstrate that the effective mode structure
constructed from the ballooning space representation accounts for the finite radial
envelope if the #;, dependence is properly accounted for. The general condition on
the finite orbit width is set by being much smaller than the relevant equilibrium
scale length.
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OO0 To complete the reconstruction of the effective mode structure, must account
for the finite periodic poloidal excursion, which are considered in the bounce
averaging at p. 2. Thus,

(% + o V| +vg - VJ_) OK — €_iQBﬁt6_th5KBn,w

i@ [0, + in(é — &, — )] €5 Kipne

where the quantity in square parentheses must be computed at the magnetic
drift /banana center position and the mapping space representation of the

kinetic compressional particle response is 0K — 0K, = e @Be " “I§Kp, .

0 The formal implication of this is that ¢ in the above expression is replaced
by ¢*. Thus, the complete shift operator in the mapping space becomes

. ~ e Fo, k
Qp = Qp+nd (0.—0) = Q”dw;}dr

s(0 — 0;) + nZ.(6,) — ng ©.(6,)

IIIII AN NATIONAL AGENCY

Fulvio Zonca @ = J;,lg_- % ;*{Y)éé\,\@& #os Bt
FOR NEW TECHNOLOGIES, ENERGY AND

SUSTAINABLE ECONOMIC DEVELOPMENT Institute for Fusion Theory and Simulation, Zhejiang University



IFTS Seminar on Plasma Physics-Fall 2025 22

OO0 The mapping of the kinetic equation can be, thus, written as

0
(a + U||V|| + Vg - VL) 0K

s o UB it (196’19 + 1niog — iw) (5[A(Bn,w .

Thus, 0K — 0K, = e~iQB oWt § ¢ Bnw 1S the proper mapping space repre-
sentation of the kinetic compressional particle response.

0  This also shows that the form of the resonance conditions is universal and
independent of the representation, as it should. In fact, 0Kp,,, is either
periodic in 6. for trapped particles, or periodic plus an effective k) spectrum

for circulating particles. This yields readily the resonance conditions at p.
D.

E: Demonstrate why the kinetic compressional particle response oK Bnw must
be periodic in 6. for trapped particles, while this is not the case for circulating
particles. (Hint: refer to L. Chen and H. Hasegawa, JGR 96, 1503, 1991).
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The s — o model: a simple yet relevant case of
toroidal equilibrium

0 Consider shifted circular magnetic flux sur-
faces |[CHT 1978] with /Ry < 1

R = Ry + rcosty — A(r)
Z = rsinby

B
= — RyVé+-Véx Vr
By q

Vr = (1— A cosby) ' (VRcosby + VZsinby)
rVy = (1 — N cosby) ' (~VRsinby + VZ(cosly — A))

O Look for Boozer coordinates: (Vr x Vby-V¢)™! =rR(1— A’ cosby); thus,
9() — 0 = @0 — (T/R() + A/) Siﬂ@o = (V’I" x V0 - VQb)_l = TRQ/R()
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E: Show that (r, 8, ¢) are straight field line Boozer coordinates;
i.e. B-V¢/B-V0=q(r)

E: Show that b-V = (¢R) " (¢0, + )

E: Show that the Clebsch representation B/By = (1/q)V (¢ — q0) x Vr is
equivalent to B/By = RyVo + (r/q)V ¢ x Vr;ie. Vr xrV = RyVo.
O Ballooning representation stuff: given o« = r(r/Ry + A’) = —Rog?p’ +
2(r/Ro) — (3 — 2s)A'
Vr|* =1+ 2A"cos b
rV0-Vr=—-A"sinf —rasinf(1+ 2A’cos )
rVO|? = a?sin® (1 + 2A" cos ) + 2aA sin* + 1 — 2(r /Ry + A') cos 0

O Considering (note 8, = 0) 9, — —ing'v = —i(nq/r)sv; Oy = —i(m/r) =
—i(nq/r), the local shear appears in the combination s — a sin

Vi = —(ng/r)* [(s9 — asind)*(1 + 2A cos¥) — 2s09A"sin ) + 1 — 2(r /Ry + A') cos V]

Fulvio Zonca @ I}fr = k‘%% Z‘W"sﬁ:‘«“‘%ﬁ ﬁl‘*‘s A

Institute for Fusion Theory and Simulation, Zhejiang University



IFTS Seminar on Plasma Physics-Fall 2025 25

Action angle coordinates for high aspect ratio
circular tokamak equilibria

0 In order to illuminate the usefulness and application of action angle coor-
dinates, we derive here explicit expressions in the case of high aspect ratio
circular tokamak equilibria with /Ry < 1.

O In this case, introduced in the previous section on the (s — «)
model, Boozer coordinates are given analytically and, noting that By =
By/ (1 +r/Rgcosf), it can be shown that

(26)/2 (1 = X\ + \r/Rg cos 6)/?

2(r/Rp) b2
(T/Ro) -+ (]_ — T/Ro)%Q

ui

= (2675 (1= sin*(9/2)) "7,
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Here, a new pitch angle variable is introduced,

o 2(r/Ro)A
1= =7/Ry)\ "’

s

which denotes circulating particles for »* < 1 [0 < A < (1 — r/Ry)], while
trapped particles have 2 > 1 [(1 —r/Ry) < A < (1 +1/Ry)].

Using this representation, the following expressions for the (transit, bounce)
time of (circulating, trapped) particles are obtained, 7, = 27 /wy, with the
general definition of wy :

1 ( 1 % ) (26)"? [ 2(r/Ry) e

L AK(5) S8K(1/5)) qRo |2(r/Ro) + (1 —r/Ro)s?

Here, IK stands for the complete elliptic integral of the first kind.
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O Normalized transit/bounce fre-
quency for particles in high aspect
ratio circular tokamak equilibria for

r/Ry = 0.1 and r/Rq = 0.3. i

O The vanishing of gRowy/(2E)'/? at
» — 1 is due to the logarithmic
divergence of the complete elliptic
integral of the first kind and corre-
sponds to the transition from circu-
lating to magnetically trapped par- %
ticles.

qRowp/(2E)H?
a

o
E
1

o
N
L

O It is also possible to construct 6., which yields

F(6/2, )
K(s)

0. =or

for circulating particles, with F'(6/2, »¢) being the incomplete elliptic inte-
gral of the first kind.
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[0 Meanwhile, for magnetically trapped particles, it is possible to show
F(sin™'(5¢sin(6/2)),1/ )

IK(1/5) |
O This expression strictly applies for § < 2sin™'(1/sx) = 0p, with 6z the

bounce angle, and |0.] < w/2. The other branches of the magnetically
trapped particle orbits are readily obtained by continuation and symmetry.

0. =om/2

54 x*=0.99

%2 =0.6

T T T T T T
0 1 2 3 4 5 6

0 Typical behaviors of 0, for circulating (left) and magnetically trapped (right)
particles for ¢ = 1, consistent with previous Figs. at p. 8 and 9.
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O Using these results, it is possible to cast the orbit average as

()= (41K1(%)’ 8IK&/%)) 7{ (1 — 52 3?55(9/2))1/2 |

0 This allows us to derive expressions for the toroidal precession frequency;

o= (21K1< ) 4]15;/%)) [ 2(r/ Ro) (r</1R—0)r/Ro> ]m

mecE O V|
_ B do .
XGBOROT @r%j ! < 1/2>
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O Noting that r0,(J By) ~ qRy(s—a cos ) and —(Ry/By)0, By ~ cos 0 —a/2q>
at the leading order in a large aspect-ratio plasma equilibrium with shifted
circular magnetic flux surfaces, one can show that

Wi = (41[{1(%)’ 81[{(%1/%)> [2(T/Ro) + (11 —"“/Ro)%Ql gegocéo

»*(cos b — a/2¢?) ]d@.
o (1 — 52 sin2(€/2))1/2

X j{ [4(3 —acosf)o (1 — »° sir12(9/2))1/2 +

O All these expressions are solvable in terms of complete elliptic integrals of
the first and second kind

E: Can you derive specific expressions for the function =.? Can you show it is
given in terms of complete and incomplete elliptic integrals?
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0 This finally yields, for circulating particles

T [2("“/30) + (11 —"“/Ro)%2] gegj}io [2 (% - ) te 2%2%2
() SO0-2)- B )

0  Meanwhile, the toroidal precession frequency for magnetically trapped par-
ticles is given by

g mc€ [2113(1/%) a (M 1 )

_ — — 1
reBoRo K(1/) 2

Wqg =
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1.0

s=1.0

eBorRowq4/(gmcé)
eBorRowq4/(gmcé)

0.0 0.5 1.0 15 2.0 2.5 3.0 0.0 0.5 1.0 15 2.0 2.5 3.0

0 Normalized toroidal precession frequency for particles in high aspect ratio
circular tokamak equilibria for 7/Ry = 0.15, ¢ = 2, and different values
of « = (0.0,0.4,0.8,1.2,1.6,2.0) at s = 1 (left); and different values of
s =(—1.0,-0.6,-0.2,0.2,0.6,1.0) at a = 0.8 (right).

0 The effect of precession reversal is evident as the normalized toroidal pre-
cession frequency becomes negative. This impacts importantly plasma sta-

bility:.
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Concluding remarks

OO0 It is worthwhile noting that, in expression of i, for circulating particles, the
o sm?/IK?*(2¢) has been subtracted to account for non-vanishing F'vy/Q for
circulating particles.

Physically, this corresponds to computing ¢* as ¢* = q(—cPs/e + Fu;/Q)
rather than ¢* = ¢(—cP,/e). Clearly, this argument does not apply to

magnetically trapped particles since, for those, F'v /€2 = 0 at the leading
order. Thus, no correction is needed in wy.

OO0  Given the resonance condition for circulating particles, this has no impact
overall.
w=w(p, J, Py) = nwg + lwy + (ng" — m) owy, .
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OO0 Important practical application of present theoretical description is to de-
velopment of tools for computing phase space transport on long time scales.

O If you are interested in the suite of python tools for computing what is
discussed above, contact Matteo V. Falessi at matteo.falessiQenea.it

51 151

O Your questions are welcome.
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