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• At low frequencies comparable to characteristic thermal-particle frequencies, kinetic 
effects modify the compressional response in high-temperature toroidal plasmas, with 
important consequences for the stability of drift Alfvén waves (DAWs) driven by both 
thermal free energy and resonant energetic particles (EP) [1].

• Using linear gyrokinetic theory, we analyze the shear Alfvén wave (SAW) and slow 
sound wave (SSW) continuous spectra and show how mode polarization and dispersion 
are altered by Landau damping and kinetic compressibility, including finite parallel 
electric field effects.

• Floquet solutions [2,3] can be constructed for general tokamak geometries, and the 
renormalized plasma response is expressed analytically in quadrature form. At short 
wavelengths the formulation recovers the kinetic Alfvén wave (KAW) dispersion and 
damping, providing a robust test case for gyrokinetic codes.

• Within the general fishbone-like dispersion relation (GFLDR) framework [4,5], the 
theory yields a compact description of resonant low-frequency DAW excitation by EP 
and clarifies why Alfvénic polarization is preferentially excited.

ABSTRACT
• Solutions can be decomposed into Bloch sectors satisfying the quasi-periodicity

• Here, 𝑒2𝑖𝜋Λ is the is the Floquet multiplier and the generalized inertia is the 
corresponding characteristic exponent [2,6,7].

• The Bloch–Floquet reduction remains applicable because the limiting problem retains its 
periodic-lattice structure, despite the nonlocality of the kinetic response represented by 
nonlocal integro-differential kernels.

• The solution is not generally determined by a finite-dimensional set of local initial data. 
Consequently, the kinetic Floquet problem cannot, in general, be reduced to a finite-
dimensional monodromy matrix [8].

• The obtained expressions are generally valid and are applicable to long wavelength drift 
Alfvén waves (DAW) and show that one can solve for the low frequency fluctuation 
spectrum by means of quadratures involving equilibrium quantities only. 

• These results generalize earlier ones [9,10,11,12] to arbitrary tokamak equilibria and 
particle distribution functions.

• They show that Alfvénic polarization is characterized by weaker damping and stronger 
excitation by EPs [13,14], since 𝛿 #𝑊%+ 𝛿 #𝑊& in the GFLDR provides an effective 𝑘∥𝑅.
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• In order to explore the properties of KAW in tokamak plasmas, we need to take into 
account FLR and FOW effects in the vorticity equation that reads [4,5,15]

• Here, Γ(,* 𝑏 = 𝑒+, 𝐼(,* 𝑏 , 𝐼(,* 𝑏  are modified Bessel functions, 𝑏 = 𝑘-.𝜅̂/.𝜌0..
• Letting 𝜏 = ⁄𝑇1 𝑇0, the quasineutrality condition becomes

• These equation extend to toroidal geometry the well-known KAW equations in a slab 
[16,17,18,19], and provide a benchmark case for gyrokinetic codes in general tokamak 
geometry.

• Use straight magnetic field line flux coordinates (Boozer) 𝑟, 𝜃, 𝜁  for the description of a 
generic axisymmetric tokamak equilibrium with magnetic field 𝐵( = ∇ 𝜁 − 𝑞𝜃 ×∇𝜓. 

• Low-frequency kinetic continuous-spectrum problem is formulated by means of 
quasineutrality condition and gyrokinetic vorticity equation [1,2,3]. Field variables are 
𝛿𝜙 and 𝛿𝐴∥ but for convenience we work with

                                                                                                                         

• We formulate the problem in ballooning space because it is particularly convenient to 
capture the local structure of the fluctuations and their intrinsic multiscale character, 
including parallel mode structure and wave–particle resonances.

• With the 𝜗 − ballooning space representation of −∇/./𝑘-.  and 𝑘- = −𝑛𝑞/𝑟

• In the low-frequency limit ⁄|𝜔| 𝜔2 ≪ 1 fluctuation structures are characterized by two 
length scales, 𝜗( ∼ 𝑂(1) and 𝜗* ∼ 𝑂(𝜔2/|𝜔|) ≫ 1. Asymptotic expansions in ⁄|𝜔| 𝜔2

    with 𝛿#Ψ( being a function of 𝜗* only up to first order included.
• Use action angle coordinates: 𝜃3 and ζc such that 𝜔𝑏 = 𝜃̇𝑐and #𝜔𝑑 = ̇𝜁𝑐 are, respectively, 

the bounce/transit and the magnetic drift precession frequency; KΞ𝑐 parameterizing the 
equilibrium particle motion as  𝜁 = 𝜁𝑐 + KΞ𝑐 at constant actions ℰ, 𝜇, 𝑃7 , ℰ = 𝑣./2, 
𝜆 = 𝜇 T𝐵(/ℰ and T𝐵0 the magnetic field on axis. 

• Solve for the magnetic-drift/banana-center gyrokinetic particle compression response    
𝛿 U𝐾9 = 𝑒0 :;!𝛿 U𝐾, with W𝑄9 ≅ 𝑅𝐵7/( ⁄𝑑𝜓 𝑑𝑟)( ⁄𝑘-𝑣∥ Ω)𝑠𝜗*, 𝜔< ≅ 𝜗̇(𝜕-" W𝑄9

    and, for a (canonical) Maxwellian, with 𝜔∗> = 𝜔∗? + 𝜔∗@

• Quasineutrality condition (ℑ is the Jacobian, 𝜏, = 2𝜋/𝜔,)

• Gyrokinetic vorticity equation in the limit of vanishing FLR 𝜆A. = 𝑘-.𝜅̂/.𝜌A. → 0

• In the limit 𝜆𝐿2, W𝑄𝐵2 → 0, 𝜅̂⊥2 → ∞, the coefficients and kinetic-response kernels become 
2π-periodic in the ballooning coordinate within each asymptotic region of large positive 
or negative 𝜗1, with globl consistency given by the GFLDR, 𝑖Λ = 𝛿 #𝑊%+ 𝛿 #𝑊& [4,5].

• The corresponding kinetic-response kernels inherit the same periodic-lattice structure, 
in the sense of invariance under simultaneous translation of their ballooning-space 
arguments by 2π.                                                                            

KINETIC CONTINUOUS SPECTRUM AND FLOQUET SOLUTIONS 

CONCLUSIONS AND DISCUSSIONS
• We developed a linear gyrokinetic formulation of the shear-Alfvén and slow-sound 

continuous spectra in general toroidal geometry.
• The formulation consistently includes Landau damping, kinetic compressibility, finite 

parallel-electric-field effects, finite-Larmor-radius (FLR) physics, and finite-orbit-width 
(FOW) effects.

• An extended Bloch–Floquet framework describes the non-self-adjoint, nonlocal kinetic 
problem and yields the renormalized plasma response in quadrature form.

• The kinetic continuous spectrum is governed by a generalized inertia, which can be 
evaluated from equilibrium quantities and particle-orbit integrals.

• Mode polarization controls collisionless damping: the framework explains the 
preferential resonant excitation of Alfvénic modes by energetic particles, while 
acoustic and the mixed-polarization response is comparatively weaker.

• The short-wavelength limit recovers kinetic-Alfvén-wave (KAW) propagation and 
damping, providing a benchmark for gyrokinetic simulations.
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Fig. 1: DTT Reference scenario Fig. 2: SAW/SSW continuous spectra in DTT
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