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Introduction: Turbulent Transport and Zonal Flows

· Heat transport by turbulent structures to outer
plasma layers

· Mitigation by zonal flows [e.g. Diamond 05]

B⃗

δv⃗E⃗×B⃗

Zonal
flow

δE⃗

GK simulation, zonal flows suppressed

δϕ

Simulation, zonal flows included

δϕ
[courtesy
A. Bottino]
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Introduction: Geodesic Acoustic Mode (GAM)

Turbulence (zero frequency)
zonal flow

nonlinearly
generates

nonlinearly
generates

geodesic-acoustic-
mode (GAM)

regulates,
partially supresses

generates

oscillating

/ static

counterpart

[Diamond 05, Scott 05]
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Introduction: Geodesic Acoustic Mode (GAM)

· GAM = oscillatory counterpart to zonal flows

· Zonal E⃗×B⃗ - flow velocity

δv⃗E⃗×B⃗ =
δE⃗r × B⃗

B2 ∝ 1/|B|

varies due to B(θ)

⇒ GAM: density perturbation δn arises

⇒ δn ∝ sin θ

· δE⃗r , δv⃗E⃗×B⃗, δn oscillate with

ωG ≈ F +
G
2 k2

r

B⃗
δv⃗E⃗×B⃗

δE⃗

δn

δn

δn

δn

Oscillates
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Nonlinear Schrödinger equation (NLSE) model

i∂tψ(r, t) = F ψ − G
2 ∂2

r ψ − αNL|ψ|2 ψ . [Poli 21]

⏞⏟⏟⏞
Potential

term

⏞ ⏟⏟ ⏞
Momentum

operator

⏞ ⏟⏟ ⏞
Nonlinear

term

δEr(r, t) = Re [ψ](r, t)

Why can we use this model?
· Linear dispersion relation from GK theory

δEr : ωG ≈ F +
G
2 k2

r

· Cubic nonlinear term ∝ |ψ|2ψ is standard
self-interaction extension [Spatschek 90]

· NLSE numerically verified [Poli 21, Korger 25]

Why should we use this model?
· One of the most studied

equations in physics

· Easier to understand

· Low computational cost
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Performance of reduced (NLSE) model
linear gyrokinetic simulation (ORB5):

nonlinear gyrokinetic simulation (ORB5):

Simple GK simulation:

· Flat profiles (n0, T , q)

· circular concentric
flux-surfaces

· Initialize m = n = 0
potential perturb. δϕ
(Rosenbl.-Hinton test)
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Electrostatic (δB⃗ = 0) gyrokinetic Vlasov-Maxwell system

Nonlinear GK equation(︂
∂t + v∥∇∥ + v⃗d · ∇⃗

)︂
δgs

=
es
Ts

F0sJ0∂tδϕ−

= N.L.s⏟ ⏞⏞ ⏟
δv⃗E×B · ∇⃗δFs .

Quasineutrality equation

0 =
∑︂

s
es⟨δFs⟩v ,

↪→ 0 =
∑︂

s
es

[︂
− es

Ts
n0sδϕ +

∑︂
s
⟨J0δgs⟩v

]︂
.

1 δF -splitting

Fs = F0s + δFs,

B⃗ = B⃗0 +��δB⃗, (electrostatic)
E⃗ = −∇⃗δϕ = δE⃗,
˙⃗x0 = v⃗∥ + v⃗d ,

δ ˙⃗x ≈ δv⃗E×B,

note: δĖ ∂E ≪ δv⃗δE×B · ∇⃗.

2 Adiabatic splitting (Maxwellian F0s)

δFs = −es
Ts

F0sδϕ+ J0δgs.
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Solving the GK Vlasov-Maxwell system [e.g. M. V. Falessi 2023, NJP]

Solving strategy:
1 Solve GK eq. for δge{δϕ}, δgi{δϕ}

(a) Invert LGK

δgs = L−1
GK

{︂es
Ts

F0sJ0∂tδϕ− N.L.s
}︂

⏟ ⏞⏞ ⏟
δv⃗E×B · ∇⃗δFs

2 Insert δge, δgi in QN equation

Three unknowns: δgi , δge, δϕ.

Nonlin. GK equation (ions, electrons)(︂
∂t + v∥∇∥ + v⃗d · ∇⃗

)︂
⏞ ⏟⏟ ⏞ δgs

LGK{δgs}

=
es
Ts

F0sJ0∂tδϕ−

= N.L.s⏟ ⏞⏞ ⏟
δv⃗E×B · ∇⃗δFs .

Quasineutrality equation

0 =
∑︂

s
es

[︂
− es

Ts
n0sδϕ + ⟨J0δgs⟩v

]︂
.
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Solving strategy:
1 Solve GK eq. for δge{δϕ}, δgi{δϕ}

(a) Invert LGK

(b) Perturbation ansatz: LINs ≫ N.L.s:

δgL
s = L−1

GK

{︂es
Ts

F0sJ0∂tδϕ
}︂

δgNL
s = L−1

GK

{︂
−δv⃗E×B · ∇⃗δFL

s

}︂
2 Insert δge, δgi in QN equation

Three unknowns: δgi , δge, δϕ.
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∂t + v∥∇∥ + v⃗d · ∇⃗
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Ts

F0sJ0∂tδϕ−

= N.L.s⏟ ⏞⏞ ⏟
δv⃗E×B · ∇⃗δFs .

Quasineutrality equation

0 =
∑︂

s
es

[︂
− es

Ts
n0sδϕ+

⟨︂
J0L−1

GK

{︂es
Ts

F0sJ0∂tδϕ
}︂⟩︂

v
− ⟨J0L−1

GK{ N.L.s }⟩v

]︂
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Nonlinear Schrödinger equation

i∂tδEr = F δEr − G
2 ∂2

r δEr − αNL|δEr |2 δEr .
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Cubic nonlinearity

GAM potential
δϕ = δΦeiωG t + cc.

2nd harmonic structure
ω ≈ 2ωG

ω ≈ 0
zero freq. structure

NL
δv⃗E×B

δΦ2 const.

δΦ2e2iωG t + cc.

δFL
s

δϕ = δΦeiωG t + cc.
GAM potential

GAM
NL GAM δϕ = δΦ3eiωGt + cc.

GAM
NL GAM δϕ = δΦ3eiωGt + cc.
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Linear GAM system [e.g. A. Smolyakov 2016, Pl. Phys. Rep.]

Linear GK equation (ions)

LGK⏟ ⏞⏞ ⏟(︂
∂t + v∥∇∥ + v⃗d ·∇⃗

)︂
δgL

i =
e
Ti

F0J0∂tδϕ,

↪→
(︃

1 −
v∥∇∥ + v⃗d ·∇⃗

iωG

)︃
δgL,ωG

i

=
e
Ti

F0J0δϕ
ωG

Fourier ansatz (in time):

δgL
i ↦→ δgL,ωG

i = δĝL,ωG
i e−iωGt

Invert LGK:

L−1
GK =

1
−iωG

(︃
1 +

v∥∇∥ + vd ·∇
iωG

+ . . .

)︃
Perturbation ansatz:
ωG ≫

(︁
v⃗∥ + v⃗d

)︁
· ∇⃗ (q ≫ 1, ρLikr ≪ 1)

δgL,ωG
i = δgL(0),ωG

i + δgL(1),ωG
s + . . . ,

δϕωG = [δϕωG ]ψ⏞ ⏟⏟ ⏞
= δϕ(0)

+ δϕ(1),ωG + . . . ,
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Linear GAM system [e.g. A. Smolyakov 2016, Pl. Phys. Rep.]

Solution:

δgL,ωG
i =

=L−1
GK⏟ ⏞⏞ ⏟

1
−iωG

(︃
1 +

v∥∇∥ + vd ·∇
iωG

+ . . .

)︃
e
Ti

F0J0(−iωG) δϕ
ωG

δFL,ωG
i = − e

Ti
F0δϕ

ωG + δgL,ωG
i ≈ e

Ti
F0

v∥∇∥ + vd ·∇
iωG

[δϕωG ]ψ =
e
Ti

F0
v̂dr sin θ∂r

iωG
[δϕωG ]ψ

= vdr⏟ ⏞⏞ ⏟

Approximations:
(a) Simple geometry: Circular concentric ψ, ε≪ 1

⇒ [..]ψ ≈ 1
2π

∮︂
dθ (..)

(b) No mirror force: v∥(θ) =
√︃

v2 − µ

2B(θ)
≈
√︃

v2 − µ

2B̄0
= v̄∥.

(see [H. Sugama 2006, Journ. Pl. Phys.])
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Quadratic NL source (GAM × GAM - coupling)

N.L.i ≈ δv⃗E×B · ∇⃗δFL
i =

(︁
δv⃗ ωG

E×B + cc.
)︁
· ∇⃗
(︁
δFL,ωG

i + cc.
)︁

δFL,ωG
i ≈ − e

Ti
F0

v̂dr sin θ

iωG
[EωG

r ]ψδv⃗ ωG
E×B ≈

−∇⃗[δϕωG ]ψ × B⃗0

B̄2
0

≈ 1
B̄0

[EωG
r ]ψêθ

= − 1
rB̄0

e
Ti

F0v̂dr cos θ

(︃
1

iωG
[EωG

r ]2ψ +
1

(−iω∗
G)

[EωG,∗
r ]2ψ

+
1

iωG
[EωG

r ]ψ[EωG,∗
r ]ψ +

1
(−iω∗

G)
[EωG

r ]ψ[EωG,∗
r ]ψ

)︃
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Response at ω = 2ωG

NL GK equation (ions)

LGK⏟ ⏞⏞ ⏟(︂
− i2ωG + v∥∇∥ + v⃗d ·∇⃗

)︂
δgNL,2ωG

i = −N.L.2ωG
i ,

⇒ δgNL,2ωG
i =

1
−2iωG

(︂
− N.L.2ωG

i + . . .
)︂

=
1

2iωG

(︃
− 1

rB̄0

e
Ti

F0v̂dr cos θ
1

iωG
[EωG

r ]2ψ

)︃
.

[H.S. Zhang 2009, Nucl. Fus.]

Invert LGK:
2ωG ≫ v∥∇∥ + v⃗d ·∇⃗ (! like GAM)

↪→ L−1
GK =

1
−2iωG

(︂
1 +

v∥∇∥ + v⃗d ·∇⃗
2iωG

+ . . .
)︂

We need δF2ωG
i , δϕ2ωG !

Insert into QN (at ω = 2ωG)

↪→ δϕ2ωG arises such that QN is fulfilled

1 [δϕ2ωG ]ψ : Not excited! (see [Zhang 09])

2 m ̸= 0: δϕ2ωG ≈ Te
en0

⟨δgNL,2ωG
s ⟩v ∝ cos θ
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Comparison to simulations (compare [Zhang 2009])

Linear (ω = ωG)

⟨δFL
i ⟩v ∝ sin θ

Nonlinear (ω = 2ωG)

⟨δF2ωG
i ⟩v ∝ cos θ

Gyrokinetic simulation (ORB5)

Nonlinear simulation
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Cubic nonlinearity

GAM potential
δϕ = δΦeiωG t + cc.

2nd harmonic structure
ω ≈ 2ωG

ω ≈ 0
zero freq. structure
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Quasineutrality equation (ω = ωG)

0 =
∑︂

s
es

[︂
− es

Ts
n0sδϕ

ωG + ⟨J0δgωG
s ⟩v

]︂
⏟ ⏞⏞ ⏟
L−1

GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂
− L−1

GK{ N.L.ωG
s }

The relevant coupling is N.L.ωG
i → [δϕωG ]ψ

Why [δϕωG ]ψ? Perturbation ansatz: δϕωG = [δϕ]ψ + δϕ(1) + δϕ(2) + . . . ,
All quantities based on strongest contribution

E.g.: δϕ(1) = iτev̂dr,th,i
ωG

sin θ∂r [δϕ]ψ

δϕ(2)=
(︂7

4 + τe

)︂ iτev̂2
dr,th,i

2ω2
G

cos2θ ∂2
r [δϕ]ψ

To find N.L.ωG
i → [δϕ]ψ-coupling:

Look at flux-surf.-av. QN equation!
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Quasineutrality equation (ω = ωG)

0 =
∑︂

s
es

(︂
− es

Ts
n0sδϕ

ωG +
⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v
− ⟨L−1

GK{ N.L.ωG
s }⟩v

)︂
fsa
↪→ 0 =

∑︂
s

es

(︂
− es

Ts
n0[δϕ

ωG ]ψ +
[︂⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v

]︂
ψ
−
[︁
⟨J0L−1

GK{ N.L.ωG
s }⟩v

]︁
ψ

)︂
Leading order: J0L−1

GK ≈ 1
−iωG

:[︁
⟨ N.L.ωG

s ⟩v
]︁
ψ
= lim

∆ψ→0

1
Vψ

∫︂
Vψ
d3x

∫︂
W
d2v JxJv δ

˙⃗z · ∇⃗zδFs

= lim
∆ψ→0

1
Vψ

∫︂
Vψ
d3x

∫︂
W
d2v ∇⃗z ·

(︂
JxJvδ

˙⃗zδFs

)︂
= lim

∆ψ→0

1
Vψ

∫︂
∂(Vψ,W)
→ ∂Vψ

d4S⃗ · JxJvδ
˙⃗zδFs ≈

[︂⟨︂
δψ̇∂ψδFs

⟩︂
v

]︂
ψ
, [Falessi N. J. Phys. 2023].

Hamiltonian system
∇⃗z · (δ ˙⃗zJxJv) = 0

Gauss
theorem
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Quasineutrality equation (ω = ωG)

0 =
∑︂

s
es

(︂
− es

Ts
n0sδϕ

ωG +
⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v
− ⟨L−1

GK{ N.L.ωG
s }⟩v

)︂
fsa
↪→ 0 =

∑︂
s

es

(︂
− es

Ts
n0[δϕ

ωG ]ψ +
[︂⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v

]︂
ψ
−
[︁
⟨J0L−1

GK{ N.L.ωG
s }⟩v

]︁
ψ

)︂
Leading order: J0L−1

GK ≈ 1
−iωG

:

[︁
⟨ N.L.ωG

s ⟩v
]︁
ψ
=
[︂⟨︂
δψ̇∂ψδFs

⟩︂
v

]︂
ψ
⇝
[︂⟨︂
δṙ∂rδFs

⟩︂
v

]︂
ψ
=
[︂⟨︂1

r
B⃗ × ∂θδϕ

B2 · êr∂rδFs

⟩︂
v

]︂
ψ

=
1

2π

∮︂
dθ
⟨︂ 1

rB ∂θδϕ⏞⏟⏟⏞
→varies

in θ

∂rδFs

⟩︂
v

cubic NL: 1
2π

∮︂
dθ
⟨︂ 1

rB

(︂
∂θδϕ

2ωG∂rδF−ωG
s + ∂θδϕ

−ωG∂rδF2ωG
s

⟩︂
v
= 0.

⏞ ⏟⏟ ⏞
→varies

in θ

⏞ ⏟⏟ ⏞
must also
vary in θ

�
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Quasineutrality equation (ω = ωG)

0 =
∑︂

s
es

(︂
− es

Ts
n0sδϕ

ωG +
⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v
− ⟨L−1

GK{ N.L.ωG
s }⟩v

)︂
fsa
↪→ 0 =

∑︂
s

es

(︂
− es

Ts
n0[δϕ

ωG ]ψ +
[︂⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v

]︂
ψ
−
[︁
⟨J0L−1

GK{ N.L.ωG
s }⟩v

]︁
ψ

)︂

First order: J0L−1
GK ≈ 1

−iωG

v∥∇∥ + v⃗d ·∇⃗
−iωG

:

[︃⟨︃v∥∇∥ + v⃗d ·∇⃗
iωG

N.L.ωG
i

⟩︃
v

]︃
ψ

≈
[︃⟨︃

v̂dr sin θ ∂r
iωG

(︂ 1
rB̄0

∂r [δϕ
−ωG ]ψ⏞ ⏟⏟ ⏞

= δvE×B,θ

∂θ δF2ωG
i⏞ ⏟⏟ ⏞

∝ cos θ

)︂⟩︃
v

]︃
ψ
�
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Quasineutrality equation (ω = ωG)

0 =
∑︂

s
es

(︂
− es

Ts
n0sδϕ

ωG +
⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v
− ⟨L−1

GK{ N.L.ωG
s }⟩v

)︂
fsa
↪→ 0 =

∑︂
s

es

(︂
− es

Ts
n0[δϕ

ωG ]ψ +
[︂⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v

]︂
ψ
−
[︁
⟨J0L−1

GK{ N.L.ωG
s }⟩v

]︁
ψ

)︂

First order (less approximations, see [Falessi NJP 2023]): J0L−1
GK[︃⟨︃

J0L−1
GK{ N.L.ωG

i }
⟩︃

v

]︃
ψ

=

[︃⟨︃ ∞∑︂
l =−∞

ilωbi
ω2

G
cos lϑcJ0e−iQi e−ilϑc+iQi N.L.ωG

i

(tr. / b.)⟩︃
v

]︃
ψ

=
4π2

V ′
ψ

∑︂
σ̂=±1

∫︂
dEdµ

∞∑︂
l =−∞

−l2ωbi
ω2

G
cos lϑcJ0e−iQi

(tr./b.)
∮︂

dθ
JRBt

v2
∥

∂

∂ψ

(︁
J0δϕ

)︁
e−ilϑc+iQi δFi .

→ trapped particles may become important (v∥(θb) = 0)
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Cubic nonlinearity

GAM potential
δϕ = δΦeiωG t + cc.

2nd harmonic structure
ω ≈ 2ωG

ω ≈ 0
zero freq. structure

NL
δv⃗E×B

δΦ2 const.

δΦ2e2iωG t + cc.

δFL
s

δϕ = δΦeiωG t + cc.
GAM potential

GAM
NL GAM δϕ = δΦ3eiωGt + cc.

GAM
NL GAM δϕ = δΦ3eiωGt + cc.
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Zero frequency structure

⇒ According to simulations,
δnω≈ 0

i ∝ cos θ exists.
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Quadratic NL source (GAM × GAM - coupling)

N.L.i = δv⃗E×B · ∇⃗δFL
i =

(︁
δv⃗ ωG

E×B + cc.
)︁
· ∇⃗
(︁
δFL,ωG

i + cc.
)︁

δFL,ωG
i ≈ − e

Ti
F0

v̂dr sin θ

iωG
[EωG

r ]ψδv⃗ ωG
E×B ≈

−∇⃗[δϕωG ]ψ × B⃗0

B̄2
0

≈ 1
rB̄0

[EωG
r ]ψêθ

= − 1
rB̄0

e
Ti

F0v̂dr cos θ

(︃
1

iωG
[EωG

r ]2ψ +
1

(−iω∗
G)

[EωG,∗
r ]2ψ

+
1

iωG
[EωG

r ]ψ[EωG,∗
r ]ψ +

1
(−iω∗

G)
[EωG

r ]ψ[EωG,∗
r ]ψ

)︃

N.L.ω≈ 0
i = − 1

rB̄0

e
Ti

F0v̂dr cos θ

(︃
1

iωG
− 1

iω∗
G

)︃
[EωG

r ]ψ[EωG,∗
r ]ψ⏞ ⏟⏟ ⏞

= −∂t/|ωG|2
see [Chen EPL 2014]
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Quadratic NL source (GAM × GAM - coupling)

N.L.i = δv⃗E×B · ∇⃗δFL
i =

(︁
δv⃗ ωG

E×B + cc.
)︁
· ∇⃗
(︁
δFL,ωG

i + cc.
)︁

δFL,ωG
i ≈ − e

Ti
F0

v̂dr sin θ

iωG
[EωG

r ]ψ

+
e
Ti

F0
v∥∇∥

iωG

(v̂dr + τev̂dti) sin θ

iωG
[EωG

r ]ψ

δv⃗ ωG
E×B ≈

−∇⃗[δϕωG ]ψ × B⃗0

B̄2
0

≈ 1
rB̄0

[EωG
r ]ψêθ

N.L.ω≈ 0
i =

1
rB̄0

e
Ti

F0v̂dr
∂t

|ωG|2
cos θ [EωG

r ]ψ[EωG,∗
r ]ψ

+
1

rB̄0

e
Ti

F0v̂dr

(︃ v∥∇∥

(iωG)2 +
v∥∇∥

(−iω∗
G)

2

)︃
cos θ [EωG

r ]ψ[EωG,∗
r ]ψ
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Response at ω ≈ 0 (similar to [Chen EPL 2014])

NL GK equation (ions)

LGK⏟ ⏞⏞ ⏟(︂
∂t + v∥∇∥ + v⃗dr∂r

)︂
δgNL,ω≈ 0

i = −N.L.ω≈ 0
i

↪→
(︂
∂t + v∥∇∥

)︂
eiQδgNL,ω≈ 0

i⏞ ⏟⏟ ⏞
δgNL,ω≈ 0

Bi

= −eiQN.L.ω≈ 0
i

Invert LGK:
∂t ≪ v∥∇∥ + v⃗dr∂r (! opposite to GAM)

↪→ use tool from [Rosenbluth Hinton 1998]:

Shift operator eiQ

iQ ≈ ρ̂d cos θ ∂r ≪ 1
→ accounts for radial drifts

1 δgNL,ω≈ 0
Bi is m = 0: ⇒ ∇∥ = 0

δgNL,ω≈ 0
i = e−iQ∂−1

t
[︁
− eiQN.L.ω≈ 0

i
]︁
ψ

2 δgNL,ω≈ 0
Bi is m ̸= 0: ⇒ v∥∇∥ ≫ ∂t

δgNL,ω≈ 0
i = e−iQ(v∥∇∥)

−1(︁ ˜︂−eiQN.L.ω≈ 0
i

)︁
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Response at ω ≈ 0

1 δgNL,ω≈ 0
Bi is m = 0:

δgNL,ω≈ 0
i = e−iQ∂−1

t
[︁
− eiQN.L.ω≈ 0

i
]︁
ψ

→ couples via 2nd order FOW effects to cos θ, ∝ (iQ)2⃓⃓[δEr ]ψ
⃓⃓2

∝ ∂t/|ωG|2⏞ ⏟⏟ ⏞
⏟ ⏞⏞ ⏟
= 1 + iQ + (iQ)2/2 + . . .

2 δgNL,ω≈ 0
Bi is m ̸= 0:

δgNL,ω≈ 0
i = e−iQ(v∥∇∥)

−1(︁ ˜︂−eiQN.L.ω≈ 0
i

)︁
∝ v∥∇∥/|ωG|2⏞ ⏟⏟ ⏞

→ direct coupling to cos θ, ∝
⃓⃓
[δEr ]ψ

⃓⃓2

�

�

Shift operator eiQ

iQ ≈ ρ̂d cos θ ∂r ≪ 1
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Response at ω ≈ 0

2 δgNL,ω≈ 0
Bi is m ̸= 0:

δgNL,ω≈ 0
i = e−iQ(v∥∇∥)

−1(︁ ˜︂−eiQN.L.ω≈ 0
i

)︁
∝ v∥∇∥/|ωG|2⏞ ⏟⏟ ⏞

→ direct coupling to cos θ, ∝
⃓⃓
[δEr ]ψ

⃓⃓2 �

Shift operator eiQ

iQ ≈ ρ̂d cos θ ∂r ≪ 1
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Cubic nonlinearity

GAM potential
δϕ = δΦeiωG t + cc.

2nd harmonic structure
ω ≈ 2ωG

ω ≈ 0
zero freq. structure

NL
δv⃗E×B

δΦ2 const.

δΦ2e2iωG t + cc.

δFL
s

δϕ = δΦeiωG t + cc.
GAM potential

GAM
NL GAM δϕ = δΦ3eiωGt + cc.

GAM
NL GAM δϕ = δΦ3eiωGt + cc.
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Cubic nonlinearity

GAM potential
δϕ = δΦeiωG t + cc.

2nd harmonic structure
ω ≈ 2ωG

ω ≈ 0
zero freq. structure

NL
δv⃗E×B

δΦ2 const.

δΦ2e2iωG t + cc.

δFL
s

δϕ = δΦeiωG t + cc.
GAM potential

GAM
NL GAM δϕ = δΦ3eiωGt + cc.

GAM
NL GAM δϕ = δΦ3eiωGt + cc.
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Quasineutrality equation (ω = ωG)

0 =
∑︂

s
es

(︂
− es

Ts
n0sδϕ

ωG +
⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v
− ⟨L−1

GK{ N.L.ωG
s }⟩v

)︂
fsa
↪→ 0 =

∑︂
s

es

(︂
− es

Ts
n0[δϕ

ωG ]ψ +
[︂⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v

]︂
ψ
+
[︁
⟨J0L−1

GK{ N.L.ωG
s }⟩v

]︁
ψ

)︂

First order: J0L−1
GK ≈ 1

−iωG

v⃗d · ∇⃗
iωG

:

[︃⟨︃
v⃗d · ∇⃗
iωG

N.L.ωG
i

⟩︃
v

]︃
ψ

=

[︃⟨︃
v̂dr sin θ∂r

iωG

(︂ 1
rB̄0

∂r [δϕ
−ωG ]ψ⏞ ⏟⏟ ⏞

= δvE×B,θ

∂θ δF2ωG
i⏞ ⏟⏟ ⏞

∝ cos θ

+
1

rB̄0
∂r [δϕ

ωG ]ψ⏞ ⏟⏟ ⏞
= δvE×B,θ

∂θ δFω≈ 0
i⏞ ⏟⏟ ⏞

∝ cos θ

)︂⟩︃
v

]︃
ψ

−[δE−ω∗

G
r ]ψ [δEωG

r ]2ψ −[δEωG
r ]ψ

⃓⃓
[δEωG

r ]ψ
⃓⃓2

∝ ∂r

(︂⃓⃓
[δEωG

r ]ψ
⃓⃓2
[δEωG

r ]ψ

)︂
= −

⃓⃓
[δEωG

r ]ψ
⃓⃓2
∂2

r [δϕ
ωG ]ψ
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Quasineutrality equation (ω = ωG)

0 =
∑︂

s
es

(︂
− es

Ts
n0sδϕ

ωG +
⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v
− ⟨L−1

GK{ N.L.ωG
s }⟩v

)︂
fsa
↪→ 0 =

∑︂
s

es

(︂
− es

Ts
n0[δϕ

ωG ]ψ +
[︂⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v

]︂
ψ
+
[︁
⟨J0L−1

GK{ N.L.ωG
s }⟩v

]︁
ψ

)︂

First order: J0L−1
GK ≈ 1

−iωG

v⃗d · ∇⃗
iωG

:

[︃⟨︃
v⃗d · ∇⃗
iωG

N.L.ωG
i

⟩︃
v

]︃
ψ

=

[︃⟨︃
v̂dr sin θ∂r

iωG

(︂ 1
rB̄0

∂r [δϕ
−ωG ]ψ⏞ ⏟⏟ ⏞

= δvE×B,θ

∂θ δF2ωG
i⏞ ⏟⏟ ⏞

∝ cos θ

+
1

rB̄0
∂r [δϕ

ωG ]ψ⏞ ⏟⏟ ⏞
= δvE×B,θ

∂θ δFω≈ 0
i⏞ ⏟⏟ ⏞

∝ cos θ

)︂⟩︃
v

]︃
ψ

−[δE−ω∗

G
r ]ψ [δEωG

r ]2ψ −[δEωG
r ]ψ

⃓⃓
[δEωG

r ]ψ
⃓⃓2

∝ ∂r

(︂⃓⃓
[δEωG

r ]ψ
⃓⃓2
[δEωG

r ]ψ

)︂
= −

⃓⃓
[δEωG

r ]ψ
⃓⃓2
∂2

r [δϕ
ωG ]ψ

Linear GAM dispersion relation

0 =
e2n0

Ti

(︄
1 −

ω2
G0
ω2

G
− 1

q2 D1,q +
1
2D1,kρ

2
Ti∂

2
r

)︄
1
2ρ

2
Ti∂

2
r [δϕ

ωG ]ψ
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Quasineutrality equation (ω = ωG)

0 =
∑︂

s
es

(︂
− es

Ts
n0sδϕ

ωG +
⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v
− ⟨L−1

GK{ N.L.ωG
s }⟩v

)︂
fsa
↪→ 0 =

∑︂
s

es

(︂
− es

Ts
n0[δϕ

ωG ]ψ +
[︂⟨︂

J0L−1
GK

{︂es
Ts

F0J0∂tδϕ
ωG
}︂⟩︂

v

]︂
ψ
+
[︁
⟨J0L−1

GK{ N.L.ωG
s }⟩v

]︁
ψ

)︂

First order: J0L−1
GK ≈ 1

−iωG

v⃗d · ∇⃗
iωG

:

[︃⟨︃
v⃗d · ∇⃗
iωG

N.L.ωG
i

⟩︃
v

]︃
ψ

=

[︃⟨︃
v̂dr sin θ∂r

iωG

(︂ 1
rB̄0

∂r [δϕ
−ωG ]ψ⏞ ⏟⏟ ⏞

= δvE×B,θ

∂θ δF2ωG
i⏞ ⏟⏟ ⏞

∝ cos θ

+
1

rB̄0
∂r [δϕ

ωG ]ψ⏞ ⏟⏟ ⏞
= δvE×B,θ

∂θ δFω≈ 0
i⏞ ⏟⏟ ⏞

∝ cos θ

)︂⟩︃
v

]︃
ψ

−[δE−ω∗

G
r ]ψ [δEωG

r ]2ψ −[δEωG
r ]ψ

⃓⃓
[δEωG

r ]ψ
⃓⃓2

∝ ∂r

(︂⃓⃓
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Quasineutrality equation (ω = ωG)
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Does αNL =
63
64

1
r2B̄2

0

1
ωG0(7/4 + τe)

match simulations?

Note: ωG = ωG0 −
1
2Gk2

r − αNL|[Er ]ψ|2,

where: G = 0 at Te
Ti

= 5.5.

nonlinear gyrokinetic simulation (ORB5):
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Conclusions and outlook

Derivation of the NLSE model
· Nonlinear Schrödinger equation for GAMs has been derived using many approximations

· Nonlinear frequency shift is formally at same order as linear dispersive effects

Simulations
· Intermediate analytical results (quadratic structures) match simulation data

· Final nonlinear term αNL|ψ|2 ψ matches
- well for zero (τe = 5.5) or anomalous (τe > 5.5) dispersion

- qualitatively in “self-focusing” regime (τe < 5.5), inclusion of damping necessary

Outlook
· Weaken approximations (reconsider geometric effects, mirror force, . . . )

· Simulations with physical GAM source
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Nonlinear Schrödinger equation (NLSE) model

i∂tψ(r, t) = F ψ − G
2 ∂2

r ψ − αNL|ψ|2 ψ. [Poli 21]
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Modulational Instability

· Wave envelope (of GAM el. field) unstable to specific range of wavenumbers k
· “Pure form”: constant background (k = 0) perturbed by single wavenumber kpert

δEr(r, t = 0) = ψ(r, t=0) = a0 + a1 cos(kpertr), a1 ≪ a0
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Modulational Instability

NLSE sim. with MI
init. condition
Parameters:

· τe = 3,
· Lx = 400,
· q = 15,

B = 1.9 T
· atok = 0.13 m,
· R0 = 1.3 m,
· A0 = 2.5 · 10−4,
· w0 = 0.35,
· r0 = 0.6,
· p = 4,
· kpert = 6 2π
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Modulational Instability: Results

Observe MI in ORB5
simulation:

· Growth in ORB5 sim. is
slower than NLSE

· Nonlinearity αNL is not
constant along r

· Steep gradients in
saturation phase not
reproduced

Parameters: kpert = 6 2π
atok

,
τe = 3, Lx = 400, q = 15,
B = 1.9 T , A0 = 2.5 · 10−4,
w0 = 0.35, p = 4, r0 = 0.6
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