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Ideal M
H

D
 Stability D

iagram
of Sim

ply C
onnected M

agnetic
C

onfigurations w
ith U

nitary B
eta
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C
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C
om

pact T
ori are attractive candidates for m

agnetic fusion propulsion, but…

•
Spherom

aks are lim
ited by ideal M

H
D

 stability to b~0.15
•

FR
C

's are b~1, but theoretical understanding of their m
acroscopic stability rem

ains elusive

O
U

T
L

IN
E

•
E

quilibrium
 characteristics of a sim

ply connected m
agnetic confinem

ent schem
e:

unrelaxed C
K

F
 configurations

•
Ideal M

H
D

 stability boundaries of unrelaxed C
K

F
 configurations

•
P

relim
inary experim

ental approach to unrelaxed C
K

F
 configurations:

P
R

O
T

O
-SP

H
E

R
A
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A
 sim

ply connected m
agnetic confinem

ent schem
e is obtained superposing tw

o axisym
m

etric

hom
ogeneous force-free fields, both having   r 

—
 Ÿ

  r 
B =

m
  r 
B , w

ith the sam
e relaxation param

eter m:

the C
handrasekar-K

endall spherical solution and the Furth square-toroids y(r,J) =   

†
 

y
m,1
C

K + g·  

†
 

y
m,l
F

For g≥0.402... in a sim
ply connected region the toroidal current density jf  has the sam

e sign:
Chandrasekhar-K

endall-Furth force-free field (CK
F)
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H
ow

ever C
K

F force-free fields (  r 
—

 p =0) are unable to confine plasm
as of fusion interest

U
nrelaxed (  r 

—
 m

≠0,     

†
 

r 
—

 p
≠0) M

H
D

 free boundary equilibria, sim
ilar to C

K
F force-free fields

R
elaxed &

 unrelaxed C
K

F configurations contain:
•

a m
agnetic separatrix w

ith ordinary X
-points (B

≠0)
•

a m
ain spherical torus (ST

), 2 secondary tori (SC
) and a surrounding discharge (P)

•
tw

o degenerate X
-points (B

=0) are present (top/bottom
) on the sym

m
etry axis



    A
s
s
o
c
ia

zio
n
e
 E

u
ra

to
m

-E
N

E
A

 s
u
lla

 F
u
s
io

n
e
 

      JO
IN

T
 SPH

E
R

IC
A

L
 T

O
R

U
S W

O
R

K
SH

O
P A

N
D

 U
S-JA

PA
N

 E
X

C
H

A
N

G
E

 M
E

E
T

IN
G

S (ST
W

 2002)
18–21 N

ovem
ber 2002, P

rinceton P
lasm

a P
hysics Laboratory (P

P
P

L), P
rinceton, N

ew
 Jersey, U

.S.A
.

5

E
quatorial profiles of pressure p; relaxation param

eter m;
toroidal current density jf ; ST safety factor q

b =
 1

‹
  

I
ST /I

e  =
 3

E
ffect of m jum

p

A
ssum

ption of the equilibrium
scansion:

•  sam
e edge shape

•  sam
e total toroidal current IC

K
F

If current flow
 is sustained in

surrounding discharge, m
agnetic

helicity is injected into the S
T

(X
-points), flow

ing dow
n 

<m
>:

p concentrated in sam
e region
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Scan at fixed shape of the plasm
a edge (&

 fixed IC
K

F )

U
nrelaxed C

K
F equilibria in term

s of  (IST /Ie , 
)
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C
haracteristics of the Ideal M

H
D

 Stability C
ode

•
Plasm

a on the sym
m

etry axis

R
=0:    lim

 
y

T  =0
fi

 
x(

,q,f)=0
    R

Æ
0

(otherw
ise potential energy divergences)

R
≠0:    

y
T ≠0

fi
 

but if  x(
,q,f)=0

(unphysical fixed-boundary)

Solution
fi

  N
ew

 variables:
 

      x =
  

†
 

r x •
  

†
 

r 
—

 y
T /R

2,  h=    

†
 

r x •(  

†
 

r 
—

 q-  

†
 

r 
—

 f/q)/B

•
2D

 finite elem
ent m

ethod for the
vacuum

 energy

C
an account for conducting shells

of any shape
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•
B

oozer coordinates joined at interfaces
• 

G
lobal m

odes:
ideal M

H
D

 conditions at separatrix

N
orm

al displacem
ent: 

x =
  

†
 

r x •
  

†
 

r 
—

 y
T /R

2 
 continuous

B
inorm

al &
 Parallel:

h=
  

†
 

r x •(  

†
 

r 
—

 q-  

†
 

r 
—

 f/q)/B
,

n=-√g
  

†
 

r x •
  

†
 

r 
—

 f
 

jum
p

Inside T
ori:

x=S
l  x

l (y
T ) sin(m

l q-nf),
h=S

l  h
l (y

T ) cos(m
l q-nf), 

n=S
l  n

l (y
T ) cos(m

l q-nf)

Surrounding coupled m
ode:

 x=S
l  x

l (y
T ) sin(m

l 3
q-n

f),
h=S

l  h
l (y

T ) cos(m
l 3

q-n
f), 

n=S
l  n

l (y
T ) cos(m

l 3
q-n

f)
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•
M

H
D

 m
odes lim

ited
to the surrounding plasm

a

M
odes that have zero radial displacem

ent
at the m

agnetic separatrix: x
 (  

†
 

y
T X,q,f)=0

T
his condition decouples them

 from
 tori

A
re anyhow

 free-boundary m
odes:

x
 (  

†
 

y
T m

ax,q,f)≠0

Inside Surronding D
ischarge:

x=S
l  x

l (y
T ) sin(m

l q-nf),
h=S

l  h
l (y

T ) cos(m
l q-nf),

n=S
l  n

l (y
T ) cos(m

l q-nf)

•
B

oozer coordinates
in surrounding discharge
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Ideal M
H

D
 Stability R

esults (w
all at ∞

)

Stability even at b=
1

in absence of any conducting shell around the plasm
a

for toroidal m
ode num

ber n=1, 2, 3
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A
rrow

 plots of global unstable m
odes at b=

1, I
ST /I

e =
5

A
t low

 
 tilt of the surrounding plasm

a 
    A

t high 
 fixed boundary instability of ST
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A
rrow

 plots of stable oscillations on resonant q at b=
1, I

ST /I
e =

3

O
scillation on: surr. discharge (P)           spherical torus (ST

)          secondary tori (SC
)
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Instabilities lim
ited to the

surrounding discharge at
b=

0 &
 1/3, I

ST /I
e =

1

K
ink of central colum

n:
too large ratio Ie  /IST
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P
R

O
T

O
-SP

H
E

R
A

 can be view
ed as an unrelaxed C

K
F

 configuration w
here:

•
force-free screw

 pinch, fed by electrodes, replaces in part the surrounding discharge
•

"divertor" poloidal field coils replace the secondary tori

   fi

W
ith lim

ited m
odifications of the load assem

bly and increasing the num
ber of the PF coil pow

er
supplies, 

P
R

O
T

O
-S

P
H

E
R

A
 

could 
try 

the 
inductive 

form
ation 

of 
an 

unrelaxed 
C

K
F

configuration, after the destabilization of a screw
 pinch produced by electrodes
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Ideal M
H

D
 com

parison betw
een U

nrelaxed C
K

F
 &

 P
R

O
T

O
-SP

H
E

R
A

U
nrelaxed C

K
F

•
W

ith b
ST =1 only flat pressure profiles (  

†
 

q
0 ST~1) are allow

ed if IST /Ie >4;
if 1.5< IST /Ie <4 (i.e. 2.7<

  

†
 

q
95 ST<4) even peaked pressure profiles (high   

†
 

q
0 ST) show

 stability

•
A

t low
er b

ST  the region show
ing stability w

ith peaked pressure profiles is extended to
1.2<IST /Ie <5.5 (i.e. 2<

  

†
 

q
95 ST<5) and the stability region w

ith flat pressure profiles is enlarged

P
R

O
T

O
-SP

H
E

R
A

 [m
achine param

eters:   

†
 

I
ST m

ax/Ie =4 (  

†
 

I
ST m

ax=240 kA
, Ie =60 kA

),   

†
 

q
95 ST~2.8]

•
If IST /Ie ≤1 stability for ideal m

odes w
ith n=1,2,3 has been found up to b

ST =25%
;

in the range 2<IST /Ie <4 the stability lim
it decreases to b

ST =14÷18%

•
Instabilities on the ST

 dom
inate: the Screw

 Pinch becam
es unstable only if IST /Ie ≥4

fl
Surrounding D

ischarge plays a crucial role in order to increase
the ideal stability of the ST in the unrelaxed CKF configurations


