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RESILIENCE OF THE PROTO-SPHERA EQUILIBRIA TO THE FUNCTIONAL FORM VARIATION IN THE GRAD-SHAFRANOV EQUATION

During the PROTO-SPHERA workshop held in Frascati (18-19/03/2002), some objection arises concerning the fact that all the time sequence of the proposed experiment was calculated with the same functional forms of p() and Idia().

In particular, the following choices had been made for the pressure and the diamagnetic current functions in the Grad-Shafranov equation:

p()    = pe=constant



for <X
inside the SP 

and

p()    = pe + Cp(X)1.1


for ≥X
inside the ST;
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for <X
inside the SP 

and


[image: image2.wmf]


for ≥X
inside the ST.

H Ie is the Screw Pinch longitudinal current flowing between the electrodes, pe is the (constant) pressure inside the SP and X is the poloidal flux function at the separatrix between ST and SP, the 
[image: image3.wmf] exponent in the SP is =2. Therefore the Screw Pinch is force-free and the relaxation parameter =0
[image: image4.wmf]•
[image: image5.wmf]/B2 is constant inside it (since Idia()). 

For every equilibrium calculation the poloidal beta of the Spherical Torus 
[image: image6.wmf] is an input parameter as well as the total toroidal current Ip inside the ST: the constants Cp and CI have been iteratively adjusted to match the imposed values of those two quantities.

In PROTO-SPHERA the poloidal field coils PF are subdivided in two groups and connected in series inside each group (see Fig. 1): the so-called Group 'B' coils have constant currents and assure the right shaping of the SP, the Group 'A' coils have fast varying currents and assure the ST equilibrium and shaping. Although any single coil can be connected individually to a power supply, the resilience of the free boundary equilibria to the changes of the internal profiles is a crucial point since no active feedback is possible in PROTO-SPHERA due to the fastness of the formation phase (~1 ms).
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Fig. 1.
Scheme of the poloidal field coils of PROTO-SPHERA, divided in set 'A' and 'B'.

Also all the axisymmetric passive conductors are evidenced.

The assumption that the Screw Pinch is force-free (constant p() inside the SP) seems quite reasonable due to the open magnetic field lines, but the hypothesis that ()=constant inside it could be questionable. Therefore a first investigation has been performed by varying the  exponent of 
[image: image8.wmf] inside the SP. In Figs. 2-4 the    PROTO-SPHERA reference equilibrium (time slice T6) is shown, its parameters are: Ip=180 kA, Ie=60 kA, 
[image: image9.wmf]=0.22, A=R/a=1.25, =2.17, q95=2.57, q0=0.96.

[image: image10.wmf]
Fig. 2.   PROTO-SPHERA reference equilibrium: Ip=180 kA, Ie=60 kA, 
[image: image11.wmf]=0.22.

Contour plot of the poloidal flux function .

[image: image12.wmf]
Fig. 3.   PROTO-SPHERA reference equilibrium: Ip=180 kA, Ie=60 kA, 
[image: image13.wmf]=0.22.

Profile of the toroidal field B (a) and of the relaxation parameter <> (b) on the equatorial plane.
[image: image14.wmf]
Fig. 4.   PROTO-SPHERA reference equilibrium: Ip=180 kA, Ie=60 kA, 
[image: image15.wmf]=0.22.

Profile of the kinetic pressure (a), of 
[image: image16.wmf] (b) and of the toroidal current density j (c) on the equatorial plane.
The results obtained by lowering the  exponent of 
[image: image17.wmf] inside the SP at the value =1.5 are shown in Figs. 5-7 for the same case of Figs. 2-4 (i.e. Ip=180 kA, Ie=60 kA, 
[image: image18.wmf]=0.22). With the same currents in the Group 'A' PF coils, the new equilibrium parameters are: A=R/a=1.25, =2.16, q95=2.64, q0=0.98.

[image: image19.wmf]
Fig. 5.   PROTO-SPHERA equilibrium with the same parameters of Fig. 2, but exponent =1.5.

Contour plot of the poloidal flux function .
[image: image20.wmf]
Fig. 6.   PROTO-SPHERA equilibrium with the same parameters of Fig. 2, but exponent =1.5.

Profile of the toroidal field B (a) and of the relaxation parameter <> (b) on the equatorial plane.
[image: image21.wmf]
Fig. 7.   PROTO-SPHERA equilibrium with the same parameters of Fig. 2, but exponent =1.5.

Profile of the kinetic pressure (a), of 
[image: image22.wmf] (b) and of the toroidal current density j (c) on the equatorial plane.
The major difference in comparison with the standard case (=2) is that the toroidal current density j does not vanish on the symmetry axis (R=0), as shown in Fig. 7c, and the j jump between ST and SP is reduced. As a consequence, the  profile has a divergence in R=0 and shows a strong decrease inside the Screw Pinch (see Fig. 6b). From a geometric point of view, the external radius of the Spherical Torus is exactly equal  (Rext=35.9 cm) to the one of the standard case and also the ST elongation is the same. It is remarkable that the disk shaped region of the Screw Pinch (see Fig. 5) still fits quite well the electrodes, in spite to the very different current distribution inside the SP.

The results obtained by increasing the  exponent of 
[image: image23.wmf] inside the SP at the value =3 are shown in Figs. 8-10, still for the same case of Figs. 2-4 (i.e. Ip=180 kA,     Ie=60 kA, 
[image: image24.wmf]=0.22). With the same currents in the PF Group 'A' coils, the new equilibrium parameters are: A=R/a=1.25, =2.19, q95=2.78, q0=0.95.

[image: image25.wmf]
Fig. 8.   PROTO-SPHERA equilibrium with the same parameters of Fig. 2, but exponent =3.

Contour plot of the poloidal flux function .
[image: image26.wmf]
Fig. 9.   PROTO-SPHERA equilibrium with the same parameters of Fig. 2, but exponent =3.

Profile of the toroidal field B (a) and of the relaxation parameter <> (b) on the equatorial plane.

The major difference in comparison with the standard case (=2) is that the toroidal current density j is obviously more concentrated near the SP-ST interface (magnetic separatrix), as shown in Fig. 10c, and the j jump between ST and SP is increased. As a consequence, the  profile goes to zero at the symmetry axis (R=0) and shows a strong increase inside the Screw Pinch (see Fig. 9b). From a geometric point of view, the external radius of the Spherical Torus is slightly smaller (Rext=35.2 cm) with respect to the standard case, but the ST elongation is almost the same. A very small decrease in the current of the Group 'A' PF coils can easily bring the external ST radius to the value of the standard case (Rext=35.9 cm). Still in this case, it is remarkable that the disk shaped region of the Screw Pinch (see Fig. 8) fits perfectly the electrodes, in spite to the very different current distribution inside the SP.

Concerning the others formation times (Ip=30, 60, 120 kA, corresponding to the time slices T3, T4 and T5), one can argue that, due to the weaker Screw Pinch compression (higher ST aspect ratio), the effect of varying the Idia() functional form inside the SP should be still less pronounced.

Therefore the conclusion is that the coupled Screw Pinch/Spherical Torus equilibrium in magnetic configuration of the kind of PROTO-SPHERA is almost insensitive to the changes in the current distribution inside the force-free SP, as it is easy to understand comparing Fig. 7c with Fig. 10c.

[image: image27.wmf]
Fig. 10.  PROTO-SPHERA equilibrium with the same parameters of Fig. 2, but exponent =3.

Profile of the kinetic pressure (a), of 
[image: image28.wmf] (b) and of the toroidal current density j (c) on the equatorial plane.
Then a second more extensive investigation has been performed by varying the functional forms of p() and Idia() inside the spherical Torus and keeping the 
[image: image29.wmf] exponent  inside the force-free Screw Pinch.

The p() and Idia() functions that has been adopted are quite similar to the ones used in the parametric scan of the Chandrashekar-Kendall-Furth (CKF) configurations. They are characterized by a rather flat pressure profile inside the ST (strongly different from the peaked p()1.1 profile of the standard PROTO-SPHERA scenario) and allow for an easy parametrization of the force-free part of the relaxation parameter 
[image: image30.wmf] that can smoothly decrease between the edge and the magnetic axis of the Spherical Torus.

The pressure profile is the following:

p()    = pe=constant



for <X

inside the SP

p()   = 
[image: image31.wmf]
for X ≤≤c

inside the ST

p()   = pe + Cp



for >c

inside the ST.

Hc=X+h(max-X), where max is the poloidal flux function at the ST magnetic axis and therefore the adimensional parameter h (0≤h≤1) controls the flatness of the p() profile: the pressure gradient is concentrated in the interval X ≤≤c.

The diamagnetic current Idia() is the following:

Idia()  =  Ie · /X 



for <X

inside the SP

Idia()  =  Ie + CIF()



for ≥X

inside the ST.

Here the function F() is:

F()   = 
[image: image32.wmf]
for X ≤≤c
F()   = 
[image: image33.wmf]


for >c
.

The meaning of the adimensional parameter  is easy to understand looking at the expression of 
[image: image34.wmf] inside the ST:


[image: image35.wmf]




for X ≤≤c

[image: image36.wmf]






for >c
.

The relaxation parameter dia() assumes the value 0CIIe/X at the ST edge =X (typically lower than its value at the SP side 0Ie/X, i.e. CI<1), then decreases down to 0CIIe(1-)/X in the interval X≤≤c and remains flat at this value between c and the ST magnetic axis. Therefore  (0≤≤1) controls the decrease of dia in the same region in which the pressure gradient is located.

A remark must be done about the determination of the constant CI during the iterative procedure. The 
[image: image37.wmf] expression in the ST (≥X) is:


[image: image38.wmf] , 

namely a quadratic form in CI (on the contrary with the functional forms of the standard cases this relation is linear). For a given iteration this implies that, after the renormalization of the constant Cp to force 
[image: image39.wmf], the surface integral of the Idia part of j provides an equation of the kind 
[image: image40.wmf], where 
[image: image41.wmf] is the renormalization coefficient that must multiply CI (
[image: image42.wmf]) to obtain the imposed Ip, 
[image: image43.wmf] and 
[image: image44.wmf] are the surface integrals of the two terms of the 
[image: image45.wmf] expression and 
[image: image46.wmf] is the pressure contribution to the total toroidal current in the ST. Therefore only the solution of the quadratic equation for 
[image: image47.wmf] which is closest to unity is used during the iterations.

A scan in the h and  parameters has been performed for the time slice T6 that, with the standard functional forms, has the following equilibrium characteristics:

Ip=180 kA, Ie=60 kA, 
[image: image48.wmf]=0.22, Rext=35.9 cm, Rint=4.1 cm, q95=2.57, q0=0.96;

where Rext and Rint are the external and internal radius of the Spherical Torus on the midplane. At time T6, in the standard case, the current in the power supply of the Group 'A' PF coils (compression coils) is IA=898.44 A, the constant current in the power supply of the Group 'B' PF coils (pinch shaping coils) has never been changed.

The results obtained for the time slice T6 (Ip=180 kA, Ie=60 kA, 
[image: image49.wmf]=0.22) with h=0.9 and =0.5 are shown in Figs. 11-13. This choice of parameters means a pressure gradient that extends for the 90% of the ST poloidal flux interval (X÷max) and a 50% decrease of dia between the ST edge and magnetic axis.

Without any change in IA, the equilibrium parameters becomes:

Rext=32.3 cm, Rint=4.1 cm, q95=3.15, q0=2.27.

[image: image50.wmf]
Fig. 11.   PROTO-SPHERA equilibrium at time slice T6 (Ip=180 kA) with  h=0.9 and =0.5.

 Contour plot of the poloidal flux function .
[image: image51.wmf]
Fig. 12.   PROTO-SPHERA equilibrium at time slice T6 (Ip=180 kA) with  h=0.9 and =0.5.

 
 Profile of the relaxation parameter <> on the equatorial plane.

Although the ST toroidal current profile is more hollow with respect to the standard T6 case (see Figs. 4c and 13c), the external shape of the PROTO-SPHERA plasma is almost unchanged: only the Rext is reduced by ~3.5 cm, but this is easy to compensate by lowering IA of few %. Also the electrodes are still perfectly fitted by the Screw Pinch (see Fig. 11). As a consequence of the different j profile, the q0 is dramatically increased; on the other hands, the rise of q95 is mainly due to the higher plasma elongation.
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Fig. 13.   PROTO-SPHERA equilibrium at time slice T6 (Ip=180 kA) with  h=0.9 and =0.5.

Profile of the kinetic pressure (a), of 
[image: image53.wmf] (b) and of the toroidal current density j (c) on the equatorial plane.
The effect of an extremely flat pressure profile (with the same decrease of <> inside the ST) is investigated with the choice h=0.3 and =0.5 (see Figs. 14-16), for the same case T6. With a current IA=875 A in the Group 'A' PF coils, the obtained new equilibrium parameters are: Rext=32.6 cm, Rint=5.0 cm, q95=2.71, q0=1.35.

Also in this case the electrodes are perfectly fitted by the Screw Pinch (see Fig. 14), but, in spite to the ~3% decrease of IA with respect to the standard T6, the ST external radius is ~3 cm smaller and the internal radius is sensibly larger: this implies an higher aspect ratio (1.36 Vs. 1.25) but also an higher elongation (2.57 Vs. 2.17) that preserves the "tokamak-like" edge safety factor q95.

[image: image54.wmf]
Fig. 14.   PROTO-SPHERA equilibrium at time slice T6 (Ip=180 kA) with  h=0.3 and =0.5.

 
 Contour plot of the poloidal flux function .
[image: image55.wmf]
Fig. 15.   PROTO-SPHERA equilibrium at time slice T6 (Ip=180 kA) with  h=0.3 and =0.5.

 
 Profile of the relaxation parameter <> on the equatorial plane.
[image: image56.wmf]
Fig. 16.   PROTO-SPHERA equilibrium at time slice T6 (Ip=180 kA) with  h=0.3 and =0.5.

Profile of the kinetic pressure (a), of 
[image: image57.wmf] (b) and of the toroidal current density j (c) on

the equatorial plane.
Obviously the standard value of Rext could be easily restored by a further decrease of IA, but, due to the lower Pinch compression, the  jump between Sp and ST is already smaller with respect to the standard T6 case (see Figs. 3b and 15) and will be ulteriorly reduced in this way. This could cause some problems to the Helicity Injection proprieties of the configuration. Therefore the showed equilibrium is probably the better compromise that one can obtain without adding a new power supply in the compression coil set.

Then the effect of different  jumps inside the Spherical Torus has been investigated. Figs. 17-19 show the results obtained with the choice h=0.9 and =0.2 (i.e. only 20% relaxation parameter decrease between the edge and the magnetic axis of the ST). With a current IA=922 A in the Group 'A' PF coils, the new equilibrium parameters are: Rext=32.2 cm, Rint=3.6 cm, q95=3.19, q0=1.82.

[image: image58.wmf]
Fig. 17.   PROTO-SPHERA equilibrium at time slice T6 (Ip=180 kA) with  h=0.9 and =0.2.

 
 Contour plot of the poloidal flux function .

[image: image59.wmf]
Fig. 18.   PROTO-SPHERA equilibrium at time slice T6 (Ip=180 kA) with  h=0.9 and =0.2.

 
 Profile of the relaxation parameter <> on the equatorial plane.
[image: image60.wmf]
Fig. 19.   PROTO-SPHERA equilibrium at time slice T6 (Ip=180 kA) with  h=0.9 and =0.2.

 Profile of the kinetic pressure (a), of 
[image: image61.wmf] (b) and of the toroidal current density j (c) on

  the equatorial plane.
This time the Screw Pinch it is slightly too compressed (>40 inside the SP) and also Rext is once again too small: it means that IA should be reduced a little in order to fit perfectly the T6 standard case. Nevertheless the electrode fitting is very good again (see Fig. 17).

The last case analyzed for the time slice T6 is the one with a very strong decrease of  inside the ST (h=0.9, =0.8). With a current IA=859 A in the Group 'A' PF coils, the new equilibrium parameters are: Rext=32.1 cm, Rint=5.3 cm, q95=2.84, q0=3.31.

[image: image62.wmf]
Fig. 20.   PROTO-SPHERA equilibrium at time slice T6 (Ip=180 kA) with  h=0.9 and =0..8.

 
 Contour plot of the poloidal flux function .
[image: image63.wmf]
Fig. 21.   PROTO-SPHERA equilibrium at time slice T6 (Ip=180 kA) with  h=0.9 and =0..8.

 
 Profile of the relaxation parameter <> on the equatorial plane.

The toroidal current profile is extremely hollow (very high q0), moreover both j and  are almost continuous at the SP/ST interface (see Figs. 21 and 22c). The aspect ratio is strongly increased (A=1.39), but the higher elongation (=2.63) preserves the value of q95. The Pinch plasma fits the electrodes quite well (Fig. 20).

[image: image64.wmf]
Fig. 22.   PROTO-SPHERA equilibrium at time slice T6 (Ip=180 kA) with  h=0.9 and =0.8.

 Profile of the kinetic pressure (a), of 
[image: image65.wmf] (b) and of the toroidal current density j (c) on

  
  the equatorial plane.
The final analysis has been performed trying to reproduce the formation phase of the PROTO-SPHERA experiment by using h=0.9, =0.5: the results are shown in        Figs. 23-27. The situation seems quite satisfactory, even if no attempts have been done to optimize the IA current (its values are the same as in the standard cases): the disk shaped part of the SP always fits the electrodes.

[image: image66.wmf]
Fig. 23.  Contour plot of the flux function PROTO-SPHERA time slices T3 (Ip=30 kA):

a) as computed with the standard p() and Idia() profiles;

b) as computed with the CKF p() and Idia() profiles (h=0.9, =0.5).

[image: image67.wmf]
Fig. 24.  Contour plot of the flux function PROTO-SPHERA time slices T4 (Ip=60 kA):

a) as computed with the standard p() and Idia() profiles;

 b) as computed with the CKF p() and Idia() profiles (h=0.9, =0.5).
[image: image68.png]Rirm) Rirm)




Fig. 25.  Contour plot of the flux function PROTO-SPHERA time slices T5 (Ip=120 kA):

a) as computed with the standard p() and Idia() profiles;

b) as computed with the CKF p() and Idia() profiles (h=0.9, =0.5).

[image: image69.png]



Fig. 26.  Contour plot of the flux function PROTO-SPHERA time slices T6 (Ip=180 kA):

a) as computed with the standard p() and Idia() profiles;

 
 b) as computed with the CKF p() and Idia() profiles (h=0.9, =0.5).
[image: image70.wmf]
Fig. 27.  Contour plot of the flux function PROTO-SPHERA time slices TF (Ip=240 kA):

a) as computed with the standard p() and Idia() profiles;

 
 b) as computed with the CKF p() and Idia() profiles (h=0.9, =0.5).
The essential parameters of the PROTO-SPHERA formation  sequence are reported in Tab. 1, they must be compared with the ones reported in Tab. 2 for the cases of      Figs. 23-27. It is remarkable that the Group 'A' current requires a variation <5% to reasonably reproduce the requested plasma shapes.

	Time Slice
	IA [A]
	Rext [cm]
	Rint [cm]
	q95
	q0

	T3 (Ip= 30 kA)
	281.25
	38.6
	11.2
	3.38
	1.22

	T4 (Ip= 60 kA)
	437.50
	37.5
	7.7
	2.88
	1.10

	T5 (Ip=120 kA)
	687.50
	36.6
	5.2
	2.82
	1.00

	T6 (Ip=180 kA)
	898.44
	35.9
	4.1
	2.57
	0.96

	TF (Ip=240 kA)
	1046.88
	35.7
	3.5
	2.65
	1.04


Tab. 1.   PROTO-SPHERA formation sequence parameters as computed with the standard

 equilibrium profiles.
	Time Slice
	IA [A]
	Rext [cm]
	Rint [cm]
	q95
	q0

	T3 (Ip= 30 kA)
	281.25
	36.9
	11.9
	3.31
	2.15

	T4 (Ip= 60 kA)
	437.50
	34.4
	8.2
	3.06
	2.63

	T5 (Ip=120 kA)
	687.50
	32.3
	5.3
	3.51
	2.76

	T6 (Ip=180 kA)
	898.44
	32.3
	4.1
	3.15
	2.27

	TF (Ip=240 kA)
	1046.88
	33.0
	3.6
	2.89
	1.82


Tab. 2.   PROTO-SPHERA formation sequence parameters as computed with h=0.9 and =0.5 in

 the new functional forms for p() and Idia(). The IA current is the same as in Tab. 1.
In Tab. 3 the main results of the functional form variation on time slice T6 are summarized. It has to be remarked that only in this analysis the current of the     Group 'A' PF coils has been slightly changed, under the constraint to maintain as constant as possible the Spherical Torus external radius Rext at the value obtained with the choice h=0.9, =0.5 and the same IA current of the standard T6 case (i.e.      Rext~32 cm).

	p & Idia Form
	IA [A]
	Rext [cm]
	Rint [cm]
	q95
	q0

	Standard
	898.44
	35.9
	4.1
	2.57
	0.96

	h=0.9 , =0.5
	898.44
	32.3
	4.1
	3.15
	2.27

	h=0.3 , =0.5
	875.00
	31.7
	5.1
	2.71
	1.35

	h=0.9 , =0.2
	921.88
	32.2
	3.6
	3.19
	1.82

	h=0.9 , =0.8
	859.38
	32.1
	5.3
	2.84
	3.31


Tab. 3.   PROTO-SPHERA parameters at time slice T6 (Ip=180 kA) as computed with various

 choices of the p() and Idia() functional forms.
As a conclusion, the magnetic configuration of the PROTO-SPHERA proposal seems to be extremely robust. Even without the addiction of new power supplies, the poloidal coil set-up is able to handle almost any changes of plasma internal profiles, preserving both the Screw Pinch shape near the electrodes and the "tokamak-like" safety factor profile in the Spherical Torus (q95~3, q0≥1), even during the formation phase. A moderate tailoring of the capacitor bank discharge during the fast rise of Ip and a simple feedback on IA at the flat-top should guarantee for a safe operation of the machine.
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