5.
IDEAL MHD STABILITY

The purpose of this Section is to analyze the ideal MHD stability of the combined screw pinch + spherical torus configuration of PROTO-SPHERA. Although finite amplitude resistive MHD instabilities are required to produce the helicity flow from the screw pinch to the spherical torus, the combined configuration must be stable in the ideal MHD framework. If it were unstable any resistive local finite amplitude displacement would turn into an exponentially growing global ideal MHD mode.

The formation of the PROTO-SPHERA configuration can be described as a tunneling from an ideal MHD stable configuration (a screw pinch at low longitudinal current) to a different ideal MHD stable configuration (a screw pinch at high longitudinal current surrounded by a spherical torus). The tunneling could occur through an ideal MHD unstable region.

The first analysis is that of the stability to rigid vertical shift and tilt displacements. Such an evaluation does not yield a rigorous result, but provides useful indications about two of the most dangerous ideal MHD instabilities, which could be present during the formation of PROTO-SPHERA. The first result is that the metal cases of the poloidal field coils with constant current are sufficiently thick as to stabilize the rigid vertical displacement of the spherical torus during the formation phase. The second result is that the external field, produced by the poloidal field coils, is such as to stabilize the rigid tilt displacement of the spherical torus during the formation phase, even if the effect of the thick metal cases is neglected.

New finite element method ideal MHD stability codes have been developed in order to analyze the combined screw pinch + spherical torus configuration of PROTO-SPHERA. As a matter of fact, no existing code was able to compute the ideal MHD stability of a configuration in which closed and open field lines did coexist. A number of innovative features are contained in these codes.

These codes calculate an ideal MHD upper limit to the value of the ratio between the toroidal ST current Ip and the longitudinal SP current Ie. Such a limit depends upon the volume averaged beta value of the spherical torus, ST=20<p>ST/<B2>ST. With ST~30% the ideal stability of the configuration is limited to Ip=Ie, with ST~20% Ip can reach a value of 2÷3•Ie and with ST~10% Ip can reach a value of 4•Ie (the design limit of PROTO-SPHERA). The position of the conducting shells near the plasma does not seem to be critical for the ideal MHD stability results, which do not change even removing all the conductors to infinite distances from the plasma.

5.1.
Ideal MHD Stability to Rigid Shift and Tilt
Displacements of PROTO-SPHERA
The first approach to the problem of the MHD stability of the PROTO-SPHERA configurations is to estimate their stability with respect to rigid vertical shift and to rigid tilt displacements. This approach is not rigorous, as it assumes arbitrarily the plasma perturbed displacement and does not search for the most unstable trial function.

Nevertheless it gives useful indications, as the rigid tilt mode approximates one of the most dangerous instability of a spheromak equilibrium confined by poloidal field coils [80]. The MHD equilibrium requires the magnetic dipole moment of the toroidal plasma to oppose the magnetic dipole moment of the confining poloidal field coils. An instability will try to align the plasma dipole, but the alignment of the dipoles is obviously incompatible with the MHD equilibrium.

Also the rigid vertical instability is well known in the physics of tokamak configurations and makes impossible to exceed, in particular at medium/high aspect ratio, a limit to the elongation of the plasma poloidal cross-section. In the case of PROTO-SPHERA the toroidal plasma formation begins with an aspect ratio of about A=2 and with an elongation of about =2 (see Fig. 4.14). Due to the presence of only two groups of serial poloidal field coils it is impossible to reduce the elongation at the beginning of the formation. Therefore the formation phase of the spherical torus could be plagued by a vertical instability.

Operating rigid vertical shift and rigid tilt displacements of all the poloidal field coils and computing the reaction force and torque acting on the unperturbed plasma performs the analysis:


[image: image1.wmf]
,

where 
[image: image2.wmf] is the 
[image: image3.wmf] change due to the rigid displacement of the coils.

This calculation could overestimate the stability, as the most unstable modes will not be rigid plasma displacements, but it could also underestimate the stability, as the stabilizing effect of the vacuum magnetic energy perturbation is not accounted for.

In the evaluation of the stability to rigid displacements the simplest choice is that of neglecting the effect of the conducting shells around the plasma; in this case the picture of the rigid vertical shift and of the rigid tilt is the one shown in Fig. 5.1.

The effect of the thick metal cases (2 ms time constant) of the poloidal field coils of group "B" (PF2, PF3.1 and PF4) can instead be accounted for, by freezing the shape of the plasma disks near the electrodes. This means that in the two separate electrode chambers the perturbed displacement is zero, as shown in Fig. 5.2.  In the case of the vertical displacements, the induced axisymmetric reacting currents in the metal cases produce this effect. Also the tilt instability is counter-reacted by the closed conducting path that can join the electrodes to the PF4 metal cases. This path can allow a freezing effect due to tilted reacting currents.

[image: image4.wmf]
Fig. 5.1.
Rigid vertical  shift and tilt displacements of PROTO-SPHERA.

[image: image5.wmf]
Fig. 5.2.
Vertical  shift and tilt displacements of PROTO-SPHERA with frozen plasma disks.

In the case of frozen plasma disks, operating a rigid vertical/horizontal shift and a rigid tilt displacement limited to the PF1, PF5 and PF3.2 poloidal field coils and computing the reaction force and torque acting on the unperturbed plasma performs the analysis. The results of both cases are shown in Tab. 5.1.

Shift Z=4 mm, 




Tilt =0.5°

Fz=+38.9 N  
Unstable
Ip= 30 kA   Ty=-2.25 N•m

Stable




Fz=-9.92 N  Stabilized (t<2 ms) by thick metal cases of PF2,3.1 and 4
Fz=+19.7 N  
Unstable
Ip= 60 kA   Ty=-9.22 N•m

Stable




Fz=-23.5 N  Stabilized (t<2 ms) by thick metal cases of PF2,3.1 and 4

Fz=-6.9 N
    
Stable

Ip=120kA
Ty=-12.0 N•m
Stable

Stabilization by thick metal cases of PF2,3.1 and 4 is not needed

Fz=-68.1 N

Stable

Ip=240kA
Ty=-24.5 N•m
Stable

Stabilization by thick metal cases of PF2,3.1 and 4 is not needed

Table 5.1.     Results of the evaluation of the stability to rigid shift and tilt displacements.

The shift results mean that the thick metal cases of PF2, PF3.1 and PF4, with a time constant of 2 ms, are sufficient to stabilize the rigid vertical instability, which could operate during the first 500 s of the toroidal plasma formation.

The tilt results mean that the magnetic dipole moment of PF2 and PF3 provides the larger part of the disk-shaping field near the electrodes. It can stabilize the rigid tilt instability, as it is aligned with the plasma magnetic dipole moment and dominates over the opposite (destabilizing) dipole moment of PF1, PF5 and PF4.

5.2.
Rigorous Ideal MHD Stability
New ideal MHD stability codes, suited for treating magnetic configurations with closed and open field lines, have been built in collaboration with François Rogier (ONERA, Toulouse, France), under an Euratom mobility scheme. The codes have been validated on the well-known stability results of analytic Solovev tokamak equilibria [93], with fixed boundary conditions at the edge of the plasma, as well as with free boundary conditions in presence of vacuum regions surrounding the plasma. The codes contain a number of new features:

•
Boozer coordinates on open field lines are defined and continuously joined to the closed field lines Boozer coordinates at the spherical torus-screw pinch (ST-SP) interface.

•
Treatment of the magnetic separatrix at the ST-SP interface.

•
Boundary conditions at the ST-SP interface.

•
Perturbed vacuum magnetic energy in presence of multiple plasma boundaries.

•
2D finite element method for accounting the perturbed vacuum energy.

5.3.
Boozer Coordinates

The Boozer coordinates [87] (T, , ) (for closed field lines) simplify the expression of the ideal MHD stability problem [86]. A list of definitions of quantities appearing in the Boozer coordinates follows:

•
Radial coordinateT=(toroidal flux)/2. Rotational transform: 
[image: image6.wmf](T)=1/q.

•
Covariant field:
[image: image7.wmf]. Nonorthogonality term: 
[image: image8.wmf].

•
Normalized toroidal and poloidal currents: I(T)= 0Ip/2; f(T)=Rb=0Idia/2. 

•
Contravariant magnetic field: 
[image: image9.wmf].

The Jacobian, 
[image: image10.wmf], fixes the poloidal angle  (see Fig. 5.3) and the toroidal angle  (which does not coincide with the geometrical azimuth G).

[image: image11.wmf]
Fig. 5.3.      Radial coordinate T and poloidal angle  for the ST of PROTO-SPHERA.

5.4.
Boozer Coordinates on Open Field Lines
The combined screw pinch + spherical torus configuration is analyzed in term of the poloidal flux function 2p=2RA (see Fig. 5.4):

•
The open field lines in the screw pinch (SP) span the range (0<<X).

•
The closed field lines inside the spherical torus (ST) span the range (X<<max);

[image: image12.png]



Fig. 5.4.      Equilibrium of PROTO-SPHERA: values of the poloidal flux function .
The following conditions are used to extend the Boozer coordinates into the pinch:

•
The continuity of 
[image: image13.wmf],  and is imposed at the ST-SP interface (=X).

•
At the ST-SP interface the field lines 
[image: image14.wmf] must remain contiguous.

•
The continuity of the rotational transform 
[image: image15.wmf]()=
[image: image16.wmf]X is imposed in =X.

•
The continuity of I()=IX is imposed in =X, while f() is continuous from its equilibrium definition (see Section 4.5).

The Boozer poloidal angle , toroidal angle  and radial coordinate T inside the screw pinch are found with the following procedure:

1)
The Boozer poloidal angle is fixed to  on the equator. The length parameter s on the screw pinch side of the magnetic separatrix is calculated, with s=0 on the lower electrode and s=seq on the equatorial plane. 

2)
The length parameter s=s0 at which =0 on the screw pinch side of the interface (=X-SP) has to be determined:

•
Line integral definitions for I() and 
[image: image17.wmf](T) are provided inside the SP:


[image: image18.wmf], 

[image: image19.wmf];

the latter goes to zero (see Fig. 5.5) as 
[image: image20.wmf] in a very narrow layer near the separatrix |-X|~10-5•|max-X|.
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Fig. 5.5.
Behavior of 
[image: image22.wmf]() near the separatrix in an ST-SP combined

configuration.

•
On the ST side 
[image: image23.wmf]X  can be calculated at =X+ST, with ST~10-3•|max-X|.

•
On the SP side 
[image: image24.wmf]=
[image: image25.wmf]X can also be calculated at =X-SP, but with SP≠ST.
•
Given IX and
[image: image26.wmf]X,  is evaluated on the ST-SP interface as: 
[image: image27.wmf].
This determines the value s=s0(X-SP), where =0.

3)
I() and 
[image: image28.wmf]() can be determined inside the SP if the value of s0(), for all the flux surfaces in the range (0<<X-SP), is calculated:

•
s0() is imposed by the equilibrium relation for a force-free magnetic field: 
[image: image29.wmf].

•
This provides the first order integro-differential equation for s0():


[image: image30.wmf]
,

solved iteratively in the range [0≤≤X], with boundary condition s0(X-SP).

This fixes the value of s0().

4)
Knowing I() and 
[image: image31.wmf](), the behavior of the poloidal angle  inside the ST is:


[image: image32.wmf]
The solution found has the unavoidable feature that the Boozer poloidal angle on the lower electrode is not a fixed value:el()≠ el(X), if ≠X.

Figure 5.6 shows that this procedure makes the Boozer poloidal angle  quite accurately joined at the ST-SP interface. This interface corresponds, upon the magnetic separatrix, to the range of Boozer poloidal angles [X<<2-X], where X represents the point where the outermost magnetic surface of the lower part of the screw pinch reaches its largest R value near the X-point.

[image: image33.wmf]
                           Fig. 5.6.
Boozer coordinates for PROTO-SPHERA.
5)
The Boozer toroidal angle  is finally:



[image: image34.wmf]
6)
The radial Boozer coordinate T inside the screw pinch is defined as:


[image: image35.wmf]. 

This definition is based upon the relationship 
[image: image36.wmf]()=-dp/dT, which holds also inside the ST. However it must be noted that within the SP the radial Boozer coordinate is not anymore the normalized toroidal flux: 2T≠∫
[image: image37.wmf]•
[image: image38.wmf], evaluated on the surface bounded by the poloidal contour composed by the open flux surface , the electrodes (R=Rel) and the symmetry axis =0. The radial Boozer coordinate T takes the value 0 on the magnetic axis of the spherical torus. It increases to T=
[image: image39.wmf] on the magnetic separatrix and then reaches the maximum value T=
[image: image40.wmf] on the symmetry axis (see Fig. 5.7).

[image: image41.png]



Fig. 5.7.    Equilibrium of PROTO-SPHERA: values of the Boozer radial coordinate .

5.5.
Energy Principle

The linearized normal-mode equation describing the ideal MHD stability can be expressed in a variational form [85]. Considering the displacement vector 
[image: image42.wmf] away from the equilibrium (
[image: image43.wmf] its complex conjugate), with time dependence eit, the perturbed kinetic energy of a plasma with scalar mass density 0 is:


[image: image44.wmf]
.

And the perturbed potential magnetic energy of the plasma is:


[image: image45.wmf]
,

with 
[image: image46.wmf] being the self-adjoint force operator. The variational principle states that any function 
[image: image47.wmf], which makes stationary the quotient:


[image: image48.wmf]
,

is an eigenfunction of the normal-mode equation with eigenvalue 2.

For an arbitrary displacement 
[image: image49.wmf] the perturbed magnetic field is 
[image: image50.wmf] and the energy principle is written as [94]:


[image: image51.wmf]
, 
with =5/3,


[image: image52.wmf]    and   
[image: image53.wmf].

It is convenient to decompose the displacement 
[image: image54.wmf] in Boozer coordinates, in terms of its normal =
[image: image55.wmf]•
[image: image56.wmf], binormal =
[image: image57.wmf]•(
[image: image58.wmf]) and parallel =
[image: image59.wmf]

 EMBED Equation.3  [image: image60.wmf]•
[image: image61.wmf] components.

The compressible perturbed displacement (, , ) is expanded in a trigonometric Fourier series; every mode has a single toroidal number n and is a superposition of poloidal numbers ml, each labeled by an index l:


[image: image62.wmf], 
[image: image63.wmf], 
[image: image64.wmf].

The reduction to a sine component for  and to a cosine component for  and  is permitted if up-down symmetric equilibria are assumed, as is the case in the combined ST+SP configurations of PROTO-SPHERA.

By using the Fourier expansions, the perturbed kinetic energy 
[image: image65.wmf] is expressed as a quadratic form of the displacements l, l and l. The perturbed potential magnetic energy 
[image: image66.wmf] is expressed as a quadratic form of the displacements l, l and l and of the radial derivative of the normal displacement lT.

For the stability calculation the problem is discretized radially covering the T interval inside the ST [0, 
[image: image67.wmf]] by an equidistant mesh with the mesh points 
[image: image68.wmf], for i=0,…,
[image: image69.wmf], where 
[image: image70.wmf]. The value 
[image: image71.wmf] of the magnetic separatrix is carefully excluded from the mesh in order to avoid the singularity of the Boozer coordinates. Also the degenerate X-points sitting on the symmetry axis T=
[image: image72.wmf] (see Fig. 5.7) is excluded from the mesh, by putting the last mesh point with i=
[image: image73.wmf] at 
[image: image74.wmf]. Inside the SP the T interval [
[image: image75.wmf],
[image: image76.wmf]] is covered by an equidistant mesh with the mesh points 
[image: image77.wmf], for i=
[image: image78.wmf],…,
[image: image79.wmf], where 
[image: image80.wmf].

The radial behavior of l(T), l(T), l(T) and lTis approximated by a          one-dimensional finite hybrid element method [88]. For l(T) the hat functions ei(T), i=0,…,
[image: image81.wmf] are used. For l(T), l(T) and lTthe piecewise constant functions ci-1/2(T), i=1,…,
[image: image82.wmf] are used. The finite hybrid element representation is then: 
[image: image83.wmf], 
[image: image84.wmf], 
[image: image85.wmf] and 
[image: image86.wmf].

5.6.
Boundary Conditions at the Magnetic Separatrix

and at the Symmetry Axis

The discontinuity of the normal component () of the perturbed displacement 
[image: image87.wmf] at the ST-SP interface is forbidden in ideal MHD [88], as it would give rise to flux generation and would provide an unavoidable divergence of the perturbed plasma potential energy. On the other hand, discontinuities of the tangential components (,) of perturbed displacement 
[image: image88.wmf] are allowed for at the ST-SP interface.

The code STABLE solves the eigenvalue problem 
[image: image89.wmf], where the total potential magnetic energy matrix 
[image: image90.wmf] and the (positive definite) kinetic energy matrix 
[image: image91.wmf] are symmetric and block-diagonal, 
[image: image92.wmf] is the eigenvector and 2 the eigenvalue. The system is solved by an inverse iteration method, which finds all the lowest discrete eigenvalues and the corresponding eigenvectors.

A further difficulty appears in PROTO-SPHERA, as the plasma extends until the symmetry axis R=0. As a matter of fact on the symmetry axis R=0 (T=
[image: image93.wmf]), 
[image: image94.wmf] goes to zero like 
[image: image95.wmf], therefore the regularity condition at the symmetry axis (
[image: image96.wmf])=0 should be imposed in the stability solution. However, along the plasma disks, on top and bottom of the configuration, after the degenerate X-point (B=0), the flux surface T=
[image: image97.wmf] branches from the symmetry axis (see Fig. 5.7) and has 
[image: image98.wmf]≠0. Therefore no regularity condition on (
[image: image99.wmf]) should be imposed on the plasma disks, unless upper and lower stabilizing conducting plates (see Fig. 4.1) are close fitting the screw pinch plasma, forcing (
[image: image100.wmf])=0. One can so make either of the two choices, imposing (
[image: image101.wmf])=0 or leaving free the behavior of (
[image: image102.wmf]), and compare the results obtained by the code STABLE. 

The only proper way of treating the flux surface T=
[image: image103.wmf] is to change the radial displacement variable to 
[image: image104.wmf]; with this new definition no regularity condition has to be imposed at the symmetry axis.

Also, at the degenerate X-points (B=0) on the symmetry axis, the prescription that (
[image: image105.wmf])~O(r1/2+) must at least hold. So a further regularity condition (
[image: image106.wmf])=0 should be imposed in the stability solution, but this cannot be done, as the radial derivative of the binormal displacement T does not appear in the energy principle. The proper way out of treating the degenerate X-points is to change the binormal displacement variable to 
[image: image107.wmf]; with this new definition no regularity condition has to be imposed on the degenerate X-points.

In terms of the new variables (
[image: image108.wmf], 
[image: image109.wmf], ) the perturbed displacement becomes:


[image: image110.wmf], instead of


[image: image111.wmf],

with
[image: image112.wmf].

The modified code STABLEC solves the eigenvalue problem, 
[image: image113.wmf], where the total potential magnetic energy matrix 
[image: image114.wmf] and the (positive definite) kinetic energy matrix 
[image: image115.wmf] are symmetric and block-diagonal, 
[image: image116.wmf] is the eigenvector and 2 the eigenvalue.

The compressible perturbed displacement (
[image: image117.wmf], 
[image: image118.wmf], ) is expanded in a trigonometric Fourier series; every mode has a single toroidal number n and is a superposition of poloidal numbers ml, each labeled by an index l:


[image: image119.wmf], 
[image: image120.wmf], 
[image: image121.wmf].

The modified code STABLEC has however two disadvantages with respect to the code STABLE:
•
The expression of the perturbed potential energy ismuch more complicated.
•
The convergence of 2 by extending the range of the poloidal numbers ml is 


quite slower.

5.7.
Vacuum Magnetic Energy with 

       Multiple Plasma Boundaries

The treatment of the vacuum magnetic energy contribution in PROTO-SPHERA is complicated by the presence of three plasma-vacuum surfaces (see Fig. 5.8):


[image: image122.wmf]=
[image: image123.wmf] (i=
[image: image124.wmf]),


with rotational transform 
[image: image125.wmf]=
[image: image126.wmf];


[image: image127.wmf]=
[image: image128.wmf] (i=
[image: image129.wmf]+1),

with rotational transform 
[image: image130.wmf]=
[image: image131.wmf];


[image: image132.wmf]=
[image: image133.wmf] (i=
[image: image134.wmf]), 
with rotational transform 
[image: image135.wmf]=
[image: image136.wmf].

In general, couplings in the matrix elements among all the three surfaces can exist.
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Fig. 5.8.
The three plasma-vacuum surfaces of PROTO-SPHERA.

If 
[image: image138.wmf] is the 3D scalar magnetic potential in the vacuum region, the 2D quantities 
[image: image139.wmf] and 
[image: image140.wmf], obey in cylindrical coordinates (R, G, Z) the equation:


[image: image141.wmf]

,

with boundary conditions:


[image: image142.wmf]
, 
on the perfectly conducting shells, and


[image: image143.wmf]
,
or


[image: image144.wmf]
,

on each 
[image: image145.wmf] surfaces, where ()=()-G is the difference between  and the geometrical azimuth G. 

The vacuum energy of the magnetic surface 
[image: image146.wmf] is an additional term on the <l|
[image: image147.wmf]|k> components of the 
[image: image148.wmf] potential energy matrix. It is however decoupled from the surfaces 
[image: image149.wmf] and 
[image: image150.wmf] by the closed conducting path of the screw pinch current Ie, which flows into the electrodes, then into the return legs and finally into the coaxial feeder at the top (/bottom) of the machine (see Fig. 5.9). This conducting path is assumed to be axisymmetric in the MHD stability calculation.

The other two surfaces 
[image: image151.wmf] and 
[image: image152.wmf] are very near, have been chosen in such a way as to have the same rotational transform 
[image: image153.wmf] and furthermore the continuity condition on the normal perturbed displacement imposes l(
[image: image154.wmf])=l(
[image: image155.wmf]). These choices eliminate any coupling between the vacuum energy of the magnetic surfaces 
[image: image156.wmf] and 
[image: image157.wmf]. 

The equation for 
[image: image158.wmf] and 
[image: image159.wmf] are therefore solved in the larger vacuum region shown in Fig. 5.9, on a unique plasma surface. Such a surface is composed by the screw pinch surface (
[image: image160.wmf]), in the two disconnected ranges of poloidal Boozer angles [EL≤U<X] and [2-X<U≤2-EL], and by the ST surface (
[image: image161.wmf]), in the intermediate range  [X≤ U≤2-X] at the ST-SP interface (see Fig. 5.6).

[image: image162.wmf]
Fig. 5.9.
The closed conducting path of the screw pinch current Ie decouples the

two small vacuum regions (shaded) on top and bottom of             PROTO-SPHERA.

The vacuum problem is solved both in the smaller as well as in the larger vacuum region by a 2D finite element method that can fit any shape of the plasma and of the surrounding conductors (see Fig. 5.10).
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Fig. 5.10.
Example of 2D finite element mesh used to solve the vacuum problem.

The perturbed vacuum magnetic energy is then integrated into the energy principle in its final form:


[image: image164.wmf]. 

The vacuum energy contribution of the magnetic surface 
[image: image165.wmf] are additional terms on the <l|
[image: image166.wmf]|k> components of the 
[image: image167.wmf] potential energy matrix:


[image: image168.wmf]
The vacuum energy contributions of the two surfaces 
[image: image169.wmf] and 
[image: image170.wmf] are additional terms on the <l|
[image: image171.wmf]|k> components of the 
[image: image172.wmf] potential energy matrix:

 
[image: image173.wmf]
,


[image: image174.wmf]
,

where the coupling coefficients 
[image: image175.wmf], 
[image: image176.wmf] and 
[image: image177.wmf] are calculated by the 2D finite element method. In the finite hybrid element method, which solves the eigenvalue problem 
[image: image178.wmf], the vacuum additional terms influence only the 
[image: image179.wmf] potential energy matrix elements which multiply the i=
[image: image180.wmf] components 
[image: image181.wmf], the i=
[image: image182.wmf]+1 components 
[image: image183.wmf] and the last (i=
[image: image184.wmf]) components 
[image: image185.wmf] of the eigenvector 
[image: image186.wmf].

5.8.
Ideal MHD Stability of TS-3

In order to obtain a comparison of the stability code with an actual experiment, the results of the TS-3 flux-core-spheromak experiment have been simulated (Fig. 5.11).

[image: image187.wmf]
Fig. 5.11.
Mesh of Boozer coordinates (T radial,  poloidal) for TS-3 with

Ie=40 kA, Ip=50 kA and ~12%.
The calculation of the ideal MHD stability of TS-3 has also other reasons of interest. TS-3 produced an oblate flux-core-spheromak (whereas the ST of PROTO-SPHERA will be prolate). Furthermore TS-3 did not have plasma disks inside separate electrode chambers, but a simple screw pinch fed by cylindrical electrodes. Finally TS-3 had a q profile completely different from the q profiles expected from PROTO-SPHERA (see Fig. 5.12).

[image: image188.wmf]
Fig. 5.12.
Profile of 
[image: image189.wmf] versus T (T=0 on the ST magnetic axis, T=
[image: image190.wmf] on the symmetry axis) for TS-3 with Ie=40 kA, Ip=50 kA and ~12%.

The first equilibrium of TS-3 considered for the ideal MHD stability calculation has a longitudinal pinch current Ie=40 kA, a toroidal ST current Ip=50 kA and a volume averaged beta inside the ST ST=12.0% (defined as ST=20<p>ST/<B2>ST). The conducting shell is limited to the vacuum vessel, as shown in Fig. 5.13.

[image: image191.wmf]
Fig. 5.13.  
Vacuum 2D finite element mesh used for TS-3 at Ip=50 kA, with

                  
conducting shells marked in green
In this Section the results for the growth rate are expressed as the ratio between the square of the growth rate of the instability 2 and the Alfvén rate: 
[image: image192.wmf], where B0 is the magnetic field on the ST magnetic axis R0.

Running the code STABLE with the range of poloidal mode numbers ml=[-5,10], the TS-3 plasma is calculated to be stable with a positive 2/
[image: image193.wmf]=+1.33•10-7, when (
[image: image194.wmf])=0 is imposed at the symmetry axis. Conversely an unstable plasma is calculated with a negative 2/
[image: image195.wmf]=-1.03, when no condition at the symmetry axis applies.
Figure 5.14 shows the perturbed displacement plots in 3D, as poloidal plane        cross-sections inside the ST and as horizontal plane cross-sections inside the screw pinch. It confirms that the two conditions at the symmetry axis give quite different eigenfunctions.

[image: image196.wmf]
Fig. 5.14.
Displacement arrow plots for the smallest eigenvalue mode with n=1 for TS-3 with Ip=50 kA, A=1.7 and ST~12%. The left side is for the stable mode calculated by STABLE with the condition (
[image: image197.wmf])=0; the right side for the unstable mode calculated by STABLE without conditions at the symmetry axis T=
[image: image198.wmf]. A different normalization of the arrow lengths is used inside the ST and the SP.

The stable eigenfunction represents a stable oscillating motion around the q=1 resonance (see Fig. 5.12), inside the ST as well as inside the SP. The unstable eigenfunction represents a globally unstable mode, which takes the character of a kink mode inside the SP and of a tilt mode inside the ST. Figure 5.15 shows that, in the case of TS-3, these features are also clear when the perturbed displacement plots are limited to the poloidal cross-section, both inside the ST as well as inside the SP. 

The modified code STABLEC calculates a stable plasma with 2=+1.35•10-7, which is quite similar in eigenvalue to the one obtained by the code STABLE, when (
[image: image199.wmf])=0 is imposed at the symmetry axis.

Figure 5.16 shows the perturbed displacement plots in 3D, as poloidal plane        cross-sections inside the ST and as horizontal plane cross-sections inside the screw pinch. It confirms that code STABLE, with the condition (
[image: image200.wmf])=0 at the symmetry axis, and the modified code STABLEC calculate roughly the same eigenfunction, which is a stable oscillating motion around the q=1 resonance, inside the ST as well as inside the SP.
[image: image201.png]



Fig. 5.15.
Displacement arrow plots for the smallest eigenvalue mode with n=1 for TS-3 with Ip=50 kA, A=1.7 and ST~12%, all in the poloidal cross-section. The left side is for the stable mode calculated by STABLE with the condition (
[image: image202.wmf])=0; the right side for the unstable mode calculated by STABLE without conditions at the symmetry axis T=
[image: image203.wmf]. The same normalization of the arrow lengths is used all over the plasma.
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Fig. 5.16.
Displacement arrow plots for the smallest eigenvalue stable mode with n=1 for TS-3 with Ip=50 kA, A=1.7 and ST~12%. The left side plots are calculated by STABLE with the condition (
[image: image205.wmf])=0 at the symmetry axis; the right side plots are calculated by STABLEC.
Figure 5.17 shows that, in the case of TS-3, the similarity of the two eigenfunctions is also clear when the perturbed displacement plots are limited to the poloidal         cross-section both inside the ST as well as inside the SP.
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Fig. 5.17.
Displacement arrow plots for the smallest eigenvalue stable mode with n=1 for TS-3 with Ip=50 kA, A=1.7 and ~12%, all in the poloidal    cross-section. The left side plots are calculated by STABLE with the condition (
[image: image207.wmf])=0 at the symmetry axis; the right side plots are calculated by STABLEC.
The second equilibrium of TS-3 considered for the ideal MHD stability calculation has a longitudinal pinch current Ie=40 kA, a toroidal ST current Ip=100 kA and a volume averaged beta inside the ST ST=13.8%. The conducting shell is limited to the vacuum vessel, as shown in Fig. 5.13.

In this second case the condition imposed at the symmetry axis turns out to be unrelevant. Running the code STABLE with the range of poloidal mode numbers ml=[-5,10], an unstable plasma is calculated, with a negative 2, which decreases, from 2/
[image: image208.wmf]=-1.1, when (
[image: image209.wmf])=0 is imposed, down to 2/
[image: image210.wmf]=-3.92, when no condition at the symmetry axis applies. Each of the two unstable eigenfunctions represents a globally unstable mode, which takes the character of a kink mode inside the SP and of a tilt mode inside the ST. Also the modified code STABLEC calculates an unstable plasma with 2/
[image: image211.wmf]=-2.73.

Figure 5.18 shows the perturbed displacement plots in 3D, as poloidal plane        cross-sections inside the ST and as horizontal plane cross-sections inside the screw pinch. It confirms that the code STABLE, with the condition (
[image: image212.wmf])=0 at the symmetry axis, and the modified code STABLEC give roughly the same eigenfunction.
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Fig. 5.18.
Displacement arrow plots for the largest eigenvalue unstable mode with n=1 for TS-3 with Ip=100 kA, A=1.5 and ST~14%. The left side plots are calculated by STABLE with the condition (
[image: image214.wmf])=0 at the symmetry axis; the right side plots are calculated by STABLEC.
Figure 5.19 shows that, in the case of TS-3, the similarity of the two eigenfunctions is also clear when the perturbed displacement plots are limited to the poloidal         cross-section inside both the ST and the SP.

The ideal MHD stability calculations agree with the experimental results, confirming that the TS-3 flux-core-spheromak could not achieve a toroidal ST current much higher than Ip=50 kA and that its ST was limited to an aspect ratio not lower than A=1.6.

For all the equilibria of TS-3, the code STABLE with the condition (
[image: image215.wmf])=0 at the symmetry axis and the modified code STABLEC calculate very similar ideal MHD stability results. As a matter of fact, as in TS-3 there is not degenerate X-point, the flux surface T=
[image: image216.wmf] does always coincide with the symmetry axis R=0, where 
[image: image217.wmf] must go to zero like 
[image: image218.wmf]. It is therefore quite reasonable that the regularity condition (
[image: image219.wmf])=0 should be imposed in the stability calculations of the TS-3 equilibria.
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Fig. 5.19.
Displacement arrow plots for the smallest eigenvalue unstable mode with n=1 for TS-3 with Ip=100 kA, A=1.5 and  ST~14%, all in the poloidal cross-section. The left side plots are calculated by STABLE with the condition (
[image: image221.wmf])=0 at the symmetry axis; the right side plots are calculated by STABLEC.
5.9.
Ideal MHD Current Limits in Proto-Sphera
Three cases of PROTO-SPHERA have been selected with growing ratio between the toroidal ST and the longitudinal SP current, respectively Ip/Ie = 2, 3 and 7/2. All of these cases have a volume averaged beta of the spherical torus ST~20% (defined as ST=20<p>ST/<B2>ST). It has to be remarked that this ST value, when reduced to the definition commonly used in spherical tokamaks, i.e. the vacuum toroidal beta T0=20<p>ST/B02, would correspond to T0~80%. Furthermore all the three cases have spherical tori which are ideal MHD stable, when analyzed on their own (i.e. limiting the radial range to 0≤T≤
[image: image222.wmf]), assuming fixed boundary conditions (
[image: image223.wmf])=0 at their edge.

In the case of PROTO-SPHERA at the time slice T5 (with Ie=60 kA, Ip=120 kA and ST=23.1%), with the conducting shell limited to the outermost vacuum vessel shown in Fig. 5.9, the code STABLE calculates, with both conditions at the symmetry axis, an ideal MHD stable plasma.

Running the code STABLE with the range of poloidal mode numbers ml=[-5,10], the positive 2 decreases, from 2/
[image: image224.wmf]=+3.15•10-6, when (
[image: image225.wmf])=0 is imposed, to 2/
[image: image226.wmf]=+2.31•10-6, when no condition at the symmetry axis applies. Also the modified code STABLEC calculates a stable plasma. Figure 5.20 shows the perturbed displacement plots in 3D, as poloidal plane cross-sections inside the ST and as horizontal plane cross-sections inside the screw pinch. It confirms that the code STABLE, with no condition on (
[image: image227.wmf]) at the symmetry axis, and the modified code STABLEC give roughly the same eigenfunction. It is a stable oscillating motion around the q=1 and q=2 resonances inside the ST and around the q=3 resonance inside the SP.

[image: image228.png]



Fig. 5.20.
Displacement arrow plots for the smallest eigenvalue stable mode with n=1 for PROTO-SPHERA with Ip=120 kA, A=1.3 and ST~20%. The left side plots are calculated by STABLE without conditions on (
[image: image229.wmf]) at the symmetry axis; the right side plots are calculated by STABLEC.
Instead in the case of PROTO-SPHERA at the time slice T6 (with Ie=60 kA,      Ip=180 kA and ST=22.4%), with the conducting shell limited to the outermost vacuum vessel shown in Fig. 5.9, the two conditions on (
[image: image230.wmf]) give respectively a stable and an unstable plasma. Running the code STABLE with the range of poloidal mode numbers ml=[-5,10], a stable plasma with a positive 2 is 2/
[image: image231.wmf]=+7.77•10-7 is calculated, when (
[image: image232.wmf])=0 is imposed, but an unstable plasma with a negative 2/
[image: image233.wmf]=-4.89 is computed, when no condition at the symmetry axis applies.

Figure 5.21 shows the perturbed displacement plots in 3D, as poloidal plane        cross-sections inside the ST and as horizontal plane cross-sections inside the screw pinch. It confirms that the two conditions at the symmetry axis give completely different eigenfunctions. The stable eigenfunction represents a stable oscillating motion around the q=1 resonance inside the ST and around the q=4 resonance inside the SP. The unstable eigenfunction represents a globally unstable mode, which takes the character of a kink mode inside the SP and of a tilt mode inside the ST.

[image: image234.png]0





Fig. 5.21.
Displacement arrow plots for the smallest eigenvalue mode with n=1 for PROTO-SPHERA with Ip=180 kA, A=1.25 and ST~20%. The left side is for the stable mode calculated by STABLE with the condition (
[image: image235.wmf])=0; the right side for the unstable mode calculated by STABLE without conditions at the symmetry axis. A different normalization of the arrow lengths is used inside the ST and inside the SP.

The modified code STABLEC calculates an unstable plasma, which is similar in eigenvalue to the one obtained by the code STABLE when no condition was imposed at the symmetry axis. Figure 5.22 shows the perturbed displacement plots in 3D, as poloidal plane cross-sections inside the ST and as horizontal plane cross-sections inside the screw pinch. It confirms that the code STABLE, with no condition on (
[image: image236.wmf]) at the symmetry axis, and the modified code STABLEC give roughly the same eigenfunction. Each of the two unstable eigenfunctions represents a globally unstable mode, which takes the character of a kink mode inside the SP and of a tilt mode inside the ST.
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Fig. 5.22.
Displacement arrow plots for the smallest eigenvalue unstable mode with 

n=1 for PROTO-SPHERA with Ip=180 kA, A=1.25 and ST~20%. The left side plots are calculated by STABLE without conditions on (
[image: image238.wmf]) at the symmetry axis; the right side plots are calculated by STABLEC.

In the case of PROTO-SPHERA at the time slice T7 (with Ie=60 kA, Ip=210 kA and ST=20.6%), with the conducting shell limited to the outermost vacuum vessel shown in Fig. 5.9, both conditions on (
[image: image239.wmf]) give an unstable plasma.

Running the code STABLE with the range of poloidal mode numbers ml=[-5,10], the negative 2 decreases from 2/
[image: image240.wmf]=-3.22•10-3, when (
[image: image241.wmf])=0 is imposed, to 2/
[image: image242.wmf]=-8.59, when no condition at the symmetry axis applies. Also the modified code STABLEC calculates an unstable plasma.

Figure 5.23 shows the perturbed displacement plots in 3D, as poloidal plane        cross-sections inside the ST and as horizontal plane cross-sections inside the screw pinch. It confirms that the code STABLE, with no condition on (
[image: image243.wmf]) at the symmetry axis, and the modified code STABLEC give roughly the same eigenfunction. Each of the two unstable eigenfunctions represents a globally unstable mode, which takes the character of a kink mode inside the SP and of a tilt mode inside the ST.
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Fig. 5.23.
Displacement arrow plots for the smallest eigenvalue unstable mode with

n=1 for PROTO-SPHERA with Ip=210 kA, A=1.25 and ST~20%. The left side plots are calculated by STABLE without conditions on (
[image: image245.wmf]) at the symmetry axis; the right side plots are calculated by STABLEC.
For all the equilibria of PROTO-SPHERA, the code STABLE with no condition on (
[image: image246.wmf]) at the symmetry axis and the modified code STABLEC calculate very similar ideal MHD stability results. As a matter of fact, in PROTO-SPHERA there are degenerate X-points (B=0), where the flux surface T=
[image: image247.wmf] branches from the symmetry axis R=0 and has 
[image: image248.wmf]≠0. Therefore no regularity condition on (
[image: image249.wmf]) should be imposed on the plasma disks, unless upper and lower stabilizing conducting plates (see Fig. 5.7) are close fitting the screw pinch plasma, forcing (
[image: image250.wmf])=0.

5.10.
Ideal MHD  Limits in Proto-Sphera
After the detailed study of the ideal MHD stability of PROTO-SPHERA at fixed ST~20%, the effect of different ST values has been explored and is here summarized:

•
At ST~5% PROTO-SPHERA is stable up to:

Ip/Ie=8 (Ip=240 kA, Ie=30 kA), A=1.16 if (
[image: image251.wmf])=0 is imposed in the code STABLE 

•
At ST~10% PROTO-SPHERA is stable up to:

Ip/Ie=4 (Ip=240 kA, Ie=60 kA), A=1.2 if (
[image: image252.wmf])=0 is imposed in the code STABLE 

Ip/Ie=2 (Ip=120 kA, Ie=60 kA), A=1.3 if (
[image: image253.wmf])≠0 (with STABLE and STABLEC)

•
At ST~20% PROTO-SPHERA is stable up to:

Ip/Ie=3 (Ip=180 kA, Ie=60 kA), A=1.25 if (
[image: image254.wmf])=0 is imposed in the code STABLE 

Ip/Ie=2 (Ip=120 kA, Ie=60 kA), A=1.3 if (
[image: image255.wmf])≠0 (with STABLE and STABLEC)

•
At ST~30% PROTO-SPHERA is stable only up to:

Ip/Ie=1 (Ip=60 kA, Ie=60 kA), A=1.5, irrespective of the conditions (
[image: image256.wmf])=0 or (
[image: image257.wmf])≠0. However, at high ST and high Ip, the spherical tori of PROTO-SPHERA become ideal MHD unstable, when analyzed on their own (i.e. limiting the radial range to 0≤T≤
[image: image258.wmf]), even assuming fixed boundary conditions (
[image: image259.wmf])=0 at their edge.

These results confirm that the formation sequence of PROTO-SPHERA is ideal MHD stable, provided that it occurs at ST≤20%.

Furthermore, if the condition (
[image: image260.wmf])=0 is not imposed in PROTO-SPHERA, the limit to the ST toroidal plasma current should be Ip=120 kA. Other stabilizing effects, not included in the ideal MHD description, such as plasma sheared velocity, could be operating in PROTO-SPHERA. However if these stabilizing effects will not show up, it could be important to insert stabilizing plates on top and bottom of the screw pinch, in order to force the condition (
[image: image261.wmf])=0. These plates will have to be so near to the plasma that they should be in contact with it, acting as limiters for the screw pinch (see Fig. 5.24, Fig. 4.1 and Section 7.5.2).

[image: image262.wmf]
Fig. 5.24.
Upper part of the screw pinch discharge of PROTO-SPHERA, showing in red the stabilizing limiter plates in contact with the plasma.
5.11.
Convergence Studies

The study of the convergence of the least stable (smallest) eigenvalue calculated by the ideal MHD code STABLE is presented in Fig. 5.25. The same three cases of PROTO-SPHERA, at fixed ST~20%, with Ip=120 kA, Ip=180 kA and Ip=210 kA respectively, already analyzed in Section 5.9, are considered. Increasing the range of the poloidal mode numbers ml included in the stability calculation leads in all (stable and unstable) cases to a destabilization (decrease) of the smallest eigenvalue. The use of all the poloidal mode numbers in the range ml=[-5,10] yields an acceptable convergence. The studies of the convergence of the code STABLE upon the         well-known stability results of the analytic Solovev tokamak equilibria [93] confirm that the choice of the range ml=[-5,10] is adequate.
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Fig. 5.25.
Behavior of the smallest eigenvalue of the PROTO-SPHERA stability calculation as a function of the spectrum of the poloidal mode numbers. m=11 means the range m=[-3,+7], m=16 means m=[-5,+10] and m=21 means m=[-5,+15]. The left side plots are with the condition (
[image: image264.wmf])=0; the right side plots are without conditions at the symmetry axis.
The value 
[image: image265.wmf] of the magnetic separatrix is carefully excluded from the mesh in order to avoid the singularity of the Boozer coordinates. However it is necessary to investigate the effect that the distance of the two nearest mesh points (
[image: image266.wmf]and 
[image: image267.wmf]) from the magnetic separatrix has upon the results of the ideal MHD stability calculation. Two equilibria of       PROTO-SPHERA at Ip=120 kA and Ip=240 kA, both with Ie=60 kA, but slightly different from the cases discussed in Section 5.9, have been examined. The code STABLE has been run using all the poloidal mode numbers in the range ml=[-5,10], with the boundary condition (
[image: image268.wmf])=0 at the symmetry axis. 

The distance ST of the nearest mesh points from the magnetic separatrix, on the ST side, has been varied; 
[image: image269.wmf]X=
[image: image270.wmf](X+ST) is calculated at =X+ST. Correspondingly the condition 
[image: image271.wmf](X-SP)=
[image: image272.wmf]X determines the distance SP of the nearest mesh points from the magnetic separatrix, on the screw pinch side (see Section 5.4). The distance ST has been decreased, in the case of Ip=240 kA, from ST=2•10-3 (which corresponds to a safety factor qX=1/
[image: image273.wmf]X=4.4) down to ST=3•10-4 (which corresponds to a safety factor qX=1/
[image: image274.wmf]X=5.5). Figure 5.26 shows the effect upon the ratio 2/
[image: image275.wmf]. Although 2 are always found to be negative, an acceptable convergence of the most unstable (smallest) eigenvalue is obtained only when ST≤10-3.
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Fig. 5.26.
Behavior of the smallest eigenvalue 2/
[image: image277.wmf] of a PROTO-SPHERA unstable equilibrium at Ip=240 kA, as a function of the distance of the nearest mesh points from the magnetic separatrix, expressed by the safety factor qX=q(X+ST). Red squares are calculated with all the poloidal mode numbers in the range ml=[-5,+10]. 

The distance ST has been decreased, in the case of Ip=120 kA, from ST=4•10-3 (which corresponds to a safety factor qX=1/
[image: image278.wmf]X=4.3) down to ST=1•10-3 (which corresponds to a safety factor qX=1/
[image: image279.wmf]X=4.8). Figure 5.27 shows the effect upon the ratio 2/
[image: image280.wmf]. Although 2 is always found to be positive, an acceptable convergence of the least stable (smallest) eigenvalue is obtained only when ST≤2•10-3.


[image: image281.wmf]
Fig. 5.27.
Behavior of the smallest eigenvalue 2/
[image: image282.wmf] of a PROTO-SPHERA stable equilibrium at Ip=120 kA, as a function of the distance of the nearest mesh points from the magnetic separatrix, expressed by the safety factor qX=q(X+ST). Red squares are calculated with all the poloidal mode numbers in the range ml=[-5,+10].

The effect of accounting all the walls shown in Fig. 5.9 as conducting shells, or of considering as a conducting shell only the outermost vacuum vessel, does affect only marginally the results of the stability calculations. Conversely the effect of a complete (but incorrect) removal of all the vacuum magnetic energy contribution can be much larger. Taking as an example the case of PROTO-SPHERA at the time slice T5 (with Ie=60 kA, Ip=120 kA and ST=23.1%), when (
[image: image283.wmf])=0 is imposed at the symmetry axis, the (incorrect) removal of the vacuum energy term does not affect (to the third digit) the result 2/
[image: image284.wmf]=+3.15•10-6. However, when no condition at the symmetry axis applies, the (incorrect) removal of the vacuum energy term changes the positive (stable) 2/
[image: image285.wmf]=+2.31•10-6 into a negative (unstable) 2/
[image: image286.wmf]=-1.12.

Also in the case of the modified code STABLEC the effect of accounting all the walls shown in Fig. 5.9 as conducting shells, or of considering as a conducting shell only the outermost vacuum vessel, does affect only marginally the results of the stability calculations. Conversely the effect on the results of STABLEC of the complete (but incorrect) removal of the vacuum magnetic energy contribution can be much larger, decreasing by about 50% the result for 2/
[image: image287.wmf], both in the stable as well as in the unstable cases. 
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