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(r, ) = μ,1
CK +   μ,

F

For    0.402... in a simply connected region 

the toroidal current density j  has same sign

Superposition of 2 force-free fields B=μB, same relaxation parameter μ=μ0 j 
. B/B2=14.066… 

Chandrasekhar-Kendall    (in unitary sphere)   Furth square-toroids 

Coincidence of zero of           and of           at R=0, Z=x1,3/x1,4=0.775 fixes  =x1,4  /2x1,3=2.026... 

A magnetic separatrix with  

ordinary X-points (B 0) divides: 

a main spherical torus (ST)  

2 secondary tori (SC)  

& a surrounding plasma (P) 

Degenerate X-points (B=0) present  

(top/bottom) on the symmetry axis 

Chandrasekhar-Kendall-Furth  

force-free field (CKF) 



μ  

 UNRELAXED Chandrasekhar-Kendall-Furth CONFIGURATIONS  



Same edge shape  same total toroidal current ICKF 

Boozer coordinates ( T -toroidal flux,  -poloidal angle,  -toroidal angle; g 1/B2) for =1, IST/Ie=3 

If current flow is sustained in surrounding 

discharge, magnetic helicity is injected into 

the ST (X-points), flowing down <μ>:  

p is concentrated in same region 

Equatorial profiles of: 

pressure p 

relaxation parameter μ 

toroidal current density j  

ST winding number q=2 /  = inverse 

rotational trasform of B lines of force 

MHD EQUILIBRIA of UNRELAXED CKF   



From equilibrium  (CKF) in Boozer coordinates* ( , ) 

MAGNETIC COORDINATES of UNRELAXED CKF   

Edge magnetic separatrix: 

                              (   =0) 

      vanishes near singular X point 
 angles don’t converge on sing. X-point  

Embedded magnetic separatrix: 

              (  = max) 

      diverges near regular X point  
 angles converge on reg. X-point 

    = max   -poloidal flux 

  =0     -toroidal flux

Ideal MHD stability influenced by: 
plasma pressure: p( ) 
& field lines rotational transform: 

Fit numerical    by poloidal flux distance from separatrix (   X) 

*non orthogonal with g 1/B2 



CKF equilibrium

DIVERGENCES OF METRIC COEFFICIENTS NEAR SEPARATRICES 

•!         vanishes at singular X-point and symmetry axis 
•!               diverges at singular X-points 

At embedded magnetic separatrix:          , logarithmically vanishing 

•!         vanishes at regular X point but diverges far from it 

•! Integrated residual shear         behaves ~  

Edge magnetic separatrix:           , 

  

 

 



•!Normal component vanishes far from and near the regular X-point (except n=0) 

•!Binormal component vanishes near but 
 is regular far from the regular X-point  
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•!Parallel component regular everywhere 
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REGULARITY of DISPLACEMENT at EMBEDDED MAGNETIC SEPARATRIX 

CKF 
n=1

Perturbed plasma displacement   for low toroidal number n  

Fourier expanded in poloidal angle :  

1D radial finite element method for normal mode equation: 

        Wp potential, WK kinetic energy  

IDEAL MHD STABILITY of UNRELAXED CKF   



Displacements: normal =  . T, binormal =  . ( - /q), tangential = g  .  

The code contains a number of innovative features: 

•! Ordering of T accounts for multiple magnetic axes 

Inside Tori:    
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Surrounding coupled mode: 
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Ideal MHD conditions at separatrix 

Normal displacement: =  . T/R2 continuous 

Other jump:        =  .( - /q)/B,  = g  . 

JOINING of PERTURBED DISPLACEMENTS at SEPARATRIX 



•!        Presence of plasma on the symmetry axis  

R 0:                               (fixed-boundary) 

R=0:                                                        (W divergences)  

!         New variables: =  . T/R2,  =   . ( - /q)/B 
•!     2D finite element method for the vacuum energy 

                          conducting shells of any shape 

TREATMENT of VACUUM ENERGY TERM & of SYMMETRY AXIS 



IDEAL MHD STABILITY RESULTS (wall at R  ) 

Stability in absence of any conducting shell around the plasma at =1  



ARROW PLOTS of STABLE OSCILLATION on integer-q, =1, IST/Ie=5 



ARROW PLOTS of GLOBAL UNSTABLE MODES at =1, IST/Ie=5 

Low q0
ST:      surrounding plasma tilts                                      High q0

ST:    unstable ST



ARROW PLOTS of UNSTABLE MODES LIMITED TO SURROUNDING PLASMA 

at =0 & 1/3, IST/Ie=1: too large ratio Ie/IST 




