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DYNAMIC S T A B I L I Z A T I O N  OF T H E  m = 1 I N S T A B I L I T Y  IN A 
B U M P Y  T H E T A  P I N C H  

G. Berge 
University of Bergen, Norway 

ABSTRACT 

We i n v e s t i g a t e  the p o s s i b i l i t y  of d y n a m i c  s t a b i l i z a t i o n  of  s l i g h t l y  
b u m p y  a x i s y m m e t r i c  s y s t e m s ,  u s i n g  a g e n e r a l  t h e o r y  w h i c h  can  be 
r e g a r d e d  as  a g e n e r a l i z a t i o n  of  the w e l l - k n o w n  e n e r g y  p r i n c i p l e .  The  
e q u i l i b r i u m  is  t a k e n  to be one in w h i c h  t h e r e  is  a s h a r p  b o u n d a r y ,  
wi th  a s u r f a c e  c u r r e n t  but  no c u r r e n t  in the m a i n  b o d y  of  the p l a s m a .  
An oscillatory external magnetic field then sets up oscillatory 
motion in the plasma column. The problem is made soluable by 
assuming the sharp boundary to have a prescribed motion. This 
motion will in general cause induced currents to flow in the plasma. 
A sufficient condition for dynamic stabilization of this system is 
obtained. 

I. INTRODUCTION 

Theoretical (Haas and Wesson, 1966;1967b)and experimental T 
(Bodin,  M c C a r t a n ,  Newton ,  and  Wolf ,  1969) i n v e s t i g a t i o n s  of a l i n e a r  
(as o p p o s e d  to a t o r o i d a l )  h i g h - ~  b u m p y  the t a  p i n c h  show tha t  i t  is  
a l w a y s  u n s t a b l e .  One p o s s i b i l i t y  fo r  i t s  s t a b i l i z a t i o n  is  d y n a m i c  
s t a b i l i z a t i o n  (Weibel ,  1960; H a a s  and  W e s s o n ,  1 9 6 7 a ; T r o y o n ,  1967; 
B e r g e ,  1969a, 1969b). R e s u l t s  f r o m  s t r a i g h t  s y s t e m s  of  th i s  k ind  
a r e  r e l e v a n t  to l a r g e  a s p e c t  r a t i o  t o r o i d a l  s y s t e m s .  In th i s  c o n n e c -  
t i on  the M and S s y s t e m s  ( M e y e r  and  S c h m i d t ,  1958; P f i r s c h  and  
Wobig ,  1966; M o r s e ,  R i s e n f e l d ,  and  J o h n s o n ,  1968; Lo tz ,  R e m y ,  and  
Wolf ,  1964; Wolf ,  1969b) a r e  of  s p e c i a l  s i g n i f i c a n c e .  An e x p a n s i o n  of  
a t o r o i d a l  s y s t e m  in  the r e c i p r o c a l  a s p e c t  r a t i o  r e s u l t s  in a l i n e a r  
s y s t e m  in l ead ing  o r d e r .  In add i t ion ,  a l i n e a r  s y s t e m  is  m u c h  
e a s i e r  to hand le  m a t h e m a t i c a l l y  than  the t o r o i d a l  one .  

In the fo l lowing  a n a l y s i s  we f i r s t  ou t l ine  the m o d e l  be ing  s tud ied .  
The  m = 1 i n s t a b i l i t y  of th i s  m o d e l  is then  i n v e s t i g a t e d ,  and  r e s u l t s  
a r e  d i s c u s s e d .  

II .  M O D E L .  A. E q u i l i b r i u m .  We s t u d y  a h igh-~  a x i - s y m m e t r i c  
s y s t e m  w h e r e  the p l a s m a  is  c o n f i n e d  to the r e g i o n  a r o u n d  the ax i s  

H . A . B .  Bodin ,  A . A .  Newton ,  G . H .  Wolf ,  and  J . A .  W e s s o n ,  
to be p u b l i s h e d  in P h y s i c s  of F l u i d s .  
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b y  a m a i n l y  a x i a l  m a g n e t i c  f i e l d  (Bz>> B r ) .  T h e  a x i s  is  s t r a i g h t  
and  the  p l a s m a  a s s u m e d  to b e  s e p a r a t e d  f r o m  the  v a c u u m  r e g i o n  b y  
a s h a r p  b o u n d a r y  c a r r y i n g  a s h e e t  c u r r e n t .  T h e  e q u i l i b r i u m  i s  the  
s a m e  a s  t h a t  i n v e s t i g a t e d  b y  H a a s  a n d  W e s s o n  (1967b).  We a l s o  m a k e  
u s e  of  t h e i r  s t a b i l i t y  c a l c u l a t i o n s ,  n e g l e c t i n g  the  s t a b i l i z i n g  e f f e c t  
of  f i n i t e  i n f i n i t e l y  c o n d u c t i n g  b o u n d a r i e s  in the  v a c u u m  r e g i o n .  The  
s t a b i l i z i n g  e f f e c t  f r o m  a w a l l  i s  s m a l l  u n l e s s  i t  i s  c l o s e  to the  
p l a s m a - v a c u u m  i n t e r f a c e .  F o r  o b v i o u s  r e a s o n s  t h i s  s i t u a t i o n  i s  not  
r e a l i z e d  f o r  h i g h l y  c o m p r e s s e d  t h e t a  p i n c h  p l a s m a s .  C y l i n d r i c a l  
c o o r d i n a t e s  a n d  the  u s u a l  n o t a t i o n  a r e  u s e d .  

B.  T h e  o s c i l l a t o r y  s t a t e .  I t  i s  a s s u m e d  t h a t  by  c o n t r o l l i n g  the  
e x t e r n a i  m a g n e t i c  f i e ld ,  an  o s c i l l a t o r y  m o t i o n  i s  s e t  up  a r o u n d  the  
e q u i l i b r i u m  s t a t e  j u s t  d e s c r i b e d .  A l t h o u g h  th i s  h a s  to b e  done  
e x p e r i m e n t a l l y  b y  o s c i l l a t i n g  c u r r e n t s  in  e x t e r n a l  c i r c u i t s ,  we  
a s s u m e  t h a t  b y  do ing  t h i s  p r o p e r l y  we  a r e  a b l e  to g ive  the  i n t e r f a c e  
b e t w e e n  p l a s m a  and  v a c u u m  a p r e s c r i b e d  m o t i o n .  T h i s  i n t e r f a c e  is  
a s s u m e d  to be  g i v e n  by :  

P ( r , z , t )  ~: r - a ( z , t )  = o {1) 

where 

R(z,t) = ~(z)~1 + s sin COst cos czzj ~ = ~(z) + R(z,t). (Z) 

We assume that 8 << 1 , and 0~s4s the frequency of the oscillations, 
cz = 2w/L where L is the wavelength in the axial direction. The 

magnetic field is assumed to remain tangential to the plasma-vacuum 
interface during the course of motion. The following solutions are 
obtained for the oscillatory motion: 

z} 2 ) ,  �9 O - 1  
s4~ ~S cos ~z, 0, Cs~Aq~ s sin ~ cos ~ t + 0( (3) s s 

,~ = - s~AQ cos az s i n  ~s t + O ( s 2 ) ,  (4a) 

,2~ s2 = cs~ + o( ), (4b) 

~ = - ~ BiZO{CZ~S sin az 0, Q cos czz~sin ~Ost + 0(6 2 ) (5) 

( / "  (x o) The symbols are defined as follows: Q = x O Jo x) ~] �9 S = 
-u. (x)/u I~ (Xo=) J( jo 2 and_.~ J~ are the zero], and first order Bessel 
fuhctions:. ~-a ) , a =~cs~ ~ x ~ = ~, x = zr, 
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"~ i i - O a  I ~ 
- L k= Cs 

2 1-'3o 2~ 2 ~,~ 

~ = ~ - 7 ~ ' o . ,  %=~-2*--'~vzo C s = - ~  

a n d  the  b a r r e d  q u a n t i t i e s  r e f e r  to the  e q u i l i b r i u m .  S u b s c r i p t s  i a n d  
v r e f e r  to the  i n t e r n a l  p l a s m a  r e g i o n  a n d  the  v a c u u m  r e g i o n  
r e  s p e c t i v e l y .  

IIL S T A B I L I T Z  T h e  s t a b i l i t y  a n a l y s i s  of  t h i s  m o d e l  i s  b a s e d  on 
r e s u l t s  d e r i v e d  e l s e w h e r e  ( B e r g e ,  1969a, 1968). T h e  p r o b l e m  i s  
to i n v e s t i g a t e  the  s i g n  of  

8W = 5~ 0 +5~o + ~ E  (6) 

w h e r e  

-- -2/ ~* ( e -2Fe  + ~2 ) (io)C;r, (Ta) 5W o = -Us ~-o" -- 

and 5W D = / 5  -I 1~'~ (io)12at" (7b) 

A c c o r d i n g  to the  p r e v i o u s  r e s u l t s  ( B e r g e ,  196 8) ( A p p e n d i x  H, Sec .  b),  
6 W > 0, a n d  we  c a n  o b t a i n  s u f f i c i e n t  c o n d i t i o n s  f o r  s t a b i l i t y  w i t h  

t h i s  t~ ' rm  o m i t t e d .  A n a l y s i s  s h o w s  t h a t  f o r  the  c a s e  m = 1 (and 
8 / 8 r  = 0 f o r  the  p e r t u r b a t i o n s )  6 W  D m i n i m i z e s  to  z e r o  f o r  ~ z = 0. 
M o r e o v e r  the  m o s t  u n s t a b l e  m o d e s  a r e  t h o s e  f o r  w h i c h  V �9 ~ o  = 0 

and. 8~rl'SZ is small or of the order g (~o = {~r' ~8' ~z } )" After 
a considerable amount of algebra involving expansions in small 
parameters, we arrive at the following expression 

-~ d ~; b 2 2 "~ =2 
~ _~ 2~ ,,/ (~. ! ~--.~- + ~ ' ~ "  :~ ~.12 + (o - z.--)l~,~,i ]Bvzo ~z, /8~ 

w h e r e  

a = (2- ,~o)R 2, b = 2 (1 -13o)~  dR E ' 5 ' '  

( ~ 2  f~R ~.-1 ~' )2 (9) 
c = 2(1-2L3 O) (1-Po),"~'~'-  + v~-'~" + s R' vzo ~ 'Bvzl 

_ -~ ~ ~2~ 

+ s 2R ~vzo Bvzl 5z --~ " 

t The notation used here is the same as that in Berge(1968). 
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F r o m  Eq .  (8) we ob ta in  the fo l lowing  s u f f i c i e n t  c o n d i t i o n  fo r  MHD 
stability . ~" 

<o-'> - < - % - >  > o . 

where <> denotes averaging over z, --averaging over t. 

pressure balance condition we obtain in leading order: 

Bvzl = - ~vzo Y cos ez sin C0st , 

w h e r e  

(i0) 

F r o m  the  

F 7Po ] 
y = Q! i-~o + - - 2 - -  A . 

I f 

Let I = L ~ j  ~ I  - W W J be an interval on the z-axis. We define: 

(ll) 

F ] 
= + = (1 + COS CCZ) , 

R=R o, z•i. 

z e I ; 

(12,) 

This gives us a single bulge with amplitude 26 R o. By averaging 
condition (i0) over the bulged region we obtain the stability criterion: 

2 " ] [~o , ( i -~o) (3 -2 }3o) t  2 
~--- ! Y2 + I - f 5 > 0 , 
~: L - L 2_8 ~ 

(13) 

IV.  DISCUSSION. F o r  p a r a m e t e r  v a l u e s  r e l e v a n t  to the e x p e r i m e n t a l  
r e s u l t s ~  r . _~ ~Y = 2, PO ~ 0.DJ condition (13) becomes & > 0. 5 6 �9 
This can explain the observed effect. 

By c o n s i d e r i n g  a p e r i o d i c  s t r u c t u r e  r a t h e r  than  a s ing le  bu lge  
one ob t a in s  the s a m e  c o n d i t i o n  (13}. One wou ld  th ink  tha t  th is  c a s e  
had  s o m e  r e l e v a n c e  to l a r g e - a s p e c t  r a t i o  M and  S s y s t e m s .  R e a l i s t i c  
v a l u e s  of  Y a r e  of  the  o r d e r  2 - 3 ,  and  one can  e a s i l y  e s t i m a t e  the 
a m o u n t  of  d y n a m i c  s t a b i l i z a t i o n  r e q u i r e d  to s t a b i l i z e  a g iven  5 
( ~ o r s e ,  R i s e n f e l d ,  and  J o h n s o n ,  1968). 

The  p r e s e n t  s c h e m e  m a y  a l s o  be u s e d  to p r o d u c e  " d y n a m i c  
e q u i l i b r i u m "  w h e r e  no e q u i l i b r i u m  would  o t h e r w i s e  ex i s t  (Wolf  and  
B e r g e ,  1969). 

S H . A . B .  Bodin ,  E . P .  But t ,  J .  M c C a r t a n ,  and  G . H .  Wolf  
to be p u b l i s h e d .  
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In the context of a fusion reactor the application of dynamic 

stabilization will become an economic problem. This has not yet 

been properly considered. Dynamic stabilization may, however, 

also prove useful in cases where one has to pass through an unstable 

situation in order to build up a configuration which finally is stable. 

A more detailed version of this work has been published recently 

(Berge, 1970). 




