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Both theoretically and experimentally a bumpy theta pinch is known to be hydromagnetically
unstable. The possibility of dynamic stabilization of this configuration is discussed. The results
show that stability can be achieved in this way. The plasma column is assumed to be separated
from a vacuum magnetic field by a sharp boundary. The analysis is based on a generalization of the
hydromagnetic energy principle. Within the framework of this theory a sufficient condition for
stability is obtained for the m = 1 mode. This condition contains the amplitude of the unstable
bulge, the frequency and amplitude of the forced oscillations, and the characteristic lengths and
speeds in the system. The condition shows that stability is obtained for sufficiently large amplitude
in the oscillatory magnetic field. The case of 8 = 1 and “arbitrary’’ m numbers is also briefly reviewed.

I. INTRODUCTION

The stability of a linear (as opposed to a toroidal)
high-3 bumpy theta pinch has been investigated
both theoretically’’> and experimentally.®* The
results reveal that such systems are always hydro-
magnetically unstable. It is, therefore, of great
interest to see whether there exist any means by
which they can be made stable. One possibility is
dynamic stabilization.*”® Our main interest in the
straight system is its relevance to large aspect ratio
toroidal systems. In this connection the bumpy
toroidal systems'®™'* are of special significance. An
expansion of a toroidal system in the reciprocal
aspect ratio results in a linear system to leading
order. In addition, a straight system is much easier
to handle mathematically than the corresponding
toroidal system.

Previously a similar system was discussed,” but
restricted to the limit 8 = 1; that is, no magnetic
field in the plasma region. In the subsequent analysis
this restriction is removed, and the results previously
obtained are improved. We first outline the model
being used. The stability of this model is then
studied. Although the first part of the diseussion is
general, the final results are limited to the m = 1
instability for 8 < 1, and “arbitrary” m for 8 = 1,
where m as usual refers to the azimuthal wave-
number. The results are discussed and comparison
made with experiment. The possibility of stabilizing
bumpy toroidal systems by this scheme is outlined
briefly, and also its possible application to the prob-
lem of lack of equilibrium.

II. THE MODEL
A, Equilibrium

We shall study a high-8 axisymmetric system
where the plasma is confined to the region around

the axis by a mainly axial magnetic field (B, > B,).
The axis is taken to be straight. The plasma is
assumed to be separated from the vacuum region by
a sharp boundary carrying a sheet current. First,
the equilibrium (unstable) is considered. By assump-
tion there is no current flowing in the plasma region;
accordingly, there is no pressure gradient (except at
the surface). Using the usual eylindrical coordinates
r, 8, and 2z, the surface of the plasma column (in-
finitely long) is assumed to be given by

F(r,z2) =r — R(2) = 0. (1)

The static system is specified by the density g, the
pressure $, the internal magnetic field B;, and
the vacuum magnetic field B,. Following Haas and
Wesson® we shall assume that all quantities are
weakly dependent on 2z, so that we can take
R(3/92) ~ & as a parameter of smallness in terms of
which this equilibrium can be expanded. R is some
average value of R(z), yet to be specified.

The equilibrium problem and its stability has been
investigated by Haas and Wesson® and for com-
pleteness we shall list their results. Introducing the
parameter of smallness § (already mentioned), we
have the following leading order solution to the
equilibrium problem:

p = const, 2

Ei = (6361'1; Oy B-izO + agizl) + 0(62)v (3)

P = const,

Ev = (5B-vr1y 01 szo + 637:1) + 0(62)7 (4)
where
5 — _1,dBis
0Bir 2" Tdz ®)
5 _ i o BundBE | B s 5dRE)
5Bur1 - 7’(1 60) R dZ + r anf) dZ ) (6)
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B, = Bi(z); B—izl = Bm(z)y (7)
Buo = B,(Z), szl = Bul(z)~ (8)
By definition we have
_2 __Bw_,_B
b R A

The magnetic field lines have to be parallel to the
interface between plasma and vacuum, that is,
B., _B., _ dR(z)'

r=R(2) dz

(10)

B, B,.
The expansion of the vacuum magnetic field is
agsumed to be valid in the vicinity of the plasma
region, which is all we require for our problem. For
simplicity, we shall neglect the effect of finite
boundaries in the vacuum region. We know, however,
that infinitely conducting walls bounding the
vacuum region must have a stabilizing effect as they
will always limit the number of solutions otherwise
possible. This effect has been calculated for the
present case by Haas and Wesson.” The stabilizing
effect of the wall is, however, small unless the wall
is very close to the plasma vacuum interface. For
highly compressed theta-pineh plasmas, wall sta-
bilization is, therefore, insignificant.

B. The Oscillatory State

We now assume that by controlling the external
magnetic field, an oscillatory motion is set up around
the equilibrium just described. Although this has to
be done experimentally by oscillating currents in
external circuits, we assume that by doing this
properly we are able to give the interface between
plasma and vacuum a preseribed motion. In the
following we shall assume that the interface between
plasma and vacuum is given by (see Fig. 1):

F(r,z,t) =r — R(z, 1) =0,

r=F(2)

(11)
where
R@, ) = R@(1 + esinw,! cos az)

= R + B@, 1.

(12)

G. BERGE

Fie. 1. Plasma column with bulge
and superimposed standing wave.

We assume that ¢ << 1. The condition that the
surface Eq. (11) is moving with the fluid ecan be
expressed as
oF + v-VF = 0. (13)
14
In the context of the present model this is to be
regarded as a boundary condition on the velocity
field in the fluid. Moreover, the magnetic field lines
must be tangential to the surface Eq. (11), this
requires that the following relation is satisfied:
B, dR(z, 1)
=t =S8 14
B, |i-ze:.00 oz (14)
where R is given by Eq. (12) and Eq. (14) applies
both to the internal and the external magnetic field.
We can now solve the equations of motion [see Ref. 7
Egs. (1)-(7)]. The following solution is obtained for
the forced oscillatory motion:

7, = ew,RS cos az cos w,t + O(), (15)
2
B, = ¢ —iz—AQsinaz cos w,t + O(€), (16)
p = —epAQ cos azsin w,t + O(), a7
p = Cip + 0(), (18)
B., = —eB,,,aRS sin azsin w,t + O(), (19)
B., = —eB;,iQ cos azsin w,t + O(). (20)
The following notation is used:
_ — J1(z) - — Zod o(2)
S - S(x) J‘(xo) ’ Q Q(Z) Jl(xo) y
To = kR, x = kr,
2 2 2 2 2
2 __ Ws — Vi ___cg,_l—ba
FevizacTcdars @Y
A = 1 3 a = C!_Cg s Ci = :y_lj ’
1 —a W, P
2 21— 8 2 _ Bl
- - = — V i = .
« L’ b Y Bo ’ 4 p
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Jo and J, are the zero- and first-order Bessel
functions with the usual notation, L is the wave-
length in the axial direction [see Eq. (12)], ¥ is the
adiabatic exponent, and otherwise the symbols are
self-explanatory. We shall later require a relation
between the vacuum magnetic field and the internal
magnetic field at the plasma vacuum interface. This
is obtained from the pressure balance condition
[Ref. 7 Eq. (8)].

III. STABILITY

The stability of the model established in Sec. II
is now to be discussed. It will be based on results
derived elsewhere.”*® Thus, the problem of stability is
to be solved by examining the sign of §W given by
Ref. 8, Eq. (4.12), and the system is stable if W > 0.
We have

W = oW, + oWy + 6Wp, (22)

where
Wo = —wi? | 84-(°F, + F)(E) dr,  (23)
i, = [ 57 IR e, 24)
sWg >0, (25)

F(¥) = V(pV-E+ & Vp) — Bx(V xQ)
~ Qx(V xB) + V'(Ep% - pVV'Vf) ;

Q = Vx(¢xB). (20

Here, £ = & + e, + --- is a Lagrangian displace-
ment of a fluid element, and [ means a time average
over the fast oscillations, of the integral. The
procedure is now to minimize the potential energy
8W with respect to & Moreover, we have F,() =
lim.., F&), and F,(¥) is the contribution to F(¥)
which is of order ¢, and F{(¥) is given explicitly by
Eq. (41). Notice also that we have assumed the
unperturbed quantities to be expanded as ¢ = § +
e}, + €4¢. + --- , where the §,’s are due to the
oscillatory motion imposed on the system. Equation
(25) is discussed in Ref. 8, Eq. (5.8) and in Ref. §,
Appendix H, Sec. b. Since §Wy is very difficult to
evaluate, in this discussion we shall retain only the
first two terms in the expression for §W, Eq. (22).
The results obtained by omitting this term lead to
sufficient conditions for stability within the frame-
work of our theory.

(a) We shall start by discussing the term W,
given by Eq. (23). Since our problem is one where
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we have a sharp boundary, we shall also make use
of the results given in Ref. 8, Eq. (7.2), which reads

~[ eF@ar

2 ' 2 Bz
= fv. |V xA|* dr + L In-¥| n-<V(p + —2—>>do'
+ fv {IB-VEI2 - o [v-VE}
+ & VV(P + %) + |V (‘YP + EZ_)

+ V'i*[E'V(p + %2) — BB: VE]

+ V'E[E*°V<p + %) _ BB: vz*]} dr. (27)

According to Eq. (23), we require the expression
above with F replaced by F, + ¢’F, and £ by &,.
This is most easily achieved by considering each
term of 6W , separately.

(1) We shall start with the contribution from the
plasma volume integral. In order to get the ordering
right we shall first consider the term [B-V¥°. We
now write B = B 4+ B where B refers to the equi-
librium and B is the oscillatory component in the
field. (We shall make use of the same notation for
other quantities when it is convenient.) We shall
formally expand the equilibrium problem in terms
of a small parameter 8 and the oscillatory problem
is to be expanded in terms of ¢, where we assume
that & ~ e. Now omitting terms which are linearly
dependent on the oscillatory components we obtain

[B'VEO 2(,2) = [B'VElfz) + !1~31-V§o|2, (28)
where
- . = 9 A '
lB‘Vfolm = ; {(Bazo & + 5Bir1 5)& y (29)
sl 2op o)L
]BI'VEOI = € kE (Bizl 3z + E:‘rl ar>£k . (30)

The summation is over & = r, 6, z. The most im-
portant feature of Eq. (29) is that B;,,(3/92)t, must
be a small quantity of order e for the unstable modes.
For definition of unstable modes see Ref. 8, page 11.
Having established this ordering we now look at
the term

V-6 (1w + 5)-

This term which is positive definite must also be
small, of order ¢* for the unstable modes. Thus, since
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vp + (B?/2) is of zero order this requires that
V - & be small of order e. It is now convenient to
change to new variables. We shall take &,, £,, and

= V& as new variables instead of £,, &, £,. Since
there is no explicit # dependence in the problem,
this is a simple transformation. By Fourier analyzing
in the 6 coordinate, i.e., taking & o« exp (4m#), it
follows that

. 19 ) .
i = — o (%) —r—&w“—n-

m 0z m 31)

By this equation, £ can be eliminated from the
problem, and it is easy to see that W, is properly
minimized by n = V+& = 0. One can easily prove
the following relation:

31 2% V(ﬁ + B >(2J = v[f%foV(ﬁ + %)(2)]

~veeev(pE) —evev(p+E)
(2) (2)

Now the term
B2
g V(p + ?)

has one contribution associated with the equilibrium
and another which is associated with the oscillatory
motion. In Eq. (32) we only consider the contribu-
tion which comes from the oscillatory motion. We
can integrate this contribution by parts using
Eq. (32). Then remembering that V&% = 0, we are
left with the term

—er-ve-v(p+ )
(2)

integrated over the volume, and a surface integral
which is cancelled by terms coming from the surface
integral in Eq. (27). After some algebra we obtain
(see Appendix A for details),

2

)

(33)

r

£-VE = [(1 - L en - L

+ ae, + 2 (55 )e.

[
ar

(we do not have to specify a). Making use of the
equations of motion we obtain

v(p + B )(2)
[ 5 - d B?rl 3B,
- [_r ar W)+ o + Bia 9z :|e,
_aflg-z, 2) e, 6]‘2(1 Z) ., o= o, (34)

G. BERGE

where we do not need to specify f, and f, [see
Appendix B for details of Eqs. (34)]. From Eq. (33)
and (34) we now obtain

z*-vz-v<p + %)
(2)

=§mw+[@—i}—umw~1%]
1 pdon 8 B,,1 5 0B, -
[—T or ) + + B.zl dz :| (30)

(i) Taking into account the cancellation due to an
integration by parts coming from the volume integral
of the plasma region, the surface integral can be
written in the following form:

] 1n-z|2n-<v<p + %2» do + T,

- [ s (882 T8 4 28,8, B)r o e
30

The details of this derivation are given in Appen-
dix C. Note that T, is the contribution coming from
the integration by parts, Eq. (32).

(iii) The contribution to 6W, coming from the
vacuum region can be expressed as

2 _ 21 N2 2
[1vxara=2[@+@ e o
where
- dg, - dR :
IGI = szOR dg gchzOE(l - 2.80) ' (38)
~12 _ = aR ( E > B agv:l|2
6 = B SRS +8) + R
+ e R\!( "“>2+1 39
: She, @)
and

di, _ o, | OR o,

dz dz 9z dr

(For details see Appendix D.)

(b) We shall now discuss the “dynamic stabiliza-
tion term” §W, Eq. (22). From Ref. 8, Egs. (4.16)
and (4.18) we know that

Wy = [ LI dr, (40)

where
é)v1

;<£o)=—13- (&) — 520 VE. (4]
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We can, therefore, write

é)v1

V‘éo

7> =w:“7%\ Rt [ 5[]

Z Re [fF(&)‘“" viral|, r-

Written in this way, the second term above
cancels the second term in the last integral of
Eq. (27) when averaged over the time 7. Re in front
of the last term above means the real part. From
Ref. 8, Eq. (4.5), we get

(42)

2 avx

F1(§o) = Vs V- & + V- Eona + V&V,

+ &V (Vp + pw avl)

—Bx(VxQ)— B x(VxQ)
~ Qx(VxB) ~ Q,x(VxB). (43)

By assumption we have V x B = 0 to leading order.
Moreover, it is easy to see that for the unstable
modes we must have Q of order e. We have already
proved that V- &, = 7 is of order e. By keeping terms
to leading order we obtain

Fi(&) = V&V + & VIV xB,) xB]

+(VxQ)xB. (44)
Now Q, is given by
Q. =V x (&xB). (45)
Making use of Eq. (45) we can rewrite Eq. (44)
afr <6E|rl 6_-3_21)
F (Eo) = V§&- Vp1 + Bzzo[ or 9z + ar
_ (g fzs_) @&_l]
ar (B"" o) Tor 0 I
_1:_ > m’ —1 agizl % ( aEirl agi:l)
+mB”°[ 7 & or + ar 2 oz or
%, aEi, m’ (. 9B, 5 9
+ r 6_7'52— az ! ( z L — Birl i)}eﬂ (46)

From the results obtained so far, the general case
turns out to be rather complicated, we shall, there-
fore, have to limit ourselves to the special case
m = 1.

IV. THE m = 1 CASE

The expressions obtained so far simplify con-
siderably for the case m = 1 and 9%/dr = 0. More-
over, the experimental results®*** indicate that this
is the most interesting case.

1035

Using Eqs. (41) and (46) as well as the expression
for V¥, given in Appendix A, we now obtain from
Eq. (40) that

MR | (22 + 3., 2B &I
Wy = ui* [ B+ B ) e @

From Eq. (35) we obtain

* B’ 3,
5vevp+D) =2rca w9
(2)

By assuming either periodic boundary conditions
(to simulate a toroidal system) or that the perturba-
tions are vanishingly small for large |2/, all terms of
the form (8/92)f(r, 2z) integrate to zero in leading
order (see Appendix E).

We now integrate the term given by Eq. (32) by
parts. We find that the only contribution to Wo
coming from the plasma volume is associated with
the equilibrium state.

Now £, occurs in Eqgs. (47), (39), and the terms
associated with the equilibrium problem [see Haas
and Wesson,” Eqgs. (3.11)-(3.13)]. Since all these
terms are positive definite, we see that the “effective
potential energy” &W is properly minimized by
taking £, = 0. From Eq. (47), we then obtain

We now write

Ew? W, = W, + W, +8 + S.

(49)

(50)

Here, 5W, is an expression for the perturbation in
the “‘effective potential energy” in the vacuum
region. §W, is the contribution from the plasma
region. S and S can be interpreted as perturbations
in the surface potential. S originates from the
associated equilibrium problem, and S is due to the
oscillatory motion, i.e., the dynamic stabilization.
Now, éW, is given by

oW, = f |V A’ dr = 2r f (G + 161 dz, 1)

where from Egs. (38) and (39) we have that

0 = B |B% e B —05) (2
2
and
iz 72 R a5V
iG)* = Bl & ( + ‘% :9_B ) (53)
Furthermore, we obtain
sdt, .. dR|°
5W = 2 fBzzo dz - ErE; dZ, (54)
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§=or [P oB.TERE  (55)
and
S = 47[' f € : —szEvzl agiRdZ (56)

The only term giving a negative contribution to
the potential energy is .S, namely, the source term
of the instability in the equilibrium problem. This
term can also be interpreted in terms of unfavorable
curvature of the magnetic field lines at the surface
of the plasma. The expression for S, Eq. (55), can be
integrated by parts and we obtain

5= HErER )
- &l 3033,0(9@)2] de

dt,
— 2 f (% + e Bk L. o)
By using the boundary conditions we have chosen,
the first term in this expression integrates to zero.
Notice also that (d/dz)(8,B?,,) = 0. After some
rearrangement we can now write

Ew’ 6W>21rf[

d_f_,.z
dz

+ 2b

Re(* f) +o 154]'3,0 dz,  (59)
Where
a=(2-— BO)R2 (59)
= —201 — m)R"B (60)
¢ = 2(1 — 28001 — m)(jf)
+(Erfln) v Es, B 2B o

Moreover, by completing the square containing
d§,/dz, we can rewrite Eq. (58) as

ew,6W>27rf[

d"3+s

(o= Y) r]Eaee

From this expression we now obtain the following
sufficient condition for stability:

0-{E)>0

(62)

(63)

G. BERGE

Here, the bars indicate an average over time and the
angled brackets an average over z. Explicitly, this

condition becomes
3 2R o 621?>
dz Bul) + GBHO Buzl 622_

(G + 55
—2(1 — 28,)(1 — 60)] (%92> > 0.

(=t
(64)

From the pressure balance condition, we obtain,
in leading order after having substituted for B,,,
and 7, from Eqs. (20) and (18),

szl

B = —Y cos azsin w,? (65)
and
B B,., = RaY sin azsin w.t, (66)
B,,, 9z
where
y=BhE (g )

[see Eqs. (21) for definitions].
Note that the pressure balance condition can be
differentiated along, but not across, the interface.

Moreover, we have (see Fig. 1),
R = €R sin w,t cos az. (68)

By taking R(z) to be given by (see Bodin et al.?)

R = Ryl + 6(1 + cos az)], (69)
we can write condition (64) as
1Y+ 1) — Z@B) 8° > 0, (70)
where
260) = (28, ~ D - g + =B
° 71)

— Bo(l - Bo)(3 — 260)‘
2=5

In the case previously considered” the results were
only valid for 8 = 1 and Y* > 1 in which case
Y? + 1 — Y? in Eq. (70). However, this case was
treated for arbitrary m, long-wavelength instabil-
ities. It is easily seen that the present results reduce
to those previously obtained in the limits where they
overlap. In conditions (64) and (70) the results are
valid for arbitrary Y, but restricted to the case

= 1, Y must, of course, not be so large that the
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linearized solution to the unperturbed oscillatory
motion problem is no longer valid.

In the next section we are going to reconsider the
case 8 = 1 with some improvement on the calculation
previously done.

V. THE CASE 3§ = 1 (“ARBITRARY" m)

We shall briefly reconsider the case 8 = 1 with
arbitrary m, subjected to the general limitation of
long-wavelength perturbations. This treatment is an
improvement and extension of results previously
obtained.”

In this case the fluid motion is governed by the
equations of ordinary hydrodynamics. From
Cauchy’s integral of Helmholtz’s equation it follows
that

V X EO = O) (72)

where we have made use of the expression for the
perturbed velocity, Ref. 8, Eq. (2.17)
From Eq. (33) it follows that

Fl(fo) = V& V7. (73)
Moreover, we have that
av, 1 .
o = e VP @
From Eq. (72) it follows that
Vﬁl ¢ VEO = VEU . Vﬁl (75)
Equation (42) can now be written as
= 3 avl
W = lVE vol* + f V{o
(76)

Since W is minimized by V- = 0, the proper
solution is

(77)

and with £, small of order e,. From Eq. (A4) we
obtain

6p1 Er

VE&-Vp = (m — 1) [e, + 7e,]. (78)
Thus, it follows that
~ \2 2
Vvl = 2m - 0°(2) B
T r
From Eq. (35) we have
—z*-vzo-%_z
2 fe,9 +2m - 0 E s 2. 0

1037

Substituting from Eq. (74) we can now write the
contribution from the plasma region as

Losw, + oW
€ Wy

-2 [ | om

+ el o (%Y] dr

pr Or

o)

_2m—1) {m@g) &l
ws arl pr

2 ~ \ 2
+2 [Js_—l (@) ]} dr do dz,
orlp ar
where we have omitted the term which integrates to
zero in leading order.
From Egs. (36)-(39), and (57) we obtain §W,, S,
and S with 8, = 1. Together with Eq. (81) this
results in the following expression for 6W:

dg.|*
dz

(81)

Ewl W = o f (Rz +c lErP) BY .0 dz

+ 2rém(m — 1) f (a”‘) J%l—dr dz, (82
where
. m~- 1 - dR 2 2(m - 1) (aﬁl)
€= m B.. (dz) Te P ar
+ 2€Brzl)gul R
1 52 ( aR GR BB,,1> .
+ 220 + B,zo az . (83)

As before, letting angle brackets indicate average
over z and overbar average over time, we have the
following sufficient condition for stability:

@ > 0. (84)
Making use of Eqgs. (65)-(69) with 3, = 1 this
condition can be written as
2 (Ra)2 [ 2 (‘/AQ>2] am — 1 (w.R>2
<am ™ T\ te v,
m — 1 2 N 2

~ Tom 5 (aR)” > 0. (85)

Since (aR)® = (2xR/L)* must be a small number for

most practical cases, the second term will be the
dominant term for m > 1. Thus, if the low m
numbers (m > 1) are stabilized, all higher m numbers
will be stable. Notice, however, that our long-wave-
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Fic. 2. Plot of @ versus z,, see Eq. (21).

length approximation puts limits on m. For m = 1
the static system is marginally stable and condi-
tion (85) is always satisfied.

VI. DISCUSSION AND CONCLUSIONS

The results derived here show that the m = 1
mode can be dynamically stabilized. The dangerous
instability present in the static system is associated
with the flutelike modes. A flutelike mode is a
displacement of the fluid transverse to the magnetic
field which involves little or no bending of the
magnetic field lines.

The stabilization of the m = 1 mode is associated
with the change of direction of the field lines. One
part, (¥ — 1)°, is due to the stabilizing effect of the
vacuum magnetic field; another part, 2Y, is due to
the effect of the surface potential. These two effects
together add up to give the factor Y 4 1 in condi-
tion (70).

With the present scheme of dynamic stabilization
one expects the flute-type modes associated with the
higher m numbers to be suppressed by: (a) the fact
that the direction of the field lines are changing in
time, and (b) the fact that any radial dependence
of the displacement ¢, will probably have a stabilizing
effect. This is because a perturbation which is a
flute-type perturbation (matches the field lines) at
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F1c. 3. Plot of the variation in the “effective”’ B, see Eq. (71).
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Frc. 4. Stability diagram.

one instant of time will not continue to be a flute-
type perturbation during the course of motion of the
forced oscillations. Notice that since the instabilities
present, by assumption, are slowly growing compared
with the time scale of the forced oscillations, the
perturbations will not have time to adjust themselves
to flutelike modes. For m > 1, the effect of pulsation
will also be significant for the same reason.

The actual analysis is very difficult to carry
through for m > 1 and 8, < 1 and this still remains
to be done. However, the 8, = 1 case and the
physical picture outlined here support the supposi-
tion that the m = 1 case is the most important one.
Moreover, experiments®''® also seem to support this
view.

In Figs. 2 and 3 we plot the parameters Q(x,)
and Z(8,), which could be useful for evaluation
purposes in connection with experiments. Figure 2
contains curves which make it easy to estimate the
order of magnitude of V. In Fig. 3 the finite 8 effect,
Z(B,), is plotted versus B,. Figure 4 is a stability
diagram for Z(8,) = 0.3. Although at first glance it
seems desirable to work in a parameter range for
which k¥* < 0, Eq. (21), i.e., 2, — %x,, one should be
aware of cancellations in the expression for Y
Eq. (67), if A < 0. The effect of this can be a
substantial reduction in |¥] and, therefore, in
dynamic stabilization.

Recent experiments by Bodin et al.'’ support the
theoretical results derived here. For this particular
experiment ¥ & 2 and 8, & 0.5, in which case, the
stability condition (70) becomes ¢ > 0.56.

The present scheme of dynamic stabilization
should also have some relevance to a certain class of
bumpy toroidal equilibria. Following Johnson et al.'®
we see that thisis the case when §,>>6,,{=1,2,3, - --
[see Ref. 12 Eqgs. (13) and (21)]. The minimum &
required for a bumpy toroidal system of given aspect
ratio can also be estimated from this theory. Our
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stability condition (70) provides us then with the
answer to how much dynamic stabilization field is
required to make a given equilibrium stable with
the present scheme of dynamic stabilization.

The possibility also exists that the present scheme
can be used for producing dynamic equilibrium*®
under circumstances where no equilibrium would
otherwise exist.

In the context of a nuclear fusion reactor it is clear
that dynamic stabilization will have both economic
and technical difficulties. The application of super-
conducting coils is hardly feasible in the frequency
range where one is operating at present. The rate of
dissipation of energy in the external circuits is
dependent on w,, the frequency of the dynamic
stabilization field. It is, therefore, desirable to
keep w, as low as possible. However, «, must be
about one order of magnitude larger than the
characteristic frequency of the instabilities which are
to be stabilized. But apart from this, the present
results seem to indicate that dynamic stabilization
is most effectively enhanced by increasing the ampli-
tude (e) of the oscillatory fields rather than w,.

On the other hand, an increase in the amplitude
of the oscillatory fields may introduce new problems.
These are the problems associated with parametric
resonances.””® Depending on the effective damping
of the waves being excited, this will probably first
occur as dissipation of the energy fed into the
dynamic stabilization coils, and by increasing the
amplitude further one could drive the resonance
modes unstable.

However, in spite of all these problems, the state
of our present knowledge suggests that one should
make further studies in order to get a better under-
standing of dynamic stabilization and its possible
applications.
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APPENDIX A. THE DYADIC v{ IN CYLINDRICAL
COORDINATES

With 8/86 = ¢m/r we obtain

E %,

" 9z

9%
-+ e.e 02

3.,
? 0z

VE= E' + eqe,

359

+ ereﬂ

+ eqe 05 +T’Lm£0

9%,
: 5 + eq€,

mé,

+ e.e (A1)
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Let a be given as
a=ae, + a.e,; (A2)
then it follows that

¥ , o ( 30 ﬁ)
ar +“‘az>e'+ G g T 0 g )

a-V§= (a,

o e, @y

and
via = (0% + 0 e+ inl (1 - ) 5
a, 8, | a.f.  a. 0%,
—m26r+ r —mzaz] ¢
o, Ok o
+ < 9, T %5, )ez (V-£=10). (A9
Moreover, we obtain
E*’ E_e(*a‘gr+£*lm£r £0+£* E)
Fofpr iy et inh o o)
+e@35+¢ $+?S) (A5)
Now we have from Eq. (31) that
o=~ )~ L Ly )
. a
it = =2+ DEE Lo )
Using Egs. (A6) and (A7) we obtain
sr agr_l_ E*mg +Z£€+E* E
_13)19 _ L 9%,
[(1 m)r ar r e I) ar :I ' (48)

where we have omitted terms of order 4 and 9%/9z,
since they are small of order e. To first significant
order we have

aéz E,

34 + Ea = ar ( £3E.). (A9)
From Eqgs. (A5), (A8), and (A9) we readily obtain

Eq. (33).

APPENDIX B. THE EQUATION OF MOTION IN THE
OSCILLATORY STATE

The forced oscillations are governed by the
following equations to second order:
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— a'l - _ ) d
9—6!;- = —V(p, + B,'B,) an
- o Bl _ pdR

+B,VB +B.-VB,  (BD nVy =B (©3)
8 % + 5 B’ Notice that
— (% + 5,¥]) + V- (p¥(¥]) = (p + ) otice tha
at 2) n d B2

B-VB =g B te ()

+ ﬁl-Vﬁx + Bo'Vﬁz + B2.VEQ- (B2)

By averaging over the fast oscillations and keeping
terms to significant order we obtain

B2
vp + 5) = —V-(p¥i¥)
a
+ B,-VB, + B, B, (B3)
Now, we have
—V-(p¥%¥) + B,- VB,
_ 9
= ["‘ ,',_5; ~’2 (pvrlﬁzl)
4B, 3B, d _ }
+ ar 2 + Ezl a az pﬂrl er
7.0} a ., .
: [“5(1}'—1:—1“ + & @ erZI))
~ OB, B . 9 =~
+Brl-B_1—+ ]z_l—BO:&B (B4)

From Egs. (15)—(20) we can see that ¥ and B have a
functional form which by use of Eq. (B4) permits us
to write Eq. (B3) in the form of Eq. (34).

APPENDIX C. THE SURFACE INTEGRAL

The surface integral of Eq. (27) and the surface
integral of Eq. (32) adds up to

laredote )
ruanv(p+E) Ja
N (2) )

— [l <n-V%Z—H-V%> da+f§;gdz‘

(C1)

We have only kept leading order terms. Now, we

have V xB;, = V xB, = 0. It, therefore, follows
that
2 2
v, - =5
@ 2 /(2
27> 2
= Bf %T + 2630 ﬁvl 6_223_ ] (02)

R. ds 2 °
where B «f eB, (d/ds) £’ e-V and R, is the radius
of curvature of the magnetic field lines in the surface.
The formula

B2
V5 = B-VB + Bx(V xB)

has been used in obtaining Egs. (C2) and (C3).

APPENDIX D. PERTURBATION IN THE VACUUM
MAGNETIC FIELD

Let the perturbation in the vacuum magnetic field
be given by B!. We can then write

B, =Vy, V%= (D1)

or

B/ = V xA, Vx(VxA) =0. (D2

In the first case, Eq. (D1), the magnetic field is
expressed in terms of a scalar potential. This
description introduces some difficulties in connection
with multivaluedness of the potential ¢, see Liist and
Martensen.” In the second case, Eq. (D2), the
magnetic field is expressed in terms of a vector
potential. Since in our symmetric problem multi-
valuedness of ¢ does not present any difficulties, we
shall study the perturbed magnetic field in terms of
Eq. (D1). This means that we shall have to solve
Laplace’s equation. We can Fourier analyse the
# dependence, i.e., ¢ « exp (¢mf) and the resulting
equation is separable in the 7 and z dependence so
one can easily write the general solution in terms of
trigonometric functions of z and Bessel functions of 7.
However, this solution is not very useful since it has
to satisfy boundary conditions along a surface which
is not a coordinate surface in eylindrical coordinates.
The boundary conditions to be satisfied along the
plasma—~vacuum interface can be written as

n-Vy¢ = n-V x(ExB,). (D3)

In view of these difficulties, we shall use the same
method as Haas and Wesson® in obtaining an
approximate solution. We shall neglect the effect of
finite boundaries and mathematically treat these to
be at infinity. For obvious reasons boundaries will
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always have a stabilizing effect unless new physical
features, like a resistive layer at the boundary
surface, are introduced.

By assuming the z dependence in the potential ¢
to be weak, we solve the ordered Laplaces equation
rather than the complete equation, and the proper
solution is given by

v = 0t 0()

We can now write

" exp (im6). (D4)

f]VxA[dr=f [Vy|* dr

Ve Vy

- —fq yn-Vy*ds. (D5

Moreover, we have

oR 9y

0-Viln = 9z 9z

m 2
-5 Y(R) — i + O('Y).

(D6)

From the boundary condition (D3) we obtain

nVy=3@+6+0@, O
where
s _ (0B % azf> (@_ 5 @)
G = B'OR(dz ar + 9z TEE dz + B dz
(D8)
and

N oD §E ‘agr )
oo (5

59B: ., 5 &)
+ e< RZ=—ERTE) (DY)
From Eq. (D6) it follows that
YB) = —n.vy +0e).  (DIO)

From Egs. (D5)-(D10) we then obtain to leading
order

T . 1 [ .
[ 19 xa] dr=EfSR]n-V¢l ds

1G]} de.

-2 [ ver +

Notice that the cross term GG averages to zero in
leading order and that df = dz[1 + O(e®)], where

(D11)
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dt is the arc length along a magnetic field line in the
surface.

From the conservation of magnetic flux in the
plasma column and the pressure jump condition one
obtains

dB,, 2 dR -

= = -1—25;320(1 — Bo). (D12)
We can then write the expression for G?, Eq. (D8), as
P [pa(% R g o ;
G = B"’R(az + % or £B., &z (1 — 28! .

(D13)

Moreover for G?, we can write (overbar means
time average),

2

G =

L (R %k, | g,) t B ‘%—‘

zO—a; E_-

+ R e (ﬂ) + %f(z) + 0.

% (D14)

APPENDIX E. A USEFUL INTEGRAL FORMULAS

The following formulas can easily be derived:

f‘/; dr dz;%f(r, 2) = fdz%‘/;m:) 16,9

— [ %8 g, 2
_ fR(Zl) dr f(r’ 21) _ ‘/\H(zo) dr f(T’ zo)

- [ %8 4w, 5,

where the region of integration @ is r € [0, R(2)]
and z € [z,, 24].
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Exact analytic solutions are obtained to the linearized, two-species Maxwell-Vlasov equations
for the evolution of an initial step-function density discontinuity in an initially neutral, collisionless
plasma. These solutions have been evaluated numerically for hydrogen plasmas with starting tem-
perature ratios 0 < 6 = T,/T; < 30, for times 0 < 7 = w,;t < 100, and over distances into the
original low-density region 0 < n = z/Ait < 12, where A; is the mean thermal speed of ions. For
7 < 1 both species simply free stream. By late times (r 2 30) quasineutrality of the perturbation
has been established, and it is found that: (1) the ion profiles for 8 Z 1 exhibit the appearance of
free streaming at an enhanced ion temperature, suggesting that the strong Landau damping usually
attributed to the low-8 limit might better be termed “ambipolar free streaming,’”” (2) for § ~ 5 they
are self-similar and monotonic with a steep leading edge near n = 6 /2 followed by a broad, arched
trailing edge accounting for half the density rise, and (3) for 8 & 30 they have a steep but spreading
leading edge near 6”2 and general resemblance to the integrated Airy function profile obtainable

through a moment equation treatment retaining only the last damped collective mode.

I. INTRODUCTION

The existence of collisionless ion-acoustic shocks at
high electron-to-ion temperature ratios is now gen-
erally accepted.'™ Therefore, it becomes of interest
to determine how these shocks might form from steep
initial conditions, the temperature dependence of
their profiles, and their ultimate, long-time configura-
tion. The last of these questions can only be answered
by nonlinear analysis, but for weak, laminar shocks,
by analogy with neutral gas theory,’™ the early-
time formation process should be amenable to a
linearized treatment. Thus, we examine the develop-
ment of ion-acoustic fronts from an initial step-
function density discontinuity.

The propagation of weak ion-acoustic waves, in
accordance with the linearized Vlasov—Maxwell equa-
tions, is well understood.”™"' Our task is simply to
determine how these waves are excited by the initial
conditions, and to follow the subsequent evolution
of their envelope. This is readily accomplished with
the aid of Fourier and Laplace transforms. The only
complication lies in the double inversion of these
transforms, and this is surmounted by employing

the procedures of Ref. 7 with insight gained from
the Vlasov—Green’s function study of Weitzner.'
Thus, in Sec. IT we derive exact, analytic solutions
in the form of quadratures for the linearized ion and
electron profiles. Comparison is made with solutions
obtained from two important approximate kinetic
equations describing the motion. Also, the relation-
ship between our linearized solutions and the cor-
responding nonlinear Vlasov solutions is demon-
strated. Finally, we discuss the results of a numerical
evaluation of the exact quadratures in Sec. III.

II. ANALYTIC SOLUTIONS
A. Exact Linearized Equations

We first assume that the plasma dynamics are
governed by linearized Vlasov equations for both
electrons and singly charged ions coupled through
Poisson’s equation:

afx.- . af].' < 4 el afo.- .

4+ u =0,
ot ar Mm;,, OU
. ¢))
'%% = 4.71'6(77/1,- - ’I’Ll‘) = 4:7ref (fla' - fle) du.



