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GUIDING CENTER PLASMA STABILITY OF THE
BUMPY 6 PINCH WITH WEAK PRESSURE ANISOTROPY
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and

G. VAHALA
Department of Physics, College of William and Mary, Williamsburg, VA 23185, U.S.A.

(Received 28 July 1975)

Abstract—The unstable modes and growth rates for the bumpy 6 pinch are considered for the guiding
center plasma assuming a pressure anisotropy of 0(¢) (e represents the slow periodic z-variation of
the axisymmetric equilibrium and the stability relative to their r-variations). It is shown that any
unstable mode in a guiding center plasma has the same form and growth rate as in ideal magnetohy-
drodynamics and vice versa.

1. INTRODUCTION
REeceNTLY, WEITZNER (1973) has considered the one-fluid, ideal magnetohy-
drodynamic (MHD) stability of the bumpy ¢ pinch by performing expansions in
two small parameters: first in £ (a measure of the slow z-variation relative to the
r-variation of the equilibrium and perturbed qualities), then in & (the bumpiness

of the flux surfaces). Thus the equilibrium mangetic field have the form—in
cylindrical coordinates—

BY(r, z)=(BY, 0, BY),
where
B = e[6b(r) sin 67 + (8 sin 262)]+ 0(s) D

BY =[a(r)+8c(r) cos ez + 0(8” cos 2ez)]+ 8(&?),

with the flux function (7, z)

W(r, 2) = o(r) + SYn(r) cos ez + O(8° cos 2ez). )
The equilibrium pressure balance [p® = p“(¢)] is
p*(n+3a’(r) =3, 3)
where p©(¢) = p®(r) + 8p°(r) cos ez + 0(8°). Finally, the equilibrium relations are
o, b(n_ 1 a'(nb()

where primes denote derivatives with respect to the argument.

From the linear stability analysis, Weitzner showed that [assuming all per-
turbed quantities ~exp (im#) in the ignorable coordinate, 6] the m =2 transverse
modes are more MHD unstable than the m =1 mode. Yet experimentally, only
the m =1 mode has been observed [ELLIs et al. (1974), CANTRELL et al. (1974)]. It
should be noted that in MHD one describes the plasma as a single fluid in local
thermodynamic equilibrium obeying macroscopic moment equations with an
isotropic pressure (and an assumed equation of state). Thus MHD is a collisional
model.
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500 M. J. ScuMipT and G. VAHALA

Non-MHD effects, specifically finite ion larmor radius effects, have been
considered by FReIDBERG (1972) and can lead to the suppression of the m=2
growth rates. However, for a high B8 fusion plasma one can no longer rely on the
finite larmor radius stabilization of the unstable m =2 modes. Hence it is of
considerable interest to consider other non-MHD effects. This led WEITZNER
(1974, 1975) to consider the guiding-center plasma (GCP) equations of GRAD
(1961, 1967).

GCP is a collisionless model, derivable from a small larmor radius expansion
of the Vlasov equation, in which the motion of the particles are constrained to
move on magnetic field lines. The field lines themselves move according to a set of
macroscopic moment equations incorporating an anisotropic pressure tensor that
is consistent with the one dimensional {collisionless) kinetic equations describing
the particle motion along the field lines.

Assuming very weak pressure anisotropy of 0(e®) for helically symmetric
equilibria, WEITZNER (1974, 1975) concluded that the kinetic effects of the GCP
model are not sufficient to eliminate any of the MHD instabilities or affect their
growth rates.

In this paper we consider collisionless effects on the bumpy 6 pinch but
assuming a stronger pressure anisotropy, that of 0(¢g). Nevertheless we also find
that the kinetic effects of the GCP model are still not sufficient to eliminate or alter
the MHD growth rates. In Section 2 we briefly outline the GCP equations while
in Section 3 we derive the equilibrium with assumed pressure anisotropy of €(g).
In the stability analysis we find exactly the same local stability criteria for
’=6(1) modes as presented by WEITZNER (1975)—for the non-existence of the
firehose instability. Hence we omit all detaiis of this caiculation. In Section 4 we
consider modes with w®= 0(¢°8%), m# 0. We show that these modes have exactly
the same growth rates as the MHD transverse modes (modes approximately
perpendicular to B®) found by Werrzner (1973). The case m =0 is treated in the
appendix. We summarize our results in Section 5.

2. GUIDING CENTER PLASMA MODEL
We consider a two species (ions and electrons) GCP plasma with the 1D

kinetic equations

3fs WL s A T il— w1 2fio

Py +a+oB) 6x+(K YD) ™ +asT+(B . V)au"— wB)] 3 0, (5)
for the distributions functions fi(x, v, u, t) where v is the particle velocity along a
B line and u is its magnetic moment. Subscript s stands for the ions (i) or

electrons (e), with charge e, and mass m..

B=[Bx, 1, f=

|

es/ s

k=(.VB, oo s g (6)

u(x, t) = perpendicular velocity of the B line
T(x, t) = effective parallel electric field
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fs is normalized so that the mass density, p, = mh, and the mean fluid velocity
along a B line, w,, are given by

ou(x, 1) = Bjdu duf& v f)

(7)
psws(X, ) = BJ(dv du ofi(x, v, u, 1).

Thus the charge density g. = esp/m;, and the current along a B line j; = epsws/ Ms.
The total moments for the plasma are then

p=Lp.  pw=)pw.

The macroscopic momentum balance which governs the motion of the B line
is

p[-a"—t+(u+;§w).V](u+éw)+P=(VxB>xB, (8)

where P is the pressure tensor

P=p.1+BB(p—pu), 9

1 is the unit tensor and the pressure perpendicular and paraliel to the B line is
given by

r

pL=Zspn=BZs:jdvdefs

(10)

=2 pus= st: (dv du(v—w)’f.

The magnetic field is determined by the flux equation
B _vx@xB), (11)

and
V.B=0. (12)
It should be noted that, from (6)

u(x,t).Bx, =0 (13)

and that the component of (8) along B is a consequence of the kinetic equations
(5).

For consistency, and to complete this system of equations (5), (8), (11) and
(12), we require (for singly charged ions)

=Y & _
q(x7 t) - Zs: ms 0
EsPs W, (14)
. _ s s s
](Xa t) - Zs s 0
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and that the integral equation constraint for the effective electrostatic potential @,
(n = n. = no) be satisfied

C5= _EaB (o — PHe]“‘Bz 2. sgn (e)p—pusl, (15)
where the parallel electric field is given by
(%) E=aT=-a(f. V), (16)

and C=2nomme/(m: + m.).

3. GCP EQUILIBRIUM WITH p—p, =0(s)
We consider equilibria with no flow (u+[§w =0) and perform perturbation
expansions in the two small parameters ¢ and 8 introduced in Section 1. From (5)
and axisymmetry, the equilibrium distribution function

O, v, W)= (&, ), (17)

& =1"+uB+a,®=&+a,d (18)

where

and the flux function ¢, representing the coordinates of a B line (B V¢ = 0, with
rBY = —g 8492, rBY = 3yyar), satisfied the elliptic equation (GrAD, 1967)

g8y 1a(lay) 1 __1op’ B)
r oz’ +r8r<rar> rcrw’ Vo=-3 law ’ (19)
with
z=¢% (20)
- 0)
o= 1+E———"i —;—a ﬁ;}‘é”B). (1)

Superscript (0) will be omitted on equilibrium quantities when no confusion
should arise.
Since we assume

phw(dla B)_P(f)(‘l’s B) = @(8)3 (22)
then from (17)
fO =128 )+ 0(e), (23)
on assuming ® = 0(e). From the definitions of pf> and p®, (10)
pid =p8+0(e) = 4\/_J dg &8, v)+0(e), (24)
and of p\”, (7)
p§°>=2~5£, A8 &fO(%, ¥)+ 0(e). 25)
It should be noted from (23) and (18)
of _198f0 _13f°
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/ Since B = 0(1) in ¢, and from (21) and (22), we consider distribution functions
F such that

pi”(4, B) = () + ep{°(y, B)

. 27
PP, B)=pL(d) +p (¢, B), 7
with p[%(¢) = pP(y).
Performing a & expansion on the distribution functions
O 20, w) = o(r, v, w) + 86:(r, v, w) cos 5+ 6(8% cos 27), (28)
and on the flux function
Y(r, 2) = Yo(r)+ 8yn(r) cos 2+ 6(8% cos 25), (29)
we immediately see that
00
PI(W) = p* (o) + 8 (r) L(ih[i/o cos £+ 0(8% cos 23)
= (r) + 8p " (r) cos £+ 0(8% cos 23), (30)
so0 that
p(=p"(,  p. (N =p". (31)
Thus, from (24) and (25)
42 ("
LSOO r)= sQO r =_J dg cg3/2 s
Pus (N=ps (1) 3 ), e (32)
'_aa
o°(r) = 2\6J0 dg €
so that the charge neutrality condition, (14), implies
0(8%: Y asj d€ €%, =0. (33)
s 0

We now derive the explicit GCP equilibrium. From (21) and (22), =1+ 8(¢).
Thus (19) becomes

19/1ay\_ _dp”
r ar<r ar> T dy +0(e), (34)

on using (27). If we now make the identification p”(¢) = pi”(¢) = p(¢), provided
the distribution functions ¢, are choosen such that (32) and (33) hold and that
£:(%, ¥) is a monotonically decreasing function of € [a sufficient condition (KuL-
SRUD, 1962) for the linearized GCP equations to be formally self adjoint],
equation (34) is the same as the elliptic equation of ¢ in the MHD case, except
for an error term of O(¢) instead of 6(e?). Hence for the GCP equilibrium with
pl” = p=6(e)

B, = &[8b(r) sin Z+ 6(8° sin 22)]+ 6(¢?)
B. =[a(r)+68c(r) cos Z + 8(8” cos 22)]+ 6(¢e) (33)
B =B.+6(g*8%),
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with
pHOO — pLOO - 12_(1 _ aZ)
cmpabolidb £
r a a
from (30) and the definition of ¥, we immediately see that
pHOI - pJ.Ol - _alb- (37)

Before we proceed to the stability analysis we note here certain integrals
which will arise in that analysis. If we define

S = 16(05
]mn —J‘O dvj d}.L'U [-L 290’

then because of charge neutrality (33),

Y ado’ =0=Y, aulao’s (38)
and by definition (10),
00
Z Jo' = "g%=%z Jai’ (39

4. TRANSVERSE-LIKE MODES WITH &=0(e8)

We now turn to the linear stability analysis of GCP normal modes with time
dependence ~exp (iwt). For the case @ = (1) in ¢ it is easily seen that for local
stability the distribution functions must satisfy the “firechose” condition—exactly
the same condition as that found by WEiTzNER (1975). Hence we omit all details
of the calcuiation.

We now consider modes with & = 0(&8)

@ = gdw, (40)
so that all perturbed quantities (denoted by superscript (1), where necessary)
~exp (iot+ 1A
plar=id) | (41)
~exp (iebwt) exp (im8) exp (iedlz),

where A =mb+i8lZ with m#0.
The linearized kinetic equation, from (5), is

(1)
(aat+ UB(O) )f(sl) + [as “’(B(m V)B 0)] aéfv

. . ©
+u+oB®) . VO [ T+ - (B MBI Lo =0, (42)

with the flux equation, (11),

B<1

ot —=VxuxB) (43)
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Hence, for non-trivial modes we require u=6(®) and are led to consider the
following scalings (to leading order in &)

u = ie8 exp (iA)[u (r) + 8u,'(r) cos Z+ 0(6” cos 22)] exp (idt)

uo = £8 exp (iA) us (1) + 8us’ cos 7+ 6(8° cos 22)] exp (idt), (44)
and

u, = 0(e*8%),
since u.B” =0, by (13). Since (42) is of 0(&8),

F=exp (IA) g (1, v, w)+ 8g'(r, v, w) cos £+ 6(8% cos 22)] exp (idt), (45)
Ty = &6 exp ((AYiT(r)+ T/ sin £ + 0(8)] exp (i@t). (46)
From (6), (35) and (36), &= 0(¢* and

B°.V)BO=— sin z+ 0(e8%sin 25), (47)

with the operator (B .V)=06(&8). The equilibrium effective electric field

To=—(B. V)CD = 0(&29). (48)
Since ®=0(¢). From (43) B =0(e8), By =0(&8) and B =0(1) so that
5 m=_§_§ : . 0 o ~< dDO__ ,_20 i’ 0)] 2
1B .V)B} - exp(zA)[llaD +sin 2| b I aD " +a2 ur | |+6(ed%,
(49)

where
DY(r) =2 [ (] + 2 ()

) (50)
D) == [r' (W] +7 w'(r).

On substituting (28), (35), (43)-(50) into the linearized kinetic equation (42)
we find that

u,U é_(p_s+ ( DO\) 1 a(Ps

Dogl A (51
Oed): &+ w or Jw+vidy (51)
.. s 1 b u’ b s

s (aD . D° __’ ]13@
[ T+ bar ab a+a v dv 0, (52

T° and T? are determined from the charge neutrality constraint. For the equilib-
rium distribution function this constraint implies [see (14)]

Z as‘(dv du ¢ =0, (53)

while for the perturbed distribution functions

D astv dpugl=0=. astv du g (54)
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Hence, operating on (51) and (52) with Z a; [ do du, yields

Z asIOIS

0 _ ola s
T . Z A (55)
where
" 8es
I Jdv A ol v+o/lov’ (56)
and

'Y, a52J005+(—aD'+-“—; u,")lz a3101s+—1—z asjdv du Mligsf=o (57)
5 a w5 as v v ’

where J..' is defined by (38) [Jmn = Lnn < 7= O)] Note that Z asJoi’ =0, by (38).

41 D°=0=D' FOR M#0
To proceed further we now turn to the momentum balance equation, (8), and
show that D°=0=D". On linearizing (8) and (9), and expanding V.P" using
pi”—p¥ = 0(¢), we find

iedwpo(u+BOw)+V(p" +B . BY)
. —pNB — D, 1© )
+ B<0>(B<0) . V)(PH BP~> + B<o>(B<1> . V)[Pd BE } + K(O’(pﬁ”— pELl)

=B.V)BY+BY.V)BY+0(¢7). (58)

The third, fourth and fifth terms on the left hand side of (58) do not occur in
MHD. From the r, 8 components of (58), using (44),

V" +B2.BY) =0+ 6(?), (59)

in ¢, where superscript — denotes vectors restricted to the 7, 6 plane. Since we
are considering modes with m# 0 (see the appendix for the case m =0) then

pP+RBRO . BY=0+0(s%). (60)
From the definition of p®, (10), (60) becomes
2B?,BY BOy? (0N 2 L e) 2
—(g—[pL +HBO?+ Y (B | dv dp uf =0+ 6(c?). (61)

Performing & expansion on the 6(&°) part of (61) yields after some manipulations
with equilibrium relatiors

0
0(e's"): 2 exp(ia)1+a)=0, 62)
where

Z asIm \2
=) I’ _(Z - 100/ . (63)

S
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However, from the local stability criterion for the firehose instability (derived for
@ =0(1) modes, see WEITZNER (1975) for details), 1+a’I'>0. Therefore (62)
implies

D°=0. (64)
Equation (55) then yields
T°=0, (65)
and from (51)
0
o _Ur 9%,
g w ar (66)

To show D*=0 we consider the 0(°8) equation of (61). After some algebra
we find

D{1+a3r(°7)=o)]

- uolzt_a:_z_w_ a{g(@ J) _( % “sf‘“s)g(?; ‘“)}] ~0
"La’ a dr\ a Y alJe'/dr\  a

on using (36)-(39). Hence <since for local firehouse stability, 1 + a3I‘<c—lo = O) > 0)

D'=0, (67)
so that from (57) and (66)
uo Z asJOIs
T'=—"g& (68)

— -—2 =
aw Y a’Joo’
N

by (38). Thus, to leading order, the parallel component of the perturbed electric
field is zero.

42 TRANSVERSE-LIKE MODES
We now proceed to eliminate w from the momentum balance equatlon (58).

By applymg the operator 1— BB to (58) and remembering that u.®=0=
B(o) © we find

iebwpo(ll + u.2) + &> VO + [:’.(O)G +&9(pi" - p¥)
=B2.V)BY+®BY.V)BY+06(¢%), (69)
where, from (60)
pP+BY . BY =¢£%Q, (70)
and we define
G=B2.V)BP+B".V)BY. (71)

The second, third and fourth terms of the left hand side of (69) contain
contributions from the GCP model and are thus non-MHD like terms. If these
third and fourth terms can be shown to be higher order in 8, namely 0(£°8%), then
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(69) is exactly that equation one would obtain if one were looking at the
> =0(e°6%) transverse modes for the MHD stability of the bumpy 6 pinch
(WerTzneER 1973) for perturbed flow u with

n

B _vx@xB?). (72)
Since: (i) 0(u./8) = 0(ed), i.e., the flow & is mainly perpendicular to B and so a
transverse mode.
(i) V.i=0+6(8%, since D°=0=D", ie., il is incompressible to at least second
order in 8 (in MHD, u is incompressible to all orders in § however the growth
rate of these MHD modes are unaffected provided i is incompressible to second
order in &) and we can introduce a stream function y.
(iii) Because of the incompressibility, the second term in (69) plays no role for
these transverse modes, i.e., as its counterpart in MHD, one eliminates VQ by
taking the curl of (69). The eigenvalue equation for the stream function y is then
the z-component of the curl of (69). This would then be exactly that set of
equations found by WEITZNER (1973) for the MHD bumpy 6 pinch.

43 TO SHOW THAT G=0(e8%), PP-PP=0(6%
From the definition of G, (71), we readily find that

G= saﬁ% a’D'sin 7+ 0(8?)
= 0(8%). (73)
Since, (67), D*=0. From (60),
pP=-B ., BV+0(c?)
= e_xp_% [aa'u’"+ 6 cos (@’ D'+ aa'u' +{acy u)]+ 6(8%) + 0 (74)

Finally, from (10)
B© BY R
i’ =B p§°)+ZS B [dn dv o’ f¢

v

Substitution the & expansion of fi", (45), (51) and (52) and performing the
integration, we find

exp (iA Ja ac a’ ¢
pi” =—La() )[aa’u,o—- 8 cos z(; p|;°1u,°+p“°°{D1 -7 u,°+; u' + u?

}00 AT 0 004!
+u? a(i Y It + b{ u,°<g‘—) } +{£b us + au’ + cu,o—yi}{ﬂ!—}
r& a r ajl a

~wT'a). ads’ +{a2D‘—% u,°} D Juﬂ +0(8%. (75)
Since p”' =—a'b, p° =3(1-a?), and D'= T' =0 with (38) and (39), we see that
pi"—pt'=0(8%. (76)



Guiding center plasma stability of the bumpy 6 pinch 509

The eigenvalue equation for «® and for the stream function xox/ed=
exp (IA) xo(r) + 8x1(r) cos £+ 0(8 cos 22)] exp (iot)—with  r,=my, us= —%’E
[since D°=0= D'; (50), (64) and (67)]—is obtained from the z-component of the
curl of (69). It is of 6(£°8%). The third term of (69) now will have order, from (73),

0(8.G)=0(s"5"), (77)
since to leading order £ =€—8b;l]—z, Bs = 0. The fourth term will now be
0(xLpl”—p'D = 0(8%), (78)

by (76) since &, =(g’8b cos 2)/a+ 0(e*8%), ko =0.

We thus conclude that the collisionless effects of the GCP model are not
sufficient either to stabilize or even alter the growth of the unstable MHD
transverse modes, under a weak pressure anisotropy of 6(g).

5. CONCLUSIONS
In this paper we have considered the guiding center plasma stability of the
bumpy 6 pinch assuming a weak pressure anisotropy of 6(g), It was seen in
Section 3 that a fairly wide class of distribution functions could be chosen such
that the GCP system was formally self-adjoint and that (together with charge and
current neutrality satisfied) the GCP equilibrium was, to leading order in s, the
same as in MHD, on identifying

The stability analysis showed that any unstable mode in MHD has exactly the
same growth in a GCP and vice versa. It should be noted that we do have effects
of the parallel magnetic field force in the kinetic equations, while for helical
symmetry this force is a higher order effect; i.e., for axisymmetry

(B(O) . V)B(O) - @(86)
while for helically symmetry (and pressure anisotropy of €(g°) or 6(g))
(B(O) . V)B(O) = @(82).

(The kinetic equation is of €(e8), for the unstable modes w = 0(e8)).

Acknowledgements—The authors are grateful to Harold Weitzner for valuable discussions and
comments.
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APPENDIX. MODES WITH m=0
We now turn our attention to modes with m =0. From (59)

pY+BY.BY=f(£)+0(e?). (A1)
Applying B 1o (58) gives
- — o
O(e%)+ iedwpow + £f (5) + (B V)["”—B&](”+(B“> ) V){@—E&] =G (A2)

where G is given by (71). We shall assume that the plasma extends to the wall so that the boundary
conditions at the wall r=R, is

f.(u+BOw)
Since fi=Vy/|V¢i, B .ii=0. Hence to leading order in &,
[w] r=r, =0 (A3)

From (A2) we conclude that w=0(1)[uis 6(e8)] and so we assume this longitudinal mode
(significant flow along B line)

r=Ry 0

w =exp (il 82)[wo(r) + dw,(r) cos Z+0(8* cos 2£)] exp (idt)

- ed ar i
fiz)= = exp (il 82)[ fo+ f. sin 2+ 0(8)] (A4)
where f, and f, are constants. u is now expanded in the form
w=igd exp (188 us(r) + u{r) sin £ +0(8)] exp (i) (AS)

As in the MHD calculation we need consider only that part of the leading order term in (A1) and
(A2) which has no trigonometric dependence on Z. Hence from (A2), and orthogonality,

iwpo( Y wo(r) = ilfs. (A6)
Hence
_ 1
wo(r) = o (A7)
o*=Ify. (A8)
From (Al) and (A4) we have, from orthogonality (with m =0),
1+ 2L (g =, (A9)
R PAU
so that, using (A8)
_ w_Z r r/ dr!
) =4 J'O e (A10)

Hence, using the boundary condition (A3), we see that »*= 0. That is, these longitudinal modes with
large flows along a B line do not exist.



