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Relaxation of spheromak configurations with open flux
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The relaxation of several kink unstable equilibria with open flux representative of spheromaks
sustained by dc helicity injection is studied by means of three-dimensional, resistive
magnetohydrodynamic simulations. No external driving is applied, but the initial conditions are
chosen to reproduce the current profiles existing in a gun driven spheromak, which has a high
current density in the open flux region and a low current density in the closed flux region. The
growth and nonlinear saturation of various unstable modes, the dynamo action which converts
toroidal flux into poloidal flux, and the evolution of the \ profile (\=u,J-B/B?) are studied. An
initial condition is found which results in a dynamo that produces enough poloidal flux to
compensate the resistive losses occurred during a characteristic time of the instability. The flux
amplification factor around which this case oscillates is consistent with existing experimental data.
During the relaxation, the central open flux tube develops a helical distortion and the closed flux
surfaces are destroyed. After the relaxation event, close flux surfaces form again but the final profiles
are not fully relaxed and the central open flux tube remains distorted. The effect of the Lundquist
number on the evolution and its impact on the required level of fluctuations are evaluated. Finally,
the dynamics of the system for different current levels in the open flux region is studied. © 2009
American Institute of Physics. [doi:10.1063/1.3264077]

I. INTRODUCTION

Steady state current drive by means of helicity injection
with dc electrodes'? is an attractive sustainment method that
has been used®® or proposed7 in several experiments involv-
ing spheromaks and spherical tokamaks. This method relies
on the relaxation of the magnetic configuration, which is
driven unstable by the voltage applied across the open flux
region. Relaxation theory predicts the required redistribution
of currents,” but it gives no details about the physical mecha-
nism and the dynamics of the system during the current re-
distribution. In agreement with the theoretical predictions,9
experiments indicate that fluctuations with toroidal mode
number n=1 are ubiquitous in helicity-injected spheromaks
and play a central role in the process by which current is
transferred from the driven central open flux region (the
“column”) to the closed flux region (the “annulus”).' It has
been observed that the n=1 fluctuations produce a helical
structure, presumably arising from the finite amplitude satu-
ration of a kink instability, which rotates and has a strongly
asymmetric return (“return column”) around the annulus. !

Ideal linear stability analysis of equilibria relevant to he-
licity injected spheromaks has been carried out, including
both open and closed flux and realistic current proﬁles.12 The
results from Ref. 12 show that the configuration becomes
kink unstable when the open flux current density is in-
creased. It is expected that driven configurations would op-
erate near the stability boundary for this mode. However,
relevant questions like how unstable the configuration
should become in order to produce the required current
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redistribution (which occurs during the nonlinear phase of
the instability), or which is the level of fluctuations associ-
ated with that current redistribution, are beyond the scope of
linear stability analysis. In this paper, we address these and
other questions using numerical simulations.

Numerical simulations have been used to study sphero-
mak dynamics in the past. Katayama and Katsurai'® com-
puted the evolution of decaying spheromaks with several g
profiles in a cylindrical flux conserver without open flux.
Formation and sustainment in both a cylindrical “flux core”
and coaxial gun geometries were studied by Sovinec et al™
They incorporated electrostatic driving in nonlinear magne-
tohydrodynamic (MHD) simulations by applying an axial
current along an artificial layer of high resistivity at the flux
conserver walls. The evolution of an unstable spheromak
equilibrium in a “bowtie” flux conserver without open
flux was simulated by Izzo and Jarboe." Using a fixed
initial condition, having a linear A(y) profile (where
N=uoJ-B/B?, and i is the poloidal flux), they varied the
Lundquist number S over one order of magnitude and iden-
tified a minimum value for flux generation. More recently,16
the evolution of spheromak equilibria inside a cylindrical
flux conserver with different initial N profiles and different S
was studied. While very unstable configurations were ob-
served to fully relax toward the Taylor state, marginally un-
stable cases showed only partially relaxed final profiles. Fur-
thermore, it was found that increasing S led to a higher level
of fluctuations and poloidal flux generation but, despite the
stronger activity, the final level of relaxation was determined
only by the initial condition (in the high S regime considered
there).

In this work, we present the first nonlinear MHD simu-
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lations of configurations having initial \(i) profiles repre-
sented by a tanh function, which were used to fit experimen-
tal data from the spheromak experiment (SPHEX).'® Our
computations also incorporate an open flux region linking a
pair of concentric electrodes at one end of a cylindrical flux
conserver, and can be regarded as a complete study of the
nonlinear phase of the linear instabilities considered in Ref.
12. The evolution of these configurations is computed for the
time scale of the kink instability, which is much smaller than
the resistive time scale (high Lundquist number regime).
This study is focused on the relaxation process that converts
the poloidal current in the open flux region into toroidal cur-
rent in the surrounding closed flux region, leaving aside (for
the moment) the mechanism by which the current in the open
flux is forced.

The stability of the configurations studied here is deter-
mined by the \(#) profile, which is characterized (Sec. II) by
its values in the column (A.) and in the annulus (\,). In
agreement with previous studies,
fixed A\, the kink instability becomes stronger (i.e., it has a
larger growth rate) when \, is decreased. When the instabil-
ity is strong enough, the relaxation of the configuration
brings about the desired effect of flux conversion from tor-
oidal to poloidal. We identify a threshold value for A, above
which the instability is too weak to compensate the resistive
decay of the poloidal flux during the typical time of the
instability (Sec. III D). This threshold lies in the unstable
region of the linear stability map presented in Ref. 12. We
show that when the evolution near this threshold is consid-
ered, the flux amplification factor (A,=,,/ g, where i,
and ¢ are the poloidal fluxes at the magnetic axis and at the
gun, respectively) around which the system oscillates is con-
sistent with experimental observations (for the A, and S em-
ployed). This case is considered as the most representative
of a spheromak in the sustainment phase and is studied in
detail.

In Sec. IIT A several global quantities, including the fluc-
tuation spectrum, and radial profiles are shown. The com-
parison of the final profiles to the fully relaxed uniform A\
state clearly shows that the final configuration is only par-
tially relaxed. The magnetic flux surfaces during this relax-
ation event are analyzed in Sec. III B. Upon instability satu-
ration, the central column exhibits a helical distortion and a
return column which concentrates the return flux. This struc-
ture is similar to that observed experimentally by Duck
et al."" and, up to our knowledge, has not been reproduced
by numerical simulations before. In Sec. III C the component
of the dynamo electric field parallel to the magnetic field is
studied. The effect of the Lundquist number on the instability
evolution and the level of fluctuations required to maintain
A, are discussed in Sec. I E. We also investigate the behav-
ior of the system for different values of A, (Sec. IIT F). Our
simulations indicate that when a higher A\, is imposed, a
stronger instability is required to sustain A, against resistive
decay. Finally, the conclusions are summarized in Sec. IV.

our results show that for a
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Il. SIMULATION DESCRIPTION

Using the versatile advection code,'” we solve the iso-
thermal resistive MHD equations employing a finite volume
method with a total variation diminishing Roe’s approximate
Riemann solver. The V-B=0 condition is maintained using
the projection method."® To simplify the physics, we do not
advance the density. This corresponds to a constant pressure
computation, usually referred to as the zero-B (or zero-
pressure) approximation, widely used when modeling low-83
plasmas.m_16 The MHD equations are normalized using a
length scale R (the flux conserver radius), a density scale p,,
and a typical magnetic field magnetic B,. With these quanti-
ties we can define the velocity scale c,=By/\uopo (Alfvén
velocity), the time scale 7,=R/c, (Alfvén time), and the
current density scale Jo=B,/ uoR. The resulting dimension-
less equations are

P X B
M wve=T2B oy (1)
dt Po

B

— +VXE=0, (2)
ot

where J=VXB, E=—uXxB+7%J, and II=(Vu+Vu")
—2/3(V-u). The parameter v=v/(Rc,) is the dimensionless
kinematic viscosity, and 7%=/ (uoRc,4) is the dimensionless
resistivity. Both are spatially uniform. In this work we use
%=2X 1073 and P,,= ¥/ 7= 1, which are high enough to make
the numerical dissipation introduced by the numerical grid
unimportant.16 The resistive time scale is taken to be
7= Mo/ (77)\%),15 where A\, is the first eigenvalue of the force-
free equation VXB=\,B (for a cylinder with R=h=1,
N1=4.955). The resulting Lundquist number (S=7,/7,) is
~2000.

A uniform Cartesian grid (N, X N, X N,=100X 100
X 50) is used to advance the equations in time and a poloidal
grid (N, X N.=50X50) containing the Fourier coefficients of
the toroidal decomposition is employed to analyze the re-
sults. The geometry considered corresponds to a gun pro-
duced spheromak with a cylindrical flux conserver and
concentric electrodes at one end. The elongation is one
(R=h=1) and the boundary conditions imposed (interpolat-
ing from the Cartesian grid) at the flux conserver are
B-n=0, JXn=0, and u=0 (see Ref. 16 for further details).
At the electrode end (z=0) the poloidal flux (constant during
all the simulation time) is prescribed (see below). With these
boundary conditions there is no energy flux across the
boundary of the domain.

The force-free equilibria studied in the simulations are
obtained by solving the nonlinear Grad—Shafranov equation
with A (\=J-B/B? in dimensionless units) taken as a func-
tion of the poloidal flux'!?

-

= {tanh( 81 - )]~ 1}, 3)

A=)+

where & (6=4 in this study) controls the steepness of the
transition from N\, (in the column) to A\, (in the annulus).
Figure 1 shows the \ profile and flux contours for a typical

Downloaded 26 Jan 2010 to 192.107.52.30. Redistribution subject to AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp



112508-3 Relaxation of spheromak configurations with open flux
) Yy, =const A
T T T “ -
0.8 il 12
06 10
N ’ 8 A 8
0.4 i 6 6
4
02 {f 4
2 0 1 2 3 4
0 <l K v

0 02 04 06 08 1
r

FIG. 1. (Color online) Flux contours and (i) profile for a typical initial
condition.

equilibrium with A,=3.6 and A\.=12. The boundary condi-
tions employed to calculate the equilibria are /=0 at the flux
conserver walls and ¢(r,z=0)=Cysr>(1-r)? at the electrode
end, where C=28.935 is a normalization constant and
Jo=1 is the flux imposed by the gun (see Appendix B of
Ref. 12). The same condition for the flux at the electrode is
applied during the time dependent simulation.

To each initial condition, the corresponding n=1 kink
eigenmode is added, rescaled to have 10~ times the energy
of the axisymmetric equilibrium. In this way the kink insta-
bility is activated immediately at the beginning of the
simulation.'®

lll. RESULTS AND DISCUSSION

In this section we analyze in detail several aspects of the
evolution of the case A\,=12 and A,=3.6 (Secs. IIl A-TII C).
Then we present the numerical results obtained when A, is
varied and A\, is held constant (Sec. III D). These results
justify why we have chosen the case (A\,=12,\,=3.6) as the
most representative of the actual situation during spheromak
sustainment. In Sec. III E we analyze the effect of the
Lundquist number on the evolution. Finally, we study the
effect of varying \, (Sec. III F).

A. Magnetic relaxation and flux conversion

In Fig. 2, left side [(a)—(d)], we show the evolution of the
total magnetic energy and the energy in the n=0 mode (a)
(normalized to their initial value), the energy content of the
n=1, 2, and 3 modes (b) (normalized to the instantaneous
n=0 energy), the poloidal flux at the magnetic axis and the
toroidal flux (c¢) (normalized to the flux of the gun), and the
ratio between the magnetic energy and the relative helicity of
the n=0 mode (defined to be gauge invariant') (d). It is
clear that the growth and nonlinear interaction of the un-
stable modes trigger a relaxation event that begins around
t~ 100 and lasts until 7~ 170. This event is characterized by
a rapid decay of magnetic energy relative to magnetic helic-
ity (sharp drop in the ratio between the energy and the helic-
ity), an increase in the poloidal flux, and a reduction in the
toroidal flux (flux conversion). In the right side of Fig. 2,
panels (e)—(g), we show the initial and final radial profiles at
z=1/2 of the magnetic field (e), N (f), and the toroidal cur-
rent density (g) of the n=0 component. The dashed lines in
Figs. 2(e) and 2(f) correspond to the uniform X\ case that has
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FIG. 2. (Color online) [(a)-(d)] Time evolution of different quantities and
initial and final radial profiles of the (e) magnetic field, (f) N\, and the (g)
toroidal current density.

the same relative helicity that the solution at r=250 (with the
same boundary condition). It is observed that the final con-
figuration is not in a fully relaxed state. However, this partial
relaxation process produces the desired effect of driving a
toroidal current in the closed flux region. Note that despite
the resistive decay, the toroidal current density around the
magnetic axis increases [r,,,~ 0.6, Fig. 2(g)].

B. Magnetic flux surfaces

To visualize the central open flux column, several mag-
netic field lines (60 lines) are followed from the central elec-
trode (at r=0.1, z=0, and uniformly distributed in the toroi-
dal direction) until they come close to the outer electrode for
three different times. They are shown in Fig. 3. The magnetic

=l

N

= —<i\
\\\Q

/

FIG. 3. (Color online) Magnetic field lines beginning at the central electrode
showing the central open flux column at three different times: r=0 (the
axisymmetric one), =100 (the most distorted one), and =250 for the
N.=12, \,=3.6 case.
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FIG. 4. (Color online) Poincaré puncture plots at r=80 and r=140. Darker
points (blue in the online version) correspond to lines beginning at the
electrode, and clearer points (red in the online version) to lines beginning at
the annulus.

lines of the initial column (r=0) return to the external con-
centric electrode axisymmetrically, and they leave the cham-
ber (green lines). At saturation of the kink instability
(r=100) the column (blue lines) exhibits a strong helical dis-
tortion and its return around the outside of the annulus is
strongly asymmetric. A structure of this type has been found
experimentally in SPHEX. !

(a.1) =160

(b.1) t=170

Phys. Plasmas 16, 112508 (2009)

After the formation of this return column most of the
lines do not leave the chamber after one single poloidal turn
(like at =0). Instead, they wander through different regions
inside the flux conserver at different times (see Figs. 4 and
5). It is worth noting that at the final simulation time
(r=250), when the magnetic relaxation event has ceased, the
central column (shown in red lines) remains distorted and the
return column is still present (at a slightly different toroidal
position). This structure is responsible for the persistence of
an n=1 component in the energy spectrum during the last 80
Alfvén times, as shown in Fig. 2(b). The persistence of non-
axisymmetric modes after the relaxation has not been ob-
served in previous simulations in closed configurations, even
in cases with partially relaxed final states.' ¢

The fluctuations destroy the closed flux surfaces, thus
reducing plasma confinement. This is clearly shown in the
puncture plots presented in Fig. 4. In these plots, the blue
lines begin at the central electrode while the red ones begin
at different positions inside the annulus. During the exponen-
tial growth of the kink instability (r=80), the closed flux
region around the magnetic axis shrinks and a magnetic is-
land is formed [Fig. 4(a)]. In Fig. 4(b), it is observed that at
t=140 no closed flux surfaces can be identified. All the lines
followed encounter the electrode before traveling a signifi-
cant distance inside the flux conserver.

After the saturation of the instability and the destruction
of the initial closed flux surfaces, the unstable modes decay
and closed flux surfaces begin to reappear. In Fig. 5 some
magnetic field lines are shown for three different times (up-
per row), sketching the formation of new closed flux sur-
faces. The corresponding Poincaré puncture plots are shown
below each graph. At r=160 two magnetic field lines (one
red and one green) trace two new closed structures. The
length of these lines is 3000 times the radius of the flux
conserver. They can also be observed in the corresponding
puncture plot in green (the green line) and in black (the red

(c.1) =180

-1 -05 0 05 1 -1 -05

0s -1 05 0 05 1

FIG. 5. (Color online) Formation of new closed flux surfaces. Magnetic field lines from the electrode show the central and the return flux columns. In addition,
magnetic field lines associated with some of the closed structures observed in the puncture plots are shown.
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FIG. 6. (Color online) Magnetic energy density of the n=1 mode at
t=250 in the poloidal plane.

line). Ten Alfvén times later, the magnetic field lines begin-
ning at the annulus concentrate around the magnetic axis,
forming some nested closed flux surfaces surrounded by a
chaotic region [Fig. 5 (b.2)]. In the final panel of Fig. 5 we
can see that the nested flux surfaces occupy a larger volume
around the magnetic axis, while the chaotic region becomes
thinner. It is observed that these closed surfaces are nearly
axisymmetric, while most of the n=1 component
remaining from the instability is associated with the distor-
tion of the central column. Figure 6 shows the poloidal dis-
tribution of the magnetic energy density of the n=1 mode at
t=250. The n=1 distortion localized in the central column
remains until the end of the simulation.

Phys. Plasmas 16, 112508 (2009)

C. Dynamo effect

The MHD dynamo electric field parallel to the
n=0 component of the magnetic field is defined as
E;=(vXb)-B,_y/B,—o, where v and b are the nonaxisym-
metric fluctuations of the velocity and the magnetic field in
the plasma, B,_, is the n=0 component of the magnetic field
and (-) denotes toroidal averaging. Figures 7(a)-7(f) show
color map plots of the instantaneous rEy (E, times the ra-
dial coordinate r), for several times during the relaxation
event, when the poloidal flux amplification takes place. The
black contour separates dynamo (E4>0) from antidynamo
(E;<0) regions. At r=100 [Fig. 7(a)] a strong antidynamo
localizes near the symmetry axis while a relatively weak dy-
namo appears in the closed flux region. As time advances,
the dynamo region concentrates toward the magnetic axis
and is surrounded by an antidynamo region. At =140 [Fig.
7(c)] there is a strong dynamo at the magnetic axis and a low
value of |[rEy| in the rest of the plasma. After this time the
dynamo region fans out again. Finally, at 7=170 [Fig. 7(f)] a
complex structure is observed having weak dynamos and
antidynamos in different regions (note the different scales in
Fig. 7).

Figure 7(g) shows N\ as a function of the poloidal flux,
for the n=0 component, at different times during the relax-
ation period. This is done by plotting the pair of values
(#;;,\;j), obtained for each point of the poloidal grid, in the
—\ space. In a perfectly axisymmetric equilibrium there
should be only one value of \ for each value of . However,
when the flux surfaces are destroyed by the fluctuations this
is no longer true. In agreement with the puncture plots, it is
seen that at =170 the plot begins to collapse into a single
line. We note that during the relaxation, the dynamo region
in the annulus evolves following roughly the contours of
constant ¢. This behavior induces a wavelike motion in the
N (i) profile, as observed in Fig. 7(g).

0
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FIG. 7. (Color online) [(a)—(f)] Instantaneous MHD dynamo electric field (multiplied by the radial coordinate) parallel to the axisymmetric component of the
magnetic field. The black contour separates dynamo (Ey>0) from antidynamo (E,;<0) regions. (g) N(¢) profiles for several times during the relaxation

period.
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FIG. 8. (Color online) (a) Temporal average of E times the radial coordi-
nate. (b) Comparison between initial and final A(#) profiles.

The time average of the dynamo field (multiplied by r)
computed over the full evolution is shown in Fig. 8(a). We
observe an antidynamo region near the geometric axis and a
dynamo region along the magnetic axis with similar magni-
tudes. At the interface between the column and the annulus a
structure with dynamo and antidynamo zones appears. The
overall effect of the relaxation on the \(i) profile can be
observed in Fig. 8(b). The final profile is not flat, but the
current has decreased in the open flux region (¢)<<1) and
increased in the closed flux region (> 1), as expected from
the mean dynamo effect shown in Fig. 8(a). Besides the evo-
lution of A(#) caused by the dynamo action observed in
Fig. 7(g) (the dynamo takes place in the time interval of
100<r<170), the \ profile is smeared out by resistive dif-
fusion, as noted when one compares the final profile shown
in Fig. 8(b) with the profile at t=170 in Fig. 7(g).

D. Evolution for an imposed A,

It is expected that during spheromak sustainment, A will
be determined mostly by the gun and A\, will be maintained
close to the stability boundary by the dynamo action of the
kink. For a given value of A\, the stability of the central
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FIG. 9. (Color online) (a) Evolution of the flux amplification factor and (b)
ratio between the magnetic energies of the n=1 and n=0 modes for three
cases. [(c)—(e)] Initial and final radial N\ profiles of the n=0 component at
z=0.5.

column to the kink mode is controlled by \,.'**' In Fig. 9(a)
we show the flux amplification factor as a function of time
for A.=12 and three values of \,. The three cases are kink
unstable but the behavior of A, changes significantly with
relatively small changes in A, When \,=3.8 the flux gener-
ated by the fluctuations is not enough to prevent A, from
decreasing rapidly. When \,=3.4 (most unstable) a large flux
amplification occurs and the final A is larger than the initial
one. Finally, when \,=3.6, A " oscillates around 4.4 and we
can conclude that the relaxation process produces enough
poloidal flux amplification to compensate the resistive
decay in the typical time scale of the instability. This is the
reason why we study this case in more detail in Secs.
11 A-TII C.

In Fig. 9(b) we show the ratio between the magnetic
energies of the n=1 and n=0 modes. This is an important
parameter because it indicates the level of fluctuations that
would be needed to sustain the configuration. In accordance
with previous linear stability results, the growth rate of the
instability increases when A\, decreases.'? Furthermore, the
instability saturation level is higher for the more unstable
cases. After saturation, the n=1 fluctuation decreases down
to a small but finite level. It was already mentioned that this
feature was not observed in previous simulations without
open flux, where a wide range of unstable initial conditions
was studied,'® and it is associated with a helical distortion of
the central column (Fig. 6). As observed in Fig. 5(c), this
remaining distortion does not prevent the formation of closed
flux surfaces around the magnetic axis.

The radial N\ profiles of the axisymmetric part of the
solution are shown in Figs. 9(c)-9(e). We observe a very
different behavior between the cases with N,=3.8 and
A,=3.6. However, the more unstable situation produced by
further decreasing A, down to 3.4 produces only minor
changes in the final radial \ profile when compared with the
A,=3.6 case. We conclude that a critical N\, exists for the
relaxation process, above which no significant redistribution
of \ and no significant poloidal flux generation occur. This is
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FIG. 10. (Color online) (a) Evolution of the flux amplification factor and the
(b) ratio between the magnetic energies of the n=1 and n=0 modes for three
values of S.

the threshold around which we expect that the normal opera-
tion of a helicity-injected spheromak will take place. Note
that this threshold lies in the unstable region of the stability
map predicted by linear MHD stability computations.12 The
value of A, at this threshold oscillates around 4.4 for the
imposed A.=12, which is consistent with experimental ob-
servations in SPHEX.*

E. Effect of the resistivity

The level of fluctuations required to sustain the configu-
ration is a crucial question in spheromak research. The evo-
lution of the system around the threshold described in Sec.
III D involves a certain level of fluctuations (Fig. 9). It is of
interest to study how this evolution and the associated level
of fluctuations are modified by the Lundquist number. Figure
10 shows the evolution of Ay and W,_,/W,_, for three dif-
ferent values of S. The three cases have A,=12 and different
values of A, indicated in the figure. The new Lundquist
numbers are obtained by setting %=5X 107 (S~ 800) and
7=1X10"* (§~400). Besides a more rapid resistive decay,
when S is decreased, the saturation level of the n=1 mode
and the flux generation produced by a given unstable initial
condition become lower (compare, for instance, the \,=3.4

Phys. Plasmas 16, 112508 (2009)

case with S~ 2000 in Fig. 9 and with S~ 800 in Fig. 10).">'
Thus, in Fig. 10, we compare three cases having different S
and \,, in such a way that the initial configuration is more
unstable when S is lower.

The evolutions shown in Fig. 10 indicate that when less
resistivity is present, the fluctuations needed to sustain the
configuration have a smaller saturation value and also a
smaller growth rate. Therefore, we expect that in a quasi-
steady situation, the fluctuations should not only decrease
their amplitude but also become less frequent when § is in-
creased. We also note that these results suggest that the value
of § affects the maximum level of A, that the system can
achieve for a given \..

F. Evolution for different values of A,

While A, is externally imposed by the gun, the relaxation
produced by the evolution of the kink instability will cause
the system to oscillate around the threshold value of \,, be-
low which significant current redistribution occurs and
enough poloidal flux to sustain the configuration is gener-
ated. The search for this threshold is done for different A\,
values (S~ 2000 in all cases). Figure 11(a) shows A, for four
different pairs of values of A\, and A\, very close to this
threshold. The level of fluctuations resulting in these cases is
shown in Fig. 11(b). It is interesting to note that the smallest
values of A require the largest relative values of the fluc-
tuations (at saturation) and vice versa. Conversely, the
growth rate of the n=1 mode is lower for the cases with
larger saturation values.

The results shown in Fig. 11(a) suggest that a sustained
spheromak should have a larger A, when the current im-
posed by the gun is increased (larger \,.). However, as the
value of A, is increased the dynamics of the relaxation be-
comes faster, as observed in Fig. 11(b), so the system moves
across regions with larger growth rates in the stability
map.lz’21 This implies that at higher \. values the relaxation
redistributes the current in a shorter time scale. The current
redistribution involves an increase in the toroidal current in
the annulus and a decrease in the mainly poloidal current in
the central column (Fig. 8).

IV. CONCLUSIONS

We studied the nonlinear evolution of several force-free
equilibria inside a cylindrical flux conserver having open
magnetic flux using the zero-f resistive MHD model. No
external driving was applied but the initial conditions were
chosen to simulate the conditions existing in a gun driven
spheromak. These initial conditions have an almost stepwise
current profile with a high current density in the open flux
region (\,.) and a low current density in the closed flux re-
gion (\,). The pair of values (\.,\,) controls the stability of
the configuration to the kink mode.

We computed the evolution of several equilibria having
the same A and different values of \,,. A threshold value was
found for A, above which the instability produces neither a
significant \ redistribution nor enough flux amplification to
sustain the configuration. The threshold for A, is 3.6 when
A.=12 and lies in the unstable region of the linear stability
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FIG. 11. (Color online) (a) Flux amplification factor evolution for four cases
with different initial values of (\.,\,). (b) Ratio between magnetic energies
of the n=1 and n=0 modes.

map.]2 Alternatively, one can think that the stability is con-
trolled by the flux amplification factor since, when A. is
fixed, there is a one to one correspondence between A\, and
Ay In that sense, the computations presented in this work
indicate that when A, is higher than 4.4, the kink instability
becomes too weak to sustain the configuration (for
S ~2000 and A .=12). This picture is very consistent with the
experimental observation of a self-limiting current drive pro-
cess which switches on if the annulus current falls too low
and switches off if it is too high.”

The case \,=12 and \,=3.6 was studied in detail be-
cause it is considered the most representative of the actual
relaxation process during spheromak sustainment. We ob-
served that the instability induces enough flux amplification
to sustain the configuration, but the final profiles are far from
a Taylor state with uniform A. We also studied the behavior
of the magnetic flux surfaces during this relaxation process.
The central column of open flux develops a helical distortion
which concentrates the return flux in a narrow toroidal re-
gion. This helical structure with a return column is very
stable since it remains after the relaxation process has fin-

Phys. Plasmas 16, 112508 (2009)

ished, leaving small but finite »>0 components in the final
configuration. This behavior was not observed in previous
simulations without open flux.'

During the flux amplification, when the MHD dynamo is
active, the initially closed flux surfaces are completely de-
stroyed. After the end of the dynamo action, new nested
surfaces surrounding the magnetic axis are rapidly formed.
These new closed flux surfaces have an almost axisymmetric
shape, while the n >0 modes remaining in the energy spec-
trum at the end of the simulation are concentrated near the
distorted central column.

We studied the evolution of the MHD dynamo electric
field parallel to the n=0 component of the magnetic field. A
strong antidynamo (E;<0) is observed at the geometric
axis. The dynamo region is initially distributed over the an-
nulus, then it concentrates near the magnetic axis and it fi-
nally fans out again, ending with a complex structure of
weak dynamo and antidynamo regions. The dynamo region
advances approximately following surfaces of constant po-
loidal flux, thus producing a wavelike motion in the \(i)
profile. This kind of evolution is probably responsible for the
empirical fact that a tanh profile for N does not fit the field
data any better than a simple linear function of the flux.'?
The time averaged dynamo field (times the radial coordinate)
exhibits an antidynamo region near the geometric axis and a
dynamo region around the magnetic axis with similar mag-
nitudes. At the interface between the column and the annulus
a structure with dynamo and antidynamo zones appears.

We studied the effect of the Lundquist number on the
evolution. When more resistivity is present, the resistive de-
cay is faster and the flux generation produced by a given
unstable initial condition is smaller. Therefore, the system
requires more unstable current profiles for sustainment,
which leads to more frequent and larger fluctuations. As a
result, the value of A, around which the system oscillates for
a given A\, decreases with S.

The critical A, below which the instability evolution pro-
duces a significant current redistribution and enough flux
amplification to sustain the configuration was explored for
different A, values. The results clearly indicate that A, in-
creases with \.. This behavior was observed in experiments
but only below a critical value of N, (~12.5).> Above this
limit the flux amplification of the configuration adopts a con-
stant value. A possible explanation for this discrepancy can
be drawn from dynamical considerations using the results
presented here. In our simulations the external driving is in-
troduced in the initial condition, so we can arbitrarily set any
current level in the open column. However, the current level
of the central column is the result of a competition between
the external driving of the gun, which tends to increase this
level, and the relaxation induced by the kink instability,
which tends to decrease it. The results presented in this paper
show that the dynamics of the relaxation becomes faster for
higher A\, values. Therefore, in order to sustain the configu-
ration at a higher A, the external driving mechanism should
be able to raise the current level of the open column more
rapidly. With this consideration in mind, the critical value of
A, above which A, is constant could be due to the fast dy-
namics of the relaxation process that prevents the current in
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the open column from reaching higher values. Nevertheless,
this conjecture remains to be tested, for instance, introducing
a realistic model for the dynamics of the external driving
process.
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