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Observation (Van Allen probes) of 
Whistler waves excited by 
anisotropic supra-thermal 
electrons.  
GRL 44, GL075824 (2017). 



Previous theories rely on the following equations for chorus excitation.
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Wave amplitude variation by jE.

Wave frequency variation by jB.

Current densities jE and jB are calculated using the phase space density, f.

There is no equation for evolution of f, which is needed to study the generation of chorus.

Omura et al., JGR, 2009



The now famous frequency chirping rate equation was obtained assuming a form of f.

Assume a function form of f  
with a phase space hole for simplicity, 

f(vk, v?, ⇣) = g(vk, ⇣)�(v? � v0)

Calculate jE using f, and maximization of jE gives, 

A very successful relation. But we still need the evolution equation of f to make PREDICTIONS.

where f (vk, z, v?) is the distribution function of energetic
electrons. It is noted that the cold electrons supporting the
whistler-mode waves are not included in the distribution
function. To evaluate the contribution of the term involving
JB/BW in (30), we assume that jJBj ! jJEj. We justify this
assumption below. Equation (29) describes the growth of
the wave amplitude Bw. We can alternatively write

dBw

dt
¼ wiBw; ð33Þ

where wi is the wave growth rate. Equating the right-hand
sides of (29) and (33), we obtain

JE
Bw

¼ % 2wi

m0Vg
: ð34Þ

Setting jJEj = jJBj in (34), we determine the magnitude of
the right-hand side of (30) as
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Substituting (35) into (30), we obtain the result,

c2k2 ¼ w2 1' 2wi
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When wi ( w, equation (36) reduces to the cold plasma
dispersion relation for a whistler-mode wave (1). Thus, the
derivation of the expression for the inhomogeneity ratio
(28) is valid so long as the condition wi ( w is satisfied.
[18] For simplicity of the analysis, we neglect the varia-

tion of the perpendicular velocity v?. We assume a delta
function for the velocity distribution of resonant electrons at
an average value V?0, i.e.,

f vk; z; v?
$ %

¼ g vk; z
$ %

d v?% V?0ð Þ: ð37Þ

We then have

JE ¼ eV 2
?0

Z 2p

0

Z 1

%1
g vk; z
$ %

sin zdvkdz: ð38Þ

From (34) and (38) it follows that the phase angles z of
resonant electrons determine the rate of wave growth and
damping.
[19] Let us examine the dynamics of a resonant electron

as described by equation (27) [Dysthe, 1971; Vomvoridis
and Denavit, 1979; Matsumoto and Omura, 1981]. Intro-
ducing the variable q = k (vk % VR), we rewrite (27) in the
form,

dz
dt

¼ q; ð39Þ

and

dq
dt

¼ w2
tr sin z þ Sð Þ; ð40Þ

where wtr = wtdg%1/2, and we have assumed that vk ! VR,
i.e., q ! 0. Eliminating the time variable t from (39) and
(40) gives

q dq ¼ w2
tr sin z þ Sð Þ dz: ð41Þ

Integrating (41), we obtain the equation for the trajectories
of electrons in (q, z) phase space as

q2 þ 2w2
tr cos z % Szð Þ ¼ C; ð42Þ

where C is a constant. In Figure 1, we plot the family of
electron trajectories for S = %0.4. The first-order and
second-order resonance conditions q = 0 and dq/dt = 0 are
satisfied at two different phases z0 and z1 that satisfy sin z +
S = 0. At q = 0, the phase z0 represents a stable equilibrium
point around which trapped resonant electrons rotate in
time. The phase z1 represents an unstable saddle equili-
brium point. The separatrix of the trapping region originate
from this saddle point. Substituting the saddle point values
(q = 0, z = z1) into (42), we obtain the equation for the
separatrix,

qs zð Þ ¼ 'wtr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 cos z1 % cos z þ S z % z1ð Þ½ *
p

; ð43Þ

for z1 < z < z2, where z2 is the phase of the separatrix
crossing q = 0. The separatrix boundary of the trapping
region plays an important role in the formation of the
resonant current JE, as reported by Omura and Summers
[2006]. Under the action of a slowly varying whistler-mode
wave packet, there develops an electromagnetic electron
hole in the phase space (vk, z). This is because the initially
trapped resonant electrons inside the trapping region are
guided along the resonance velocity, while the untrapped
electrons outside the trapping region cannot cross the
separatrix so far as the structure of the trapping region
remains constant. Owing to the variation in Bw, v?, and the
gradient of the static magnetic field, however, the values of
S and wtr change. When the absolute value of S decreases,

Figure 1. Trajectories of resonant electrons in the (q % z)
phase space for the inhomogeneity ratio S = %0.4. The
phase angle z0 is the center of trapping motion, while z1 and
z2 indicate the boundaries of the trapping region at q = 0.

A04223 OMURA ET AL.: GENERATION PROCESS OF CHORUS EMISSIONS

5 of 14

A04223

Omura et al, JGR, 2008
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Different ways of calculating f lead to different numerical factors in the chirping rate - 
amplitude relation.
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The purpose of this work is to propose a self-consistent model for chorus excitation.

• Assume the spectrum is nearly monochromatic with (k, ωk). 

• Instability causes particle redistribution in phase space. 

» Growth rate spectrum changes. 

» Particle distribution function needs to be computed self-consistently.  

• A familiar model is the quasilinear theory; applicable to 𝝉ac ≪ 𝝉NL. 

• For chorus, we will need the equation of f applicable to the more general regime: 𝝉ac ~ 𝝉NL.



A symbolic way to derive the equation of f:

Introduce the phase angle 𝛩 between v⟂ and the wave magnetic field δB:

⇥̇ = ⌦+ kvk � !k, where ⌦ = ↵̇ and ↵ ⌘ gyrophase

It’s convenient to write the equilibrium distribution function as  

f0 = f0(E , µ) with E ⌘ v2/2, and µ = v2?/2B

Assume the field of the kth mode: �E = �Ek(t)e
i(kz�!t)
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A symbolic way to derive the equation of f:

Considering the time variation of f0(t) and the wave field, the Vlasov equation for the perturbed f is
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Symbolically, the perturbed distribution function can be written as:
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A symbolic way to derive the equation of f:

Linear Response

Assuming slow time variation of the wave field compared with 1/ω => simplified but intuitive picture 
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Plug the equation of δfk into the equation of f0  =>  the Dyson equation.

The evolution equation for f0(t) consistent with δEk and δfk is
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Non-perturbative approach to f0 
(single particle Green’s function). 
Related with the Functional 
Renormalization Group 



These equations describe the wave particle interaction (emission & absorption) process.

44th EPS Conference on Plasma Physics F. Zonca, X. Tao and L. Chen P2.412 – 19

Dyson equation approach

✷ Nonlinear dynamics takes place through the self-consistent non-linear evo-
lution of the supra-thermal particle distribution function f0(t), accounted
for by its Laplace transform f̂0(ω).
[Chen & Zonca RMP 2016]

44th EPS Conference on Plasma Physics F. Zonca, X. Tao and L. Chen P2.412 – 19

Dyson equation approach

✷ Nonlinear dynamics takes place through the self-consistent non-linear evo-
lution of the supra-thermal particle distribution function f0(t), accounted
for by its Laplace transform f̂0(ω).
[Chen & Zonca RMP 2016]

generally requires numerical solution



A symbolic way to derive the equation of f:

The evolution equation for f0(t) consistent with δEk and δfk is
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Assuming slow time variation of wave field compared with 1/ω => simplified but intuitive picture 
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Tao et al., GRL, 2017; Tao et al., PPCF, 2017
In limit of resonant & non-adiabatic dynamics ) |⇥̇| . @t



For coherent non-adiabatic resonant w/p interaction, the equation is wave-like in phase space. 

Considering resonant particles only and combining the two equations give

Notes: 
• The equation demonstrates the ballistic propagation of the resonant structure. 

• Maximization of the power transfer gives, with preliminary approximations, 

d

dt
vr ⇡ !k

k2|vr|
!2
tr ) @!k

@t
⇡ !k

⌦0 � !k

✓
1� vr

vg

◆�2

!2
tr

@2f0
@t2

=
e2

m2
v?|�Ek|2


@

@E +

✓
1�

kvk
!k

◆
1

B

@

@µ

�
v?


@

@E +

✓
1�

kvk
!k

◆
1

B

@

@µ

�
f0

=
e2

m2
v?|�Ek|2

@

@E

����
C

v?
@

@E

����
C

f0, where C ⌘ E � µB(!k/⌦)



Summary

• We derived the Dyson equation for the evolution of f in case of coherent wave particle 
interaction.  

• Combined with wave evolution equations, this provides a self-consistent theoretical 
framework for chorus excitation. 

• Preliminary results based on maximization of power transfer gives the chirping rate — 
amplitude relation that is qualitatively consistent with previous ones. 

• Future work is needed to solve these equations numerically.

For other applications of the Dyson equation, see 
Chen and Zonca, Rev. Mod. Phys., 2016;  Zonca et al., EPS, 2017



Discussion and Future Work

• Work in progress with N. Carlevaro, M. Falessi and G. Montani  

• Chorus generation analogous to the beam-plasma system 

• Transport problem in magnetized plasmas aims at predicting f0  evolution due to self-
consistently evolving fluctuation spectrum 

• Generalized “Dyson-like equation” (non-perturbative renormalized equation for f0 in general 
geometry) 

• Theoretical method for developing first principle based reduced transport models.


