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STANDARD COSMOLOGICAL MODEL ΛCDM
COSMOLOGICAL CONSTANT Λ + COLD DARK MATTER

Planck collaboration, Planck 2015 
result, XIII. Cosmological parameters, 
A&A 594, A13 (2016). 

o Ordinary Matter (barionic matter and radiation)

o Dark Matter

WIMP? (Weakly Interacting Massive Particles)

Axions?

o Dark Energy

Cosmological constant Λ?

ΛCDM 

«CONCORDANCE MODEL»
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STANDARD COSMOLOGICAL MODEL ΛCDM
COSMOLOGICAL CONSTANT Λ + COLD DARK MATTER

𝑑𝑠2 = 𝑑𝑡2 − 𝑎2 𝑡
𝑑𝑟2

1−𝑘 𝑟2
+ 𝑟2 𝑑𝜃2 + sin2 𝜃 𝑑𝜑2

FLRW metric

(Friedmann-Lemaître-

Robertson-Walker)

𝑎(𝑡): scale factor

k: curvature parameter

𝐻 𝑡 : Hubble function

ሷ𝑎

𝑎
= −

𝜒

6
𝜌 + 3 𝑝 +

Λ

3

𝐻2 𝑡 =
ሶ𝑎

𝑎

2

=
𝜒 𝜌 + Λ

3
−

𝑘

𝑎2

❑ I Friedmann equation

❑ II Friedmann equation (acceleration equation)

GR + cosmological constant Λ

𝑇𝜈
𝜇
=

𝜌 0 0 0
0 −𝑝 0 0
0 0 −𝑝 0
0 0 0 −𝑝

Stress-energy tensor

of cosmological fluid

𝜌 = 𝜌(𝑡) energy density

𝑝 = 𝑝(𝑡) pressure

FLRW dynamics

Homogeneous and 

isotropic Universe

ሷ𝑎

𝑎
> 0

𝑝𝐷𝐸(𝜌𝐷𝐸) = 𝑤 𝜌𝐷𝐸

𝑤 < −1/3 Dark Energy

𝑤 = −1 → Λ
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HUBBLE CONSTANT

TENSION

Cosmic expansion and Hubble law

Di Valentino et al. (2021), Invited Review, arXiv:2103.01183

𝑣𝑔 = 𝐻0 𝑑



PHD STUDENT 

SCHIAVONE TIZIANO
AN INCONSTANT HUBBLE CONSTANT ?               PLUS Meeting – 24/06/2021Slide 6

HUBBLE 

CONSTANT

TENSION

Dainotti et al. (2021), 

ApJ 912, 150    

(arXiv:2103.02117)

𝐻 𝑡 = 𝑡0 =

𝐻 𝑧 = 0 ≡ 𝐻0

Hubble constant
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TYPE IA SUPERNOVAE (SNe Ia)

Credit:NASA/JPL-Caltech

Credit: NASA/CXC/M Weiss

SNe Ia as standard candles

Chandrasekhar mass limit ∼ 1.44 𝑀⊙
Fixed absolute magnitude
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LUMINOSITY DISTANCE 𝒅𝑳
Euclidean space, static Universe Expanding Universe

𝐹 =
𝐿

4𝜋𝑑𝐿
2

𝑑𝐿 𝑧 = 𝑎0 𝑟 (1 + 𝑧)

Observed flux

Luminosity

distance

Flat geometry (k=0)

𝑑𝐿 𝑧 = 1 + 𝑧 න
0

𝑧 𝑑𝑧′

𝐻(𝑧′)
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LUMINOSITY DISTANCE 𝒅𝑳
Luminosity distance

depends on the 

cosmological model

𝑑𝐿 𝑧 = 1 + 𝑧 න
0

𝑧 𝑑𝑧′

𝐻(𝑧′)
𝐻 𝑧 = 𝐻0 𝐸(𝑧) Ω𝑖0: cosmological

density parameters

m: matter

r: radiation
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LUMINOSITY DISTANCE 𝒅𝑳
Luminosity distance

depends on the 

cosmological model

𝑑𝐿 𝑧 = 1 + 𝑧 න
0

𝑧 𝑑𝑧′

𝐻(𝑧′)
𝐻 𝑧 = 𝐻0 𝐸(𝑧)

𝐸 𝑧 = Ω𝑚0 1 + 𝑧 3 + Ω𝑟0 1 + 𝑧 4 + ΩΛ►ΛCDM model

Ω𝑖0: cosmological

density parameters

m: matter

r: radiation
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LUMINOSITY DISTANCE 𝒅𝑳
Luminosity distance

depends on the 

cosmological model

𝑑𝐿 𝑧 = 1 + 𝑧 න
0

𝑧 𝑑𝑧′

𝐻(𝑧′)
𝐻 𝑧 = 𝐻0 𝐸(𝑧)

𝐸 𝑧 = Ω𝑚0 1 + 𝑧 3 + Ω𝑟0 1 + 𝑧 4 + ΩΛ

𝐸 𝑧 = Ω𝑚0 1 + 𝑧 3 + Ω𝑟0 1 + 𝑧 4 + ΩDE0 exp 3න
0

𝑧 𝑑𝑧′

1 + 𝑧′
1 + 𝑤(𝑧′

►ΛCDM model

► wCDM model

𝑤 = 𝑤(𝑧)

Ω𝑖0: cosmological

density parameters

m: matter

r: radiation
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LUMINOSITY DISTANCE 𝒅𝑳
Luminosity distance

depends on the 

cosmological model

𝑑𝐿 𝑧 = 1 + 𝑧 න
0

𝑧 𝑑𝑧′

𝐻(𝑧′)
𝐻 𝑧 = 𝐻0 𝐸(𝑧)

𝐸 𝑧 = Ω𝑚0 1 + 𝑧 3 + Ω𝑟0 1 + 𝑧 4 + ΩΛ

𝐸 𝑧 = Ω𝑚0 1 + 𝑧 3 + Ω𝑟0 1 + 𝑧 4 + ΩDE0 exp 3න
0

𝑧 𝑑𝑧′

1 + 𝑧′
1 + 𝑤(𝑧′

►ΛCDM model

► wCDM model

𝑤 = 𝑤(𝑧)

Ω𝑖0: cosmological

density parameters

m: matter

r: radiation

𝑤 𝑧 = 𝑤0 +
𝑤𝑎 𝑧

1 + 𝑧
► 𝑤0𝑤𝑎CDM model

CPL parameterization

(Chevallier-Polarski-Linder)
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DISTANCE MODULUS 𝝁
From the underlying theoretical

cosmological model:
𝜇𝑡ℎ = 5 log10 𝑑𝐿 + 25

It depends on the luminosity

distance expressed in Mpc

𝜇𝑜𝑏𝑠 = 𝑚𝐵 −𝑀 + 𝛼 𝑥1 − 𝛽 𝑐 + Δ𝑀 + Δ𝐵

From SNe Ia observations:

Modified Tripp formula

B-band apparent

magnitude

Absolute 

magnitude

for x1=0=c
Stretch 

parameter

Color 

parameter

Host-galaxy

mass correction

Bias correction

Betoule et al. (2014), A&A 568, A22

Scolnic et al. (2018), ApJ 859, 101

Tripp (1998), A&A 331, 815
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PANTHEON SAMPLE ANALYSIS

1048 spectroscopically confirmed SNe Ia from different surveys (PS1, SDSS, 

ESSENCE, SNLS, SCP, GOODS, CANDELS/CLASH)

𝜒2 = Δ𝜇𝑇𝐶−1Δ𝜇

Scolnic et al. (2018), ApJ 859, 101

Δ𝜇 = 𝜇𝑜𝑏𝑠 − 𝜇𝑡ℎ

𝐶 = 𝐷𝑠𝑡𝑎𝑡 + 𝐶𝑠𝑦𝑠

Repository: https://github.com/dscolnic/Pantheon

Cobaya package* in Python to minimize 𝜒2

0.01 < 𝑧 < 2.26

Statistical analysis:

where

Statistical matrix

(diagonal matrix, 

1048x1048)

Systematic covariance

matrix (symmetric, 

1048x1048)

Uncertainty

matrix C 

(1048x1048)

* Torrado & Lewis, arXiv:2005.05290
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PANTHEON SAMPLE BINNED ANALYSIS

Hubble constant tension also inside the SNe Ia data?

0.01 < 𝑧 < 2.26

0.01 < 𝑧 < 0.18

0.18 < 𝑧 < 0.34

0.34 < 𝑧 < 2.26

Pantheon sample – redshift range

1st bin of 3

2nd bin of 3

3rd bin of 3

❑ Redshift bin divisions: 3, 4, 20 and 40 

❑ Equally populated subsamples of SNe Ia

❑ Building submatrices 𝐶 and subvector

Δ𝜇, considering the redshift order of SNe

❑ Statistical analysis for each redshift bin, 

𝜒2 minimization, MCMC, posterior

distribution and D’Agostini method
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PANTHEON SAMPLE BINNED ANALYSIS

Hubble constant tension also inside the SNe Ia data?

❑ Focus on the 𝐻0 values in different bins

priors: 60 < 𝐻0 < 80 𝑘𝑚 𝑠−1 𝑀𝑝𝑐−1

❑ Fixed 𝑀 with a preliminary analysis for 

the 1st bin, imposing the local value

𝐻0 = 73.5 𝑘𝑚 𝑠−1 𝑀𝑝𝑐−1

❑ Fixed Ω𝑚0 = 0.298 for the ΛCDM model

❑ Fixed Ω𝑚0 = 0.308, w0 = −1.009,

wa = −0.129 for the 𝑤0𝑤𝑎CDM model

𝐻0 𝑧 =
෩𝐻0

1 + 𝑧 𝛼

Extracting 𝐻0 value for each bin 

Test: nonlinear fit

𝛼: evolutionary parameter

෩𝐻0 = 𝐻0(𝑧 = 0) constant
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IS HUBBLE CONSTANT ACTUALLY CONSTANT?

𝐻0 𝑧 =
෩𝐻0

1 + 𝑧 𝛼

3 bins

Dainotti et al. (2021), 

ApJ 912, 150    

(arXiv:2103.02117)



PHD STUDENT 

SCHIAVONE TIZIANO
AN INCONSTANT HUBBLE CONSTANT ?               PLUS Meeting – 24/06/2021Slide 18

𝐻0 𝑧 =
෩𝐻0

1 + 𝑧 𝛼

4 bins

Dainotti et al. (2021), 

ApJ 912, 150    

(arXiv:2103.02117)

IS HUBBLE CONSTANT ACTUALLY CONSTANT?
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𝐻0 𝑧 =
෩𝐻0

1 + 𝑧 𝛼

20 bins

Dainotti et al. (2021), 

ApJ 912, 150    

(arXiv:2103.02117)

IS HUBBLE CONSTANT ACTUALLY CONSTANT?
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𝐻0 𝑧 =
෩𝐻0

1 + 𝑧 𝛼

40 bins

Dainotti et al. (2021), 

ApJ 912, 150    

(arXiv:2103.02117)

IS HUBBLE CONSTANT ACTUALLY CONSTANT?
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𝐻0 𝑧 =
෩𝐻0

1 + 𝑧 𝛼

𝛼 = 0 → no evolution

Error bars, 1 𝜎

Slight and unexpected

evolution of 𝐻0(𝑧)

IS HUBBLE CONSTANT ACTUALLY CONSTANT?
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Fit results

ΛCDM 

model

Fit results

w0waCDM 

model
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Low redshift

High redshift
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Low redshift

High redshift
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EXTRAPOLATED VALUES AT HIGH REDSHIFTS
ΛCDM model 𝑤0𝑤𝑎CDM model

Consistent in 1 𝜎 with the Planck measurement from the CMB, at the redshift of the last 

scattering surface z=1100                        𝐻0
𝑃𝐿𝐴𝑁𝐶𝐾

= 67.4 ± 0.5 𝑘𝑚 𝑠−1 𝑀𝑝𝑐−1

𝐻0 𝑧 =
෩𝐻0

1 + 𝑧 𝛼
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POSSIBLE EXPLANATIONS OF 𝑯𝟎 𝒛

❑Hidden evolution of an astrophysical

parameter of SNe Ia (stretch, metallicity, …)

❑Astrophysical properties (host galaxies,

selection effects)

❑Biases not considered in the Pantheon Sample

❑Systematics uncertainties of the sample

𝐻0 𝑧 =
෩𝐻0

1 + 𝑧 𝛼

❑Local inhomogeneities

❑Late-time modification

of gravity

New Physics
Astrophysical reasons or 

trouble with the Pantheon Sample
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𝒇 𝑹 MODIFIED GRAVITY

𝐺𝜇𝜈 = 𝜒 𝑇𝜇𝜈 𝐺𝜇𝜈 = 𝜒 𝑇𝜇𝜈

Dark energy → modified source Geometrical modification of gravity theory

GENERAL RELATIVITY

𝑓′ 𝑅 ≡
𝑑𝑓

𝑑𝑅
∇𝜇: covariant derivative

ℒ𝐸𝐻 = 𝑅
Gravitational Lagrangian

density
ℒ𝑔 = 𝑓 𝑅

𝑆𝐸𝐻 = −
1

2𝜒
න
Ω

𝑑4𝑥 −𝑔 𝑅 Gravitational action 𝑆𝑔 = −
1

2𝜒
න
Ω

𝑑4𝑥 −𝑔 𝑓 𝑅

𝐺𝜇𝜈 = 𝜒 𝑇𝜇𝜈
Gravitational field 

equations
𝑓′ 𝑅 𝑅𝜇𝜈 −

1

2
𝑓 𝑅 𝑔𝜇𝜈 + 𝑔𝜇𝜈 𝑔

𝜌𝜎 ∇𝜌∇𝜎𝑓
′ 𝑅

− ∇𝜇∇𝜈𝑓
′ 𝑅 = 𝜒 𝑇𝜇𝜈

Einstein-Hilbert

R: Ricci scalar

Extra degree of freedom

T.P. SOTIRIOU, V. FARAONI, 𝑓 𝑅 theories of gravity, 
Rev. Mod. Phys. 82, 451-497 (2010).
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𝒇 𝑹 MODIFIED THEORIES OF GRAVITY
Geometrical modification of gravity theory

ℒ𝑔 = 𝑓 𝑅 = R + F 𝑅

𝑓′ 𝑅 𝑅𝜇𝜈 −
1

2
𝑓 𝑅 𝑔𝜇𝜈 + 𝑔𝜇𝜈 𝑔

𝜌𝜎 ∇𝜌∇𝜎𝑓
′ 𝑅 − ∇𝜇∇𝜈𝑓

′ 𝑅 = 𝜒 𝑇𝜇𝜈

Deviation from

Einstein-Hilbert theory

𝐺𝜇𝜈 = 𝜒 𝑇𝜇𝜈 + 𝑇𝜇𝜈
𝐹

𝑇𝜇𝜈
𝐹
= −

1

𝜒
𝐹′ 𝑅 𝑅𝜇𝜈 −

1

2
𝐹 𝑅 𝑔𝜇𝜈 + 𝑔𝜇𝜈 𝑔

𝜌𝜎 ∇𝜌∇𝜎𝐹
′ 𝑅 − ∇𝜇∇𝜈𝐹

′ 𝑅

Explicit modification of 

Einstein-Hilbert equations

No-Einsteinian geometrical contribution

can be recast as an effective source

Mod i f ied grav i ta t iona l f ie ld  equat ions
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JORDAN FRAME 𝒇 𝑹 GRAVITY

𝜙 = 𝑓′(𝐴)

𝑉 𝜙 = 𝐴 𝜙 𝜙 − 𝑓 𝐴(𝜙)

Jordan 

frame

Dynamically equivalent action to 𝑓 𝑅 theories

Scalar field

𝑆𝑔 = −
1

2𝜒
න
Ω

𝑑4𝑦 −𝑔 𝜙 𝑅 − 𝑉(𝜙)

𝐺𝜇𝜈 =
𝜒

𝜙
𝑇𝜇𝜈 −

1

2 𝜙
𝑔𝜇𝜈 𝑉 𝜙 +

1

𝜙
∇𝜇∇𝜈𝜙 − 𝑔𝜇𝜈 □𝜙

3 □𝜙 + 2 𝑉 𝜙 − 𝜙 𝑉′ 𝜙 = 𝜒 𝑇

Potential

❑The extra degree of freedom of 𝑓(𝑅) is replaced by a scalar field

❑Non-minimal coupling between scalar field and metric

❑Corresponding field equations:

II order diff. eqs. 

in 𝑔𝜇𝜈
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RUNNING HUBBLE CONSTANT & 𝒇 𝑹 GRAVITY

𝜒𝑒𝑓𝑓 ∼ 1 + 𝑧 −2𝛼

𝐻0 𝑧 ∼
1

1 + 𝑧 𝛼

Jordan 

frame

Impact of a non-minimal

coupled scalar field: effective

Einstein constant 𝜒𝑒𝑓𝑓 or 

effective Newton constant 𝐺𝑒𝑓𝑓

𝜒 → 𝜒𝑒𝑓𝑓 =
𝜒

𝜙

𝜌𝑐0 =
3 𝐻0

2

𝜒
→

3 𝐻0
2 𝑧

𝜒𝑒𝑓𝑓

If the scalar field evolves like: 𝜙 ∼ 1 + 𝑧 2𝛼

𝜒 =
8𝜋𝐺

𝑐4

then

Critical 

density
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CONCLUSIONS
❑Binned analysis of the SNe Ia Pantheon Sample (low redshifts)

❑Unexpected evolution and decreasing trend of 𝐻0(𝑧), results valid in 2 𝜎

❑Our results hold in different bins and for the ΛCDM and 𝑤0𝑤𝑎CDM models

❑A Running Hubble constant allows a new interpretation of the tension: it is no

longer a discrepancy between local probes and Planck data, but an intrinsic

evolutionary behavior of 𝐻0(𝑧)

❑New measurements to obtain better constraints on the evolutionary parameter 𝛼

❑Possible hints of a new Physics (modified gravity?)

𝐻0?
𝐻0 𝑧 ?
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CONTACT

tiziano.schiavone@phd.unipi.it

tiziano.schiavone@pi.infn.it

University of Pisa & INFN, Sezione di Pisa

Room 174, Building C INFN, 

Largo B. Pontecorvo 3, 56127, Pisa

THANK YOU FOR 

LISTENING

mailto:tiziano.schiavone@phd.unipi.it
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PANTHEON SAMPLE BINNED ANALYSIS

Hubble constant tension also inside the SNe Ia data?

❑ Redshift bin divisions: 3, 4, 20 and 40 

❑ Equally populated subsamples of SNe Ia

❑ Building submatrices 𝐶 and subvector

Δ𝜇, considering the redshift order of SNe

❑ Statistical analysis for each redshift bin, 

𝜒2 minimization, MCMC, posterior

distribution and D’Agostini method
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PANTHEON SAMPLE ANALYSIS
𝐶 = 𝐷𝑠𝑡𝑎𝑡 + 𝐶𝑠𝑦𝑠

Statistical matrix

(diagonal matrix, 1048x1048) 

Includes distance errors 𝜎2

for each SNe

𝐷𝑠𝑡𝑎𝑡

𝜎2 = 𝜎𝑁
2 + 𝜎𝑚𝑎𝑠𝑠

2 + 𝜎𝜇−𝑧
2 + 𝜎𝑙𝑒𝑛𝑠

2 + 𝜎𝑖𝑛𝑡
2 + 𝜎𝑏𝑖𝑎𝑠

2

Photometric

error

Mass-step 

correction

Bias

correction

Peculiar

velocity and 

redshift
Lensing

Intrinsic

scatter

Systematic covariance matrix

(matrix, 1048x1048)

Includes N systematic (𝑆𝑘) 

sources of errors

𝐶𝑠𝑦𝑠

𝐶𝑖𝑗,𝑠𝑦𝑠 = ෍

𝑘=1

𝑁
𝜕𝜇𝑖
𝜕𝑆𝑘

𝜕𝜇𝑗
𝜕𝑆𝑘

𝜎𝑆𝑘
2

𝜎𝑆𝑘: systematic error

𝑆𝑘: systematics → (𝑚𝐵, 𝑥1, 𝑐, 𝑚𝐵𝑐, 𝑥1𝑚𝐵, 𝑥1𝑐)


