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Axisymmetric thin disk model

✬

✫

✩

✪

Accretion disk configuration around a central object.

Features

- stationary configuration
- compact : MS ∼ 1.5− 2M⊙

RS ∼ RSch = 2GMS/c
2

- strongly magnetized : B ∼ 1012 − 1014G

Thin disk condition: H0(r)/r ≪ 1

Newton potential: χ(r, z) = −
GMS

√

r2 + z2

Axisymmetric Field: ~B = −
1

r
∂zψ~er +

I

r
~eφ +

1

r
∂rψ~ez

Dipole Field approximation: ψD =
µ0r2

(r2 + z2)3/2

☛
✡

✟
✠Corotation theorem: ω = ω(ψ)

→ H0: half depth of the disk.
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Fluid Dynamics

- Radial Eq: ρ0vr
∂vr

∂r
− ρ0

(

ω2r −
∂χ

∂r

)

+
∂p

∂r
= 0

- Vertical Eq:
∂p

∂z
= −ρ

∂χ

∂z

- Azimuthal Eq:
Ṁ

2πr

∂j

∂r
=

2

3
α
∂

∂r

(

Σvs0H0r
3∂ω

∂r

)

- Continuity Eq:
∂Ṁ

∂r
= 0

Definitions:

Σ =

∫ z0

−z0
ρdz Ṁ = −2πrΣvr j = rvφ

ρ0 = ρ(z = 0) ω =
vφ

r

[G.S. Bisnovatyi-Kogan, R.V.E. Lovelace, New. Astro. Rev. 45, 663 (2001)]
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Keplerian Disk

In the case of a polytropic equation of state

p = κρ1+1/γ

from the vertical equation we have that

ρ = ρ0

(

1−
z2

H2
0

)γ

=

[

GMS

2κ (γ +1)

]γ (

1−
z2

H2
0

)γ

Isothermal case: p = κρ

ρ = ρ0 exp

(

−
z2

H2
0

)

H0 =

(

2κr3

GMS

)1/2

Σ =

(

2πκ

GMS

)

ρ0r
3/2 vs0 =

√
κ

✤

✣

✜

✢
ω ≃ ωK =

√

GMS

r3

From the azimuthal eq, introducing the coefficient α,

Ṁ

2π
(j − j0) =

2

3
αΣvs0H0r

3∂ω

∂r

Positive value of j0 corresponds to a negative total flux
⇒ The central body accretes its total angular momentum.

Ngative value of j0 corresponds to a mass increase
⇒ Te central body decreases its total angular momentum.
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Shakura Standard Model and its issues

✬

✫

✩

✪

The inward matter flux is due to viscous stresses.
The coefficient α scales the viscosity coefficient ηv:

ηv =
2

3
αρvs0H0 ⇐⇒ Ṁ = 4παρvs0H

2
0 ⇐⇒ τrφ = −αρv2s0

Turbulent enhancement: a non-vanishing viscosity exists in quasi-ideal
astrophysical plasmas, but the Shakura paradigm hides in α every effec-
tive treatment needed to reach the observed accretion rate.

Let ξ < 1 be an efficiency such that the luminosity Lacc = ξLEdd:

GMSṀα

RS

= ξ
GMSmpc

σTh

=⇒ αSh = ξ
c

vs0

RS

H0

ℓTh

H0

where σTh is the Thomson cross-section. The microscopical viscosity
due to ion-ion collisions is estimated as:

ηv =
ρv2s0
νii

=⇒ αid =
3

2

ℓii

H0

The effective parametrization accounts for several orders of magnitude
with respect to microscopical conditions:

αSh

αid

=
2

3
ξ
c

vs0

RS

H0

ℓTh

ℓii
≃ 10−3 · 103 · 10−2 · 1010 = 108

[N.I. Shakura, Sov. Astro. 16, 756 (1973)]
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Towards an alternative paradigm

✬

✫

✩

✪

Generalized Ohm Law: background ~B0 and backreaction ~B1

~Eφ +
1

c
(~v × ~B)φ = ~Jφ/σ =⇒ vrB0 ≃

c2

4π

1

σ

B1

λ

λ is the backreaction length-scale, responsible for the induced currents.

The Magnetic Prandtl Number: since vr depends on radius r and vis-
cosity ηv, we can derive:

PrM(ne, T ) ≡
4πσηv

ρc2
≈
r

λ

B1

B0

It can be shown that PrM ≫ 1 in typical disk ranges

- 108 . ne . 1012cm−3

- 105 . T . 108K

✬

✫

✩

✪

In the Standard Model, B1 ≪ B0 and λ ≃ r ≃ Rdisk:
effective small PrM with a surprisingly small effective conductivity.

For reasonable B1 . B0, the huge values of realistic (i.e., non-effective)
PrM ask for the formation of microstructures with λ≪ r ≃ Rdisk.

[G. Montani, J. Petitta, Phys. Rev. E 87, 053111 (2013)]
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Local Formulation

✬

✫

✩

✪

- We choose a fixed value r = r0
- Isothermal condition
- Hierarchy ordering of the gradients

ψ = ψ0 + ψ1 (ψ1 ≪ ψ0)

ω ≃ ωK + δω ≃ ωK + ψ1dω/dψ0

ρ = ρ̄(r0, z
2) + ρ̂(r0, z

2, r − r0)

p = p̄(r0, z
2) + p̂(r0, z

2, r − r0)

Vertical
Configuration



































D(z2) ≡
ρ̄

ρ0(r0)
= exp

(

−
z2

H2
0

)

ρ0(r0) ≡ ρ(r0, 0) , H
2
0 ≡

4KBT̄

miω2
K

∂zp̂+ ω2
Kzρ̂+

1

4πr20

(

∂2zψ1 + ∂2rψ1

)

∂zψ1 = 0

Radial
Configuration



























ω ≃ ωK + δω ≃ ω0(ψ0) + ω′
0ψ1

2ωKr0(ρ̄+ ρ̂)ω′
0ψ1 +

1

4πr20

(

∂2zψ1 + ∂2rψ1

)

∂r0ψ0 =

= ∂r

[

p̂+
1

8πr20
(∂rψ1)

2

]

+
1

4πr20
∂rψ1∂

2
zψ1

[B. Coppi, Phys. Plasmas 12, 057302 (2005)]
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