Asymptotic methods applied to plasma physics
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1 Introduction

__ Problem of pencil of operators IfI(i,ﬁ, E)¥(E) = 0, in the case of operator H =
G(&,p) — E it is the spectral problem.

Asymptotic solution of this problem: the number E and the function ¥ (with the
normalization condition ||¥||;2 = 1) such that |[H¥||;2 = O(h®), where 8 > 0. F is
the asymptotic eigenvalue and W(FE) is the asymptotic eigenfunction

1.1 Asymptotic in the vector case

Let us consider a N x N matrix operator

H(E)? =0, H=Hy+hH,+....

Solve
H
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using the scalar hamiltonian

H = det HQ

Equivalence: Principle of Maupertuis-Jacobi.
The formula for the asymptotic solution of the problem is derived by by these assumptions

e The variable py is a first integral of the Hamiltonian system H = H(r, 0, py, pg, ps, E)

e Forall Ps € (p(lz)’pé) and E = E(p¢), a non degenerate minimum zg = (To(ms, 90(p¢>)7pr0 =
0,pg = 0) exists such that H(r, 0, p,, s, Py, E(pg) =0

o FEAO0, GLAO

Theorem 1. Suppose that the above condition are satisfied and that py = pg satisfies
this condition (Bohr-Sommerfeld quantum condition), :

pg—h<k+ws>, kez.
4

That there is a periodic solution Xo(t), Po(t) with period Ts of the Hamilton equations
generated by H and by, by are eigenvalues of the variation equations around the periodic
orbit. Let E = E(pg) + hg, were g is computed by some other asymptotic formula .
Let dSo(Xo(s), Po(s)) = XodPy. Then the eigenfunction (x) of the full N x N problem
IA{(:%,;&,E)\II(E) = 0 has the asymptotic representation

2rs
Ts

i

b(z) = oxp - <50(5) n

: (k0= )+ (5= X)) + 5 (B o = Xofo)).o = Xa(o)) ).

where BC™' are the solutions of the variation equation around the periodic orbit and
s = s(z) is determined everywhere by the condition < x — Xo(s), Xo(s) >=0



2 Application to Neutron Star’s Magnetosphere

2.1 Equations

Consider a gas of electrons and positrons with density n = 10'2/em3; this is the
critical Goldreich Julian density on the star surface which has the meaning of the
density to screen the longitudinal electric field, m; = m, = 9.1 x 10~ 28gms = m,
¢ = —qe = (4.8) x 1071%su The linearized system of equations

PB L PVAVAE 4+ "4 (E+ V1/\B) %(E+ vy AB) =0,
0w = (g 1y, AB) =0, (1)
™+ L(E+ lvoAB) =

Let us introduce a perturbative parameter h and make the change of variables x =
cx'/h, t =t'/h we write t instead of t'.

Let us introduce another vector function W = —z’h%—? such that we can rewrite (1)
in the form
ihaE -W
ih®Y = (—ihV) A (—ihV) NE — (E+ 1y AB) — "2(E + lv, A B),

zhdvl—z (E—|— v1/\B)
zha"?——z (E+ V2 A B).

Let us introduce ® = (E, W, v, v2)T a vector with 12 components. Then the system
has the form:

zh({;‘f = A®, A =A(zx,—ihV,h) = Ag(x, —ihV) + O(h?)

where A(z,p) — is the symbol of the operator A:

—W

(—ihV) A (—ihV) A B — m(E+ Ly AB) — —"C(E + Lv, A B)
Z#L(EJF V1/\B)
—i- (E+ V2 A B)

A(z,p)® =

We look for the stationary solution setting
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Omitting the primes and putting p = —ihV and w* = %
-W E
5 A D —W(R 1 —W2(E -1
PAPAE w(Eq f)B/}];I) w(E - BAvy) y w . 2)
ZE( s /\Vl) Vi
—iL(E— 1B Avy) Vo

2.2 Explicit form of the magnetic field and H

We introduce toroidal coordinates for the magnetosphere

x = (a+1rcosf)cos¢
y = (a+rcosf)sin¢

z=17rsinf

where 0 < r < 100 — 105 = R, a = 10%m is the radius of the neutron star
R ~ 10'° cm is the extension of the magnetosphere taken to be given by the light

surface. This surface is defined as the surface where the electric field equals the magnetic
field |E| = [H]|.

B, (r,0) sin 0
[m|
B=|By(r,0)| = —5 | —cost
By " 0

Boa® __ 10121018 __ 103°
e e~

where m is the norm of the magnetic dipole of the star jm| = 5— = —o—,

By = 10'2 Gauss is the typical magnetic field of neutron stars.

The other physical variables



o
(a+rcosf)?’
_ |m]?
=5

P2y
_pT r2
B2

m|

— (pT sin @ + py cos 9)
r

<P7B> =

With these notations we have the following form of H

Introduce the notation, g, = —¢e is the charge of the positron
Q=0 =2 __ 9 qg,-_ -2
mecC MmecC e
o = 2302,

v = wi(203).

Where w% = % is the plasma frequency and we put also wgl = 2w%

H(p, z,w) = w2P2B2<P,B>2(wg1)Q4

—w [<P, B)’P2a + B%(P, B)?(w2)Q* + B2P%(7)+

B’Pa + B*P2(w2)Q + BPQ* + (P, B>2fy}

b [(P4(w§1) + (w2)® + 2P2(w3)? + B2P*Q2 + B2P*(50)+
(P, B)2a + B2(29) + 2BYP20* + B4(wgl)94}

b [P“ +4P2(w?) + 3(w2)? + 2B?P?Q% + B2(4a) + 3494]
+wlf [2P2 + 3(w§1) + BQQQ} -

w2 =0

Py as a first integral and also look for the minima of this hamiltonian for the points
pr = pg = 0 we get two different type of graphs according to the range of values of p,
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Puc. 1: Graphic of Hy(r) for p, € (10,6 x 10?), w = 7.03 x 10'°.
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Puc. 2: Graphic of Ho(r) for p, € (7 x 10,10'), w = 7.03 x 10°
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