EXPERIMENTAL PLASMA EQUILIBRIUM RECONSTRUCTION IN FTU

Appendix B

INVERSION OF THE n, PROFILE
BY USING THE
ZERNICKE POLYNOMIAL TECHNIQUE

The equilibrium reconstruction code ODIN, using
the equilibrium magnetic measurements alone, is able
to produce a correct identification of the magnetic
topology that labels the plasma by a flux function
»OPIN (Fig. 32, full lines, shot No. 2728); however,
it cannot provide the exact value of the flux function
¥, which is better approximated by the flux function
$OPINP produced by the conditioned code ODINP
(Fig. 32, dashed lines). Nevertheless, the real flux
function 1 is, within a reasonable approximation, a
function of ¢ OP™N; this is even true for a high gy shot
like No. 2728 (Fig. 33) where, as discussed in Section 2,
the discrepancy between ODIN and ODINP is among
the largest so far obtained. Correspondingly, as, in
an MHD equilibrium without plasma flows, the pres-
sure is a function of the flux function P(¢) and more-
over as, in the collisionless high temperature regime,
the very high parallel thermal conductivity makes the
temperature a function of ¢, the electron density must
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FIG. 32. Shot No. 2728 at t = 0.8 s. Contour map of the
poloidal fluz function vOP™N, as identified from the uncondi-
tioned code ODIN: the solid curves correspond to pOPIN
kypQPIN /5, with k = 0 to 5. Contour map of the poloidal fluz
function wODINP, as identified from the kinetic-magnetic code
ODINP: the dashed curves correspond to pOPINP = kpQRIN /5
and k = 0 to 5. The tips of the ‘mushrooms’ of the poloidal lim-
iters are shown as points and the limiter—plasma contact point
is identified by a small square.
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FIG. 83. Shot No. 2728 at t = 0.8 s. Relationship between
wODINP and wODIN of Fig. 32, as observed on the midplane
Z=20.

also be a function of ¥, ne = ne(v). Consequently,
one can assume that ne = ne(womN ) for all practical
purposes concerning the inversion of the interferomet-
ric line integrated signals: in the remainder of this
Appendix, as well as in the main body of the paper,
no other distinction will be maintained between ¢ and
¥OPIN i the matter of the ne profile.

The determination of the functional form of ne(y)
from a limited number of interferometric signals is per-
formed by a truncation of the power expansion,

K
ne(¥) =no+ Y nyp*? (7)

k=1

The choice of expanding ne(¥) in terms of /2, and
not in terms of ¥, comes from the result that, in the
large majority of cases in which the electron density
profile is not peaked, the density profile behaves essen-
tially like !/2, and so a description in terms of integer
powers of ¢ would require too many terms.

The channels of the DCN interferometer [25] mea-
sure the line integrated densities

D;= / Te dlj
L

along the vertical chords at R = Rj; with length [;
through the FTU plasma; as there are just five of
these, a very limited number K of coefficients nj in
formula (7) can be determined.

The technique of inversion is based on the Zernicke
polynomials [26-28], of angular order m and radial
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order I, that are defined on the polar co-ordinates (p, n)
of the unitary circle as

l s{m+2 5) <l> m+2l—2s
= E -1 8

These polynomials constitute a good basis for com-
paring local quantities g(p, 1) over the unit circle with
their line integrated values f(p, ¢) along a chord with
impact parameter p and impact angle ¢. The corre-
spondence between components of the angular (respec-
tively, 7 and ¢) Fourier expansions g&*(p) and £/*(p)
is

oo
9%(p) Z (m + 21+ 1)ak/5ZL (p) (9a)

o/s(p) = 2 Z abS/*sin[(m + 21 + 1)cos ™ (p)]  (9b)
=0

The reconstructed equilibrium is enclosed within
a Zernicke circle, centred on the plasma magnetic
axis (Raxis; Zaxis), With a radius R4 that includes the
plasma boundary. The half-integer powers of the flux
function z/)k/ 2 are expanded in Zernicke polynomials
with respect to this circle,

¥*2(p sz+2l+1

m=01[=0

x (g (k) cos(rmn) + iy (k) sin(mn

NZm(p)  (10)

The truncation of the expansion is set to M = 6,
L = 11, which guarantees an accuracy of 1% on
. Fictitious measurement chords inside the Zer-
nicke circle, with zero line integrated densities, have
to be added outside the plasma as a regularization of
the oscillatory behaviour of the high order Zernicke
polynomials. Using Eq. (7), where the density at
the boundary ng is set to 10% of the central chord
of the DCN interferometer, and adding eight zero-
measurement chords outside the plasma, the following
overdetermined system is solved for j = 1,13 (5§ DCN
chords + 8 zero chords):

(Dj — nols)/ Ry

K

=23 | X > ke

k=1 m=01=0

+ ahs (k) sin(mg;)] sin[(m + 21 + 1)cos™ (p;)]]

) cos(me;)

(11)

where p; and ¢; are the impact parameters and the
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FIG. 84. Shot No. 4023 ot t = 0.6 s. Line integrated densi-
ties Dy = j; ne dlj, along the vertical chords at R = Rj with
length 1 through the FTU plasma, as measured from the DCN
interferometer chords (squares), as calculated on the fluz func-
tion mirrored chords after the preliminary inversion (crosses),
along with zero chords outside the plasma (crosses). They are
compared with the line integral of the final densily inversion
n.(¢) =ng -4—n1'tp1/“2 +n2¢+n3w3/2, shown as a solid line as
a function of the major radius on the symmetry plane Z = Zgzis
of the plhsma.
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FIG. 35. Inverted electron density profile, on the symmetry
plane Z = Zyyis of the plasma, for shot No. 4023 at t = 0.6 s.
The shaded region shows the uncertainty due to two different
choices for the parametrization of n.(¢), ng +njy v1/2 yngy+
n3w3/2 and ng + n1¢1/2 +n41/;4/2 + n5'w5/2, respectively.
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FIG. 86. Inverted electron density profile, on the symmetry
plane Z = Zyzis of the plasma, for shot No. 2461 at t = 0.32 s,
characterized by a plasma detachment phenomenon. The shaded
regions show the uncertainty due to two different choices for the
parametrization of n.(1), ng + ny1v?’% + ney + ngy®/2 and
ng + nj'z/;l/z + n4w4/2 + n51/)5/2, respectively.

angles of the measurement chords reduced to the unit
Zernicke circle: p; = |R;j — Raxis|/Rq, ¢; = 0 if R; >
Raxis, ¢j = if Rj < Raxis.

The system (11) is solved, by minimizing the sum of
the squares of the mismatch of every equation, at first
with K = 2; then the five measurement points are mir-
rored with respect to the magnetic axis, based on the
result of the first inversion, and system (11) is finally
solved for j = 1,18 (5 DCN chords + 8 zero chords +
5 mirrored chords) with K = 3; this procedure will be
referred to as the standard choice for

ne(¥) = no +n1p'? + ngyp?? 4 ngy®?

which is Eq. (4).

An example of the fit for the line integrated electron
density is shown in Fig. 34 for shot No. 4023. The
choice of using the lowest exponents in Eq. (7) after
1,/11/ 2 is arbitrary: in order to investigate a selection of
higher exponents, inversions that use

ne(t) = no + n19p? + ngp?? + ngy®?

have been performed (the non-standard choice). The
inverted electron density profile is shown in Fig. 35
for shot No. 4023, both for the standard and for the
non-standard choice for the exponents of ne(y).
Whereas the low and medium gy discharges have
broad density profiles and very small uncertainties, the
high ¢, discharges exhibit more peaked density profiles
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and so larger uncertainties. The discharges character-
ized by a plasma detachment phenomenon, such as
shot No. 2461, exhibit the most peaked density pro-
files and the uncertainty in the density inversion, due
to the choice of the exponents, becomes rather large
(see Fig. 36).
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