
PHYSICS OF PLASMAS VOLUME 9, NUMBER 12 DECEMBER 2002
Energetic particle mode stability in tokamaks with hollow q-profiles
F. Zonca,a) S. Briguglio, L. Chen,b) S. Dettrick,b) G. Fogaccia, D. Testa,c) and G. Vlad
Associazione EURATOM-ENEA sulla Fusione, C.P. 65-00044 Frascati, Rome, Italy

~Received 11 July 2002; accepted 23 August 2002!

A thorough analysis of energetic particle modes~EPM! stability and mode structures is presented for
tokamaks with hollowq profiles. Focusing on the region near the minimum-q surface, EPM gap
modes and resonant EPMs are shown to exist as solutions of the same dispersion relation. By
controlling the fast ion distribution function, or, equivalently, their fundamental dynamical
properties, a smooth transition between these two classes of modes is obtained within the EPM
dispersion relation. When toroidal coupling becomes important, it is demonstrated that EPMs may
have either single or double hump radial structures. The local analyses of EPM stability and mode
structures near the minimum-q surface are put in the broader framework of EPM stability and EPM
induced transport in tokamaks with hollowq profiles and a brief summary is also given of present
understanding of such problems based on results of three-dimensional nonlinear hybrid magneto–
hydrodynamic–gyrokinetic simulations. Possible implications of present results are discussed in
terms of experimental observations and possibilities of designing novel experimental setups to
probe, at least conceptually, the complex predictions of theory. ©2002 American Institute of
Physics. @DOI: 10.1063/1.1519241#
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I. INTRODUCTION

In this work, we discuss the properties of energetic p
ticle modes~EPM!1 excited by the presence of ICRH~ion
cyclotron resonant heating! induced energetic ion tails2,3 in
tokamaks with hollowq profiles. Such equilibria are of par
ticular interest in present experiments because of the
proved confinement regimes that they make possible
achieve. From the point of view of EPM excitations, t
plasma cross section is divided in three regions by the p
ence of the minimum-q surface. Inner and outer regions a
obviously characterized by different values of magne
shear and fast ion energy density. The plasma volume in
the minimum-q surface has typically negative and ofte
small shear. Here, the fast ion energy density is maxim
due to the spatial localization of ICRH. Meanwhile, the ou
region has positive magnetic shear but small fast ion ene
density, since this is where ICRH power density is smalle
A toroidal annulus, centered at the minimum-q surface, sepa-
rates these two regions and is characterized by peculiar p
erties of both EPM stability and mode structures. For a w
of toroidal mode numbern, the width of the annulus is given
by the inequalitys2&S2/n. Here,s[rq8/q is the conven-
tional definition of magnetic shear, ‘‘prime’’ denotes deriv
tion in the radial directionr andS2[r 0

2q9(r 0)/q0
2 is a mea-

sure of the concavity of theq profile at the radial location o
the minimum-q surface, wherer 5r 0 , q5q0 , and s→0.
This definition of the width of the toroidal annulus, that m
appear obvious forn51, has nontrivial reasons that are di
cussed in Sec. III.
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For s*1, typical of the outer region, previous theorie
may be used to analyze EPM stability and mode structu
~cf., e.g., Refs. 1 and 4!. However, this is the region of mino
interest from the point of view of EPM excitation by ICRH
because that is where the fast ion energy density is smal
For this reason, we will not consider it further in the prese
paper.

Former analyses,2,3 assuming small but finite magneti
shear, are evidently relevant for discussions of EPM stab
and mode structures in the plasma volume inside
minimum-q surface and that part of the outer region whe
shear is small. More recent studies5–7 have also dealt with
EPM excitations in the toroidal annulus atr 0 . Nonetheless, a
coherent or ‘‘unified’’ picture, capable of addressing sm
but finite as well as vanishing shear is still lacking. Similar
analogies and/or peculiar aspects of EPM excitations at
ferent radial locations are not fully clarified.

In this paper, we discuss the relationship between EP
that are resonantly driven in the small but finite shear reg
with those that are excited in the toroidal annulus atr 0 .
There are various relevant aspects in this problem involv
both linear ~Secs. II and III! and nonlinear physics issue
~Sec. IV!.

In Sec. II, we present a detailed stability analysis
EPMs excited near the minimum-q surface. There, we show
that two branches of EPM exist atr 0 : EPM gap modesand
the usualresonant EPMs.1 These modes are described by t
same dispersion relation and, in fact, they are the same m
but with different dominant damping mechanisms. EPM g
modes, specifically, have been previously discussed5–7 in re-
lationship with resonantly excited Alfve´n modes—recently
named Alfvén cascades8—that have been observed in Joi
European Torus~JET! reversed shear~RS! discharges.6,7 The
characteristic signature of Alfve´n cascades is the variation o
their frequency with time. More precisely, they areupwards

,

of
9 © 2002 American Institute of Physics
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frequency chirpingmodes,6–9 whose frequency is closely re
lated to the local frequency of the shear Alfve´n continuous
spectrum at the radial position where the safety factorq has
a minimum. This point was shown first in Ref. 6, where
was also argued that a localized mode above the local m
mum of the shear Alfve´n continuum was possible only in th
presence of an ICRH induced energetic ion tail, and that
upwards frequency chirp was due to the change in time
q0 . Therefore, Alfvén cascades can be interpreted as loc
ized EPM gap modes, in the sense that their existence
weakly growing modes in the local~near the minimum-q
magnetic surface! gap of the shear Alfve´n continuous spec
trum is due to the presence of the fast ion population. In f
the condition for the existence of EPM gap modes is
threshold condition on the fast ion density, which turns ou
be ~to the lowest order! independent of both the mode fre
quency and the toroidal mode number.6,7 In Sec. II, we dem-
onstrate that, in general, two types of EPM gap modes m
exist, one localized just above the local maximum of t
shear Alfvén continuous spectrum and one just below
local minimum.5 The two modesmay coexist, and which
mode is actually excited depends on the response~resonant
and nonresonant! of the fast ions to the wave and on th
details of fast ion orbits. The two branches are also cha
terized by opposite signature in frequency: the former
upwards frequency chirpingmodes, while the latter would b
chirping downwardsin frequency asq0 drops. Here, we dis-
cuss the present results suggesting the interesting possi
of designing experimental operation scenarii in which eit
one of the two branches or both are excited by simply c
trolling the fast ion tail energy, e.g., acting on the density
the minority ion species.

In order to establish a closer link with previou
treatments,1–4 in Sec. II we discuss the relationship ofEPM
gap modeswith the usualresonant EPMs. As anticipated
above, we demonstrate that these modes are described b
same dispersion relation and that they are indeed the s
mode but with different dominant damping mechanisms.
fact, resonant EPMs can be destabilized only when the
ion drive is stronger than thelocal continuum damping,
whereas EPM gap modes are excited when the drive o
comesnonlocal continuum damping~the local continuum
damping being zero by definition!. A smooth transition from
the characteristic features of gap EPMs to resonant EP
can be obtained by controlling the ICRH power dens
and/or the position of the resonant absorption layer.

We further discuss EPM mode structures near
minimum-q surface when toroidal effects becom
important.5 In particular, we derive the generalization of th
EPM gap mode dispersion relation5,6 when the toroidal cou-
pling to poloidal sidebands cannot be considered as a pe
bation. In this sense, our result could be considered as
dispersion relation for resonantly excited toroidal Alfve´n
eigenmodes~TAE!10 and for the EPM branch of TAEs1,4 near
a minimum-q surface. It is also demonstrated that, if t
value of q0 further drops after the EPMs reach the TA
frequency,double EPMstructures may develop and that th
fact is very likely connected with the disappearance of
fvén cascades after reaching the TAE gap.6,7
Downloaded 29 Nov 2002 to 192.107.53.171. Redistribution subject to A
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All the characteristic features of EPM stability and mo
structures atr 0 , discussed in Sec. II, are enriched by furth
insights when viewed and compared with those of resona
excited EPMs in the small but finite shear region near
within the minimum-q surface. In Sec. III, we analyze analo
gies and/or peculiar aspects of EPM excitations at differ
radial locations and provide a unified description of the pro
lem by means of multiple spatial scale analyses. The wh
approach, based on a simple physical argument, results
single mathematical formulation that describes both
small and zero magnetic shear cases with the same equa
In this framework, we argue that the most unstable EPMs
typically excited at or near the radial location where the e
ergetic particle drive is strongest. Here, we also provid
detailed discussion of qualitatively different EPM excitatio
scenarii that can be expected on the basis of linear the
From the experimental point of view, we suggest ways
discriminating such different conditions.

Numerical simulations of nonlinear EPM dynamics, pe
formed using a hybrid magnetohydrodynamic gyrokine
code,11,12 are presented in Sec. IV. There, it is demonstra
that two qualitatively different scenarii may occur from th
point of view of energetic ion transport after resonant ex
tation of EPMs within the minimum-q surface and of EPM
gap modes atr 0 . Such results confirm the dynamic comple
ity of EPM excitations in tokamaks with hollowq profiles
and show that they cannot be adequately described by s
trographic measurements at the plasma edge only. As
cussed in Sec. IV, direct measurements of fast ion spatial
energy distribution functions along with radially resolve
frequency spectra, possibly using reflectometry, are requ
to actually discriminate among the various cases.

The plan of the paper is as follows. Section II present
discussion of EPM stability and mode structures close t
minimum-q surface. In Sec. III, analogies and/or peculi
features of resonant EPM excitations at different radial lo
tions are analyzed and put in a single coherent framew
Section IV, meanwhile, is a study of the same problems fr
the perspective of nonlinear dynamics. Section V, finally,
devoted to discussions and conclusions. Most of the tec
cal details are given in three appendixes.

II. THE PHYSICAL MODEL: EPM GAP MODES VS
RESONANT EPMS

Consider modes localized nearr 0 , whereq has a mini-
mum given byq0 . Consider also a given toroidal mode num
ber n and a poloidal mode numberm such that the normal-
ized parallel wave vectorsVA,m[nq02m,0 andVA,m21

[nq02m11.0. It is then readily demonstrated that th
condition under which continuum damping is minimized
that with21/2,VA,m,0 and 1/2,VA,m21,1. In fact, this
is the condition under which there is a frequency gap
tween the (m,n) mode continuum, that has a local maximu
at r 0 , and the (m21,n) mode continuum, that has a loca
minimum atr 0 ~cf. Fig. 1!. In the high-n limit, it is possible
to demonstrate that no global Alfve´n modes~GAE!13,14 exist
near an extremum of the Alfve´n continuum. In fact, GAE
exist as global eigenmodes within a radial potential well d
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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to the effect of equilibrium current, which scales as 1/n. In
the presence of a fast ion population thisradial localization
effect may be provided by the energetic particles.6 To show
this, we start from Eq.~23! of Ref. 3 that, for the (m,n)
mode reads

~eu2erj!•FV22VA,m
2 S 11

x2

VA,m
1

x4

4VA,m
2 D G

3~eu2erj!dcm1Lmdcm50, ~1!

whereer andeu are, respectively, the radial and poloidal un
vectors,V[v/vA , vA5vA /qR0 , vA is the Alfvén speed,
R0 is the tokamak major radius,x25nq09(r 2r 0)2, j
[( i /n1/2)S(]/]x) with S[Ar 0

2q09/q0
2, dcm is themth poloi-

dal harmonic of the scalar field perturbation and a sim
equation can be written for the (m21,n) mode. The termLm

in Eq. ~1! represents the fast ion contribution, whose no
resonant response can be approximated as3

Lm.2
q2R0

2

ku
2

4pv

c2

eH
2

mH

2

p E
0

` dz

11z2 ^J0
2~lH!QF0H&, ~2!

when the fast ion toroidal precession frequency,v̄dH , is
such thatv̄dH@v.6,7 Here, integration inz accounts for the
nonlocal response of fast ions due to finite Larmor orb
width. Meanwhile,(¯) indicates magnetic flux surface av
eraging,^¯& denotes velocity space integration,ku (k') is
the poloidal ~perpendicular toB! component of the wave
vector k, lH5(k'v')/vcH5A11z2(ukuuv')/vcH , vcH

5(eHB/mHc) is the fast ion cyclotron frequency,QF0H

5(2v]/]v21k3b•“/vcH)F0H , b5B/B, and F0H is the
fast ion tail distribution function. The expression ofLm in-

FIG. 1. Radial structure of the shear Alfve´n continuous spectrum for the
(m,n) and (m21,n) modes in the caser 0 /R0!VA,m1VA,m21<1. The
value of q2R0

2kim,n
2 is shown vsx[Anq09(r 2r 0). The frequencies of the

(m,n) and (m21,n) modes are also shown as they are expected fr
Eq. ~3!.
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cluding the resonant response of fast ions is given in
~C5! of Appendix C, where some details of its derivations a
also discussed.

For VA,m1VA,m21@r 0 /R0 , the local (r .r 0) structure
of the shear Alfve´n continuous spectrum is shown in Fig.
There, it is evident that the typical frequency gap betwe
the local minimum of the (m21,n) mode continuum and the
local maximum of the (m,n) mode continuum is larger tha
the frequency shift due to toroidal coupling. Thus, toroid
coupling between (m,n) and (m21,n) modes can be ne
glected. The two modes, then, satisfy the following appro
mate dispersion relations, derived from a variation
principle:3

AVA,m1V5
Sp

25/2n1/2S 2n

S2

Lm

VA,m
21D ,

~3!

AVA,m212V5
Sp

25/2n1/2S 2n

S2

Lm21

VA,m21
21D ,

whereLm21 /V.Lm /V,0.
The existence condition of radially localized eigenmod

implies that the left-hand side of Eqs.~3! is real and positive
definite. For this reason, Eqs.~3!, derived in a similar struc-
ture also in Ref. 6, confirm that no GAE can exist in t
high-n limit 13,14 in the absence of fast ions (Lm21 ,Lm

→0). Furthermore,Lm21 /V.Lm /V,0 since v̄dH@v;
thus, in thisvery energeticlimit, fast ions are characterize
by negative compressibility, which causes the mode fre
quency to be shiftedupward, contrary to the general case fo
which fast ion compression shifts the mode frequen
downward1–3 ~for a detailed discussion of this point cf. Ap
pendix C!. For this reason and because of the local struct
of the shear Alfve´n continuous spectrum shown in Fig.
only the (m,n) mode can exist just above the local maximu
of the Alfvén continuum atr 0 . On the contrary, the (m
21,n) mode cannot be radially localized atr .r 0 with a
frequency just below that of the local minimum of the she
Alfvén continuum.

The frequency localizationof the (m,n) mode just above
the local maximum of the Alfve´n continuum atr 0 reflects the
parametric dependencies of the mode frequency on the l
equilibrium parameters. More specifically, a drop inq0 , due
to, e.g., current diffusion, induces an increase in the value
the local maximum of the Alfve´n continuum. This change
would produce anupwards frequency chirpingof the (m,n)
mode on the characteristic time scale ofq0 evolution, as in
the case of Alfve´n cascades.6,7 This argument could be
clearly made in the opposite sense should the sign ofLm

change, e.g., because of different characteristic propertie
the fast ion dynamics. This issue is analyzed in detail
Appendix C and has important implication on the charact
istic variation of the mode frequency when the value ofq0

drops, as observed experimentally.5–7 In fact, with Lm,0
upwards chirping frequenciesare to be expected, as dis
cussed above. On the contrary, forLm.0 the (m21,n)
mode would be excited just below the local minimum of t
Alfvén continuum atr 0 and downwards frequency chirping
modes would appear.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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The condition for the existence of the (m,n) mode is
Lm /VA,m.S2/2n @that for the existence of the (m21,n)
mode would beLm21 /VA,m21.S2/2n], which is indepen-
dent on the mode frequency6 as a consequence of Eq.~2!.
This condition turns out to be a lower bound on the fast
tail particle density,nH , and for the case discussed in Ref.
@JET discharge 49382 in the time interval 43.5 s,t
,44.0 s; S51.54, 2nH /(R0] rnH)50.13] it gives nH /ne

.3.1% atr 5r 0 , consistently with the experimental value
(nH /ne54%). Here, ne is the electron density. Evidently
this criterion ofexistence of a gap modecorresponds to tha
of vanishing of the local continuum damping~cf. Fig. 1!.
Note that, bylocal continuum damping, we define the dam
ing associated with the mode interaction with the shear
fvén continuum atr 5r 0 , where the mode is localized. How
ever, the criterion ofexistence of a gap modeis not sufficient
for the mode excitation. In fact, other damping mechanis
are important in the absence of local continuum damping
nonlocal continuum damping, radiative damping15,16 and ion
Landau damping.17 From Fig. 1, it is clear that nonlocal con
tinuum damping is most important for the (m,n) mode: in
fact this damping mechanism would affect the (m21,n)
mode only if toroidal coupling with the (m,n) sideband is
considered. Nonetheless, the ‘‘selection rule’’ for the mo
excitation would still be that on the sign ofLm ~i.e., the
particle dynamics, as discussed above and in greater det
Appendix C!, because that would determine for which mo
the dominant damping mechanism, i.e., local continu
damping, may vanish. Figure 1 also suggests that nonl
continuum damping should depend on the mode freque
and, more precisely, decrease for increasingV. In fact, in-
cluding this effect, in Appendix A it is demonstrated that t
dispersion relation for the (m,n) mode is modified into

AVA,m1V@11 i exp~24A2nVA,m/S!#

5
Sp

25/2n1/2S 2n

S2

Lm

VA,m
21D . ~4!

From this expression, we note that nonlocal continu
damping is important at low frequency and that it becom
exponentially small for increasing2VA,m . This fact pro-
vides an explanation of the reason why Alfve´n cascades6 are
observed only above a minimum threshold frequency~cf.
Fig. 2!. From Eq.~4!, in fact, we have that the real frequenc
of the (m,n) EPM gap mode (AVA,m1V r is real, i.e., van-
ishing local continuum damping! is given by

AVA,m1V r5
Sp

25/2n1/2S 2n

S2

ReLm

VA,m
21D , ~5!

while the mode growth rate is obtained from

G52AVA,m1V r

3Fpn1/2

23/2S

ImLm

VA,m
2AVA,m1V r exp~24A2nVA,m/S!G ,

~6!

whereV[V r1 iG. In particular, Eq.~6! gives the excitation
condition for the gap mode, i.e., the condition for the mo
Downloaded 29 Nov 2002 to 192.107.53.171. Redistribution subject to A
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drive (}2ImLm , i.e., the resonant fast ion response! to
overcome nonlocal continuum damping. As pointed out
Ref. 6, the condition in Eq.~6! is not the usualresonantEPM
excitation condition, that is normally written without assum
ing the existence of a gap mode1–4 (AVA,m1V r is imagi-
nary and local continuum damping is finite!.

For ReLm.0, the (m,n) EPM gap mode can no longe
be excited. As discussed in Appendix C, the sign ofReLm

depends on the details of the fast ion distribution function
particular on the ratio between the characteristic fast
thermal speed and the Alfve´n velocity. Experimental contro
on this parameter~the velocity ratio! provides a control on
the excitation of either one of the two EPM gap modes,
described by Eqs.~3!. Generally, a transition fromReLm

,0 to ReLm.0 results in a transition from the (m,n) EPM
to the the (m21,n) EPM gap mode excitation. Howeve
(m,n) and (m21,n) EPM gap mode excitations are not m
tually exclusive. In fact, Eq.~C5! shows thatReLm depends,
among other parameters, both on the velocity ratio and
the mode frequency. Specifically,ReLm is }2V and nega-
tive for V→01, whereas it is}c11c2 /V (c1 ,c2.0) for
V@1. For intermediate values ofV, ReLm generally has
one zero,V0 , the value of which depends, e.g., on the v
locity ratio. Thus, forV0,2VA,m,VA,m21 only the (m
21,n) EPM gap mode may exist; for2VA,m,V0

,VA,m21 both (m21,n) and (m,n) EPM gap modes can b
excited; for2VA,m,VA,m21,V0 only the (m,n) gap mode
may exist. As it is also discussed in Appendix C, the pres
results suggest the interesting possibility of designing exp
mental operation scenarii for switching fromupwards fre-
quency chirping to downwards frequency chirpingmodes by
simply controlling the fast ion tail energy, e.g., acting on t
density of the minority ion species. Even further, we ha
actually demonstrated that experimental scenarii are poss
where both upwards and downwardsfrequency chirping
modes are simultaneously excited at the radial location o
minimum-q surface, with the frequency of the downward
frequency chirping mode being always larger than that of
upwards chirping mode. The strength of the fast ion dr

FIG. 2. ~Color! Magnetic spectrum in the preheating phase of a JET
plasma with nonmonotonicq profile ~Ref. 5!. See also Ref. 6.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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depends on the details of the particle distribution funct
and must be determined from Eq.~C5! in each case. Here
we note that the sign of the energetic particle resonant d
(}2ImLm) is consistent with mode destabilization. In fa
ImLm ,ImLm21,0, as it may directly verified from Eq
~C5! assuming centrally peaked energetic ion pressure
files.

The resonant excitation of the (m21,n) or (m,n) gap
modes, as described in Eqs.~3!, is not always possible. In
fact, gap modes are preferably excited only if the downw
or, respectively, upward frequency shift due to the nonre
nant response of the fast ions is smaller than the width of
shear Alfvén continuum frequency gap, i.e.,VA,m

1VA,m21 . Thus, the existence of EPM gap modes wou
depend both on the details of the fast ion dynamics and
the q profile or, more precisely, on the values ofq0 andS.
The transition from EPM gap modes to resonant EPM ex
tation can be controlled experimentally in two ways: acti
on q0 , e.g., changing the width of the shear Alfve´n con-
tinuum frequency gap; or varying the additional heati
power on fast ions, i.e., controlling the magnitude of fr
quency shift due to energetic particle compression. As
plicitly shown later in this section, a smooth transition fro
EPM gap mode to resonant EPMs takes place when the
ion induced frequency shift overcomes the typical width
the shear Alfve´n continuum frequency gap.

If no gap mode exists, but stillReLm,0, the (m,n)
resonantEPM real frequency would be given by

2n

S2

ReLm~V r !

VA,m
51, ~7!

whereas the EPM growth rate would be obtained from

G5S ] ReLm

]V r
D 21S 2ImLm1

23/2S

pn1/2VA,mA2~VA,m1V r ! D .

~8!

For ReLm.0, the analogous dispersion relation for t
(m21,n) mode could be derived similarly, and it ca
be actually obtained from Eqs.~7! and~8! by simple change
of poloidal mode number labels and with the substitut
of the real quantity ~local continuum damping!,
VA,mA2(VA,m1V r)⇒2VA,m21AV r2VA,m21. Equation
~8! yields a destabilization condition which obviously r
quires a stronger particle source than Eq.~6!. This fact pro-
vides confirmation of the above discussion on which exp
mental parameters can control the transition betw
situations characterized by EPM gap modes—described
Eqs. ~5! and ~6!—to scenarii in whichresonantEPMs—
described by Eqs.~7! and ~8!—can be excited. The obviou
sensitive parameter is the level of power input, although
justing the localization of power deposition~power density!
would serve to the same scope by changing the local grad
in the fast ion energy density.

As VA,m1VA,m21→01 ~which may occur whenq0

drops, as in the experiment!, toroidal coupling effects be
come more important~cf. Fig. 3!. Following the theoretical
Downloaded 29 Nov 2002 to 192.107.53.171. Redistribution subject to A
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approach of Ref. 3~details are given in Appendix B!, the
modified EPM dispersion relation in the toroidal case is d
rived in the form

@e0
2V42~V221/4!2#1/4

52
Sp

4n1/2F S 164
nLm

S2 D
1sgn~• !AS 164

nLm

S2 D 2

1
16e0n

p2S2 G ,
~9!

sgn~• !5sgnReS 164
nLm

S2 D ,

wheree0[2(r 0 /R01D8), VA,m.21/2 andD8 denotes the
derivative of the Shafranov shift. Furthermore, the upp
~lower! sign refers to modes excited near the lower~upper!
accumulation point of the shear Alfve´n continuous spectrum
Of the two modes described by Eq.~9!, one is an EPM gap
mode, while the other is strongly continuum damped~cf.
Appendix B for details!. As in the case of Eqs.~3!, the se-
lection rule between the two modes is given by the sign
ReLm : ReLm,0 upper sign,ReLm.0 lower sign. Note
also that the fourth root of the quantity in parentheses
pears on the left-hand side of Eq.~9!, due to the local mini-
mum in theq profile, and not the square root as in the usu
TAE case withq08Þ0.3,10

Equation~9! gives the most unstable EPM root near t
excitation threshold. However, as discussed in Appendix
given an EPM gap mode effectively excited atV2.(1/4)
3(16e0), a much more weakly driven gap mode exists a
nearV2.(1/4)(17e0), and its frequency is given by

FIG. 3. Radial structure of the shear Alfve´n continuous spectrum for the
(m,n) and (m21,n) modes in the caseVA,m1VA,m21'r 0 /R0 . The value
of q2R0

2kim,n
2 is shown vsx[Anq09(r 2r 0). The frequencies of theeven

parity toroidal mode is also shown as expected from Eq.~9!.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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@e0
2V42~V221/4!2#1/4

52
Sp

4n1/2F S 164
nLm

S2 D
2sgn~• !AS 164

nLm

S2 D 2

1
16e0n

p2S2 G . ~10!

This increased multiplicity of roots is due to the effect
toroidicity only, and can be considered a consequence of
existence, atr 5r 0 , of four nearly degenerate shear Alfve´n
waves at the frequency of the toroidal gap in the Alfv´n
continuous spectrum. The complete toroidal EPM dispers
relation is actually given by Eq.~B5!, that recovers both Eqs
~9! and~10! near threshold in the toroidal case, and Eqs.~3!
for negligible toroidal coupling. Clearly, theexponentially
small continuum damping, due to the nonlocal interacti
with the mode continuum, and other kinetic damping mec
nisms, e.g., radiative damping15,16 and ion Landau
damping,17 must be evaluated and compared with the re
nant drive associated with fast ions,3 as obtained from Eq
~C5!, before the existence of such modes is demonstrate
a rigorous basis. From the results of Eq.~4! on the magnitude
of nonlocal continuum damping, we may however conclu
that the most important damping mechanism for the toro
EPM gap mode is radiative damping or ion Landau dampi
which are neglected in the present analysis for the sak
simplicity.

Equation~9! gives a unified description of the toroida
branches of both EPM gap modes and resonant EPMs in
same way it was discussed in detail for Eq.~3! and what
followed. In particular, Eq.~9! shows that, for

US 164
nLm

S2 D U*A16e0n

p2S2 , ~11!

a smooth transition is expected from EPM gap modes
resonant EPMs. Equation~11! is the quantitative formulation
of the qualitative criterion discussed above for the transit
from EPM gap mode to resonant EPMs when the fast
induced frequency shift overcomes the typical width of t
shear Alfvén continuum frequency gap.

When VA,m1VA,m21!2r 0 /R0 , due, e.g., to a furthe
drop in q0 , the radial structure of the shear Alfve´n continu-
ous spectrum becomes that of Fig. 4. The EPMgap mode
smoothly changes from a radial structure localized neax
50 and will eventually end up into a double-hump structu
as it could be quantitatively inferred from transforming ba
the Fourier mode structuresdfm ,dfm21 of Eqs. ~B2! and
~B3! into the corresponding real space eigenfunctio
dcm ,dcm21 .18 This calculation is tedious bu
straightforward18 and it will be omitted here. In any event th
double-hump structure of the EPM is fairly reasonable a
intuitive from Fig. 4. The radial structure in this case has
natural radial width 'r 0 /(n1/2Sq0), so its effect on trans-
port may be significant. The analysis of the effect on tra
port due to global mode structures of high-n modes~gener-
ally speakingdrift or drift-Alfvén modes! near a minimum-q
surface is beyond the scope of the present analysis and
be subject of a future work. Here, we just emphasize that
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presence of a weaker source~drive!, due to radial redistribu-
tion of fast ions, may explain why, after reaching the TA
frequency as in Figs. 3 and 4, the experimentally obser
modes disappear6 ~cf. Fig. 2!. Another possible explanation
is based on Eq.~11!. Assuming weak modifications of th
fast ion source, the fast ion induced frequency shift is a
nearly constant. Meanwhile, the typical gap width in t
shear Alfvén continuum decreases asVA,m1VA,m21→0,
and the criterion of Eq.~11! could be violated. In other
words, the fast ion compression effect could be too strong
a toroidal EPM gap mode to exist, and too weak for t
excitation of a toroidal resonant EPM. Alfve´n cascades, then
may start as weakly driven EPM gap modes at low f
quency, described by Eq.~4!, and end up in damped toroida
resonant EPMs, described by Eq.~9! ~upper sign!, as V
→1/2. Both phenomena are always present, but which is
dominant one needs to be determined case by case. Not
prisingly, the response depends crucially on the strength
the fast ion drive and on the details of the energetic part
dynamics. This picture is supported by recent numeri
simulations of fast ion transports due to resonantly exci
EPMs in hollow q-profile tokamak equilibria,19,20 that are
briefly discussed in Sec. IV. The important fact to apprecia
here, is that the detailed properties of toroidal modes
crucially dependent on fast ion dynamics. In fact, toroid
eigenmodes~i.e., TAEs! can exist at a minimum-q surface
even in the absence of fast ions. However, such modes
exist only at very low levels of the thermal plasma press
and the effect of thermal plasma compressibility is eas
exceeded by that of energetic ions~cf. Appendix B!, as it
happens in the small but finite magnetic shear case.3 Thus, in
the presence of fast ions, the properties of toroidal Alfv´n
modes are essentially those of toroidal EPMs, discus
above.

FIG. 4. Radial structure of the shear Alfve´n continuous spectrum for the
(m,n) and (m21,n) modes forVA,m1VA,m21!2r 0 /R0 . The value of
q2R0

2kim,n
2 is shown vsx[Anq09(r 2r 0). The frequencies of theevenparity

doubleEPM ~toroidal mode! is also shown where it could be expected.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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III. EPM EXCITATION AT DIFFERENT RADIAL
LOCATIONS: THE LINEAR STABILITY POINT OF VIEW

Here, we address the issue of EPM stability in tokam
with hollow q profiles looking closely at the stability prop
erties of EPM as we move away from the minimum-q sur-
face. In fact, EPM stability analyses at the minimum-q sur-
face~cf. Sec. II! and those that assumesmall but finite shear3

appear weakly related, despite the fact that they are all
cused on the same problem. In this section, we demons
that all these results are actuallyconsistentand that they may
be presented within a unified picture. For the sake of clar
we will discuss the problem in the case when toroidal mo
coupling can be consistently neglected. The toroidal prob
can be analyzed exactly in the same fashion, but with gre
technical complexity.

It is part of the common wisdom to assume that, with
the usualballooning formalism,21 the translational invari-
anceof radial mode structures breaks down for different p
loidal Fourier modes when magnetic shear vanishes. Th
evidently true. However, as it was shown in Refs. 18 and
only the separation of spatial scales between equilibr
quantities and wavelengths is really needed for the anal
of high-n mode structures. This separation of scales is s
valid for high-n modes both near and at a minimum-q sur-
face, where magnetic shear vanishes by definition. This fa
general assumption is the only one made in the follow
treatment.

The strength of the formalism employing the separat
of scales is based on the fact that the fast radial scale an
spatial coordinate along the magnetic field can be consid
Fourier conjugatevariables. This is obvious from the fol
lowing identities:

qR0ki ;m,n5nq08~r 2r 0!⇒ is
]

]k r
, q08Þ0, ~12!

qR0ki ;m,n5qR0ki ;m,n~r 0!1
nq09

2
~r 2r 0!2

⇒VA,m2
S2

2n

]2

]k r
2 , q0850, ~13!

where k r[(r 0 /m)kr and dfm , the Fourier transform of
dcm , is given by

dfm~k r ![
1

A2p
E

2`

`

expi S m

r 0
k r~r 2r 0! D

3dcm~r !d
m

r 0
~r 2r 0!.

Moreover, we have that, respectively,s[r 0q08/q0 and S
[Ar 0

2q09/q0
2 are theusualandgeneralizedshear values. Note

that for q09,0 the definition ofS would change accordingly
and that Eq.~12! assumesVA,m[qR0ki ;m,n(r 0)50, as it is
always possible forsÞ0. From Eqs.~12! and ~13!, it is
readily shown that

q2R0
2ki ;m,n

2 5VA,m
2 2Qm

]2

]k r
2 , ~14!
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whereQm5s2 and VA,m50 for sÞ0, andQm5S2VA,m /n
for s50. Then, Eq.~1! in Fourier space can be rewritten a

F ]2

]k r
2 1

V22VA,m
2

Qm
2

1

~11k r
2!2 1

Lm /Qm

~11k r
2!G ~A11k r

2dfm!

50. ~15!

This equation is readily obtained from Eq.~A2!, which is a
reformulation of Eq.~1!. We also note that Eq.~15! is exactly
Eq. ~13! of Ref. 3, where it was derived for the small b
finite shear case. A one to one correspondence between
two equations is obtained by noticing thatLm⇔āE/4, where
āE is the notation of Ref. 3 for the flux surface averag
contribution of fast ions. More precisely, the expression
āE , used in Ref. 3, included the effect of fast ion prece
sional resonance only and it was written for a single pi
angle distribution function. On the contrary, the express
of Lm used here, Eq.~C5! of Appendix C, is written for a
general fast ion distribution function and arbitrary precess
and precession-bounce resonances. From Eq.~15!, we
readily obtain the mode dispersion relation in the form

A2
V22VA,m

2

Qm
5

p

4 S 2Lm

Qm
21D , ~16!

which recovers both Eqs.~3! and their analogue for the sma
but finite shear case discussed in Ref. 3, i.e.,

iV5
usup

4 S 12
2Lm

s2 D . ~17!

The factorQm reflects the typical radial width of the
mode structure,Dr . In fact,

Umr 0
DrU2

'UV22VA,m
2

Qm
U.

It is, then, obvious that the largest value ofQm betweens2

and uS2VA,m /nu determines the radial mode width and th
actual form of the mode dispersion relation in Eq.~16!. Since
we may estimate (Dr /r 0)2}u1/m2Qmu, the transition from
small but finite shear to zero shear, i.e., from Eqs.~3! to ~17!,
occurs fors2&S2/n. In general, Eq.~16! could be used to
study EPM stability properties at different radial location
including at the transition from the weak to the zero sh
regions. A similar argument could be made for the toroid
extension of Eq.~16!, i.e., Eq.~B5! or, more generally, Eq.
~B8!, that can be used for weak as well as zero magn
shear and are in a one-to-one correspondence with the t
dal dispersion relation discussed in Ref. 3 as toroidal ext
sion of Eq.~17!.

Typical profiles of safety factorq and of fast ion normal-
ized energy densitybH ~the normalization being with respec
to the magnetic energy density! in JET RS discharges ar
given in Fig. 5.5 Note that theq profile in Fig. 5 is derived
including motional Stark effect constraints, and that thebH

profile is obtained using the method discussed in Refs.
and 24. Figure 6, meanwhile, shows the correspond
profiles for magnetic shear,s5(r /q)(dq/dr), and aH

[2R0q2(dbH /dr), which gives an indication of the
strength of the fast ion drive. These profiles are a reason
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



va
d

ti
th

ug
cc
l

ity

d
he
y,
d

. 7,
y

-
er

al
e
ot a

een
int.
o-

far
lly

des
ame
a-

ode

r-
ren-
e

the

AE
d

by
ited

l
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model of JET discharge 49382 at a fixed time in the inter
43.5 s,t,44.0 s ~Ref. 5! and generally represent a goo
paradigm case to investigate with Eq.~16!. Such studies,
however, are beyond the scope of the present investiga
and, thus, they will be presented in a separate work toge
with analyses of the toroidal equivalent of Eq.~16!, i.e., Eq.
~B5!. Nonetheless, we wish to emphasize how Fig. 6 s
gests that a strong resonant excitation of EPMs should o
at r /a'0.2, whereaH is maximum. Indeed, direct numerica
1D–GKE linear simulations2 confirm this expectation for the
present parameters, i.e., atr /a50.2, s5rq8/q520.58, q
54.4, a52R0q2(db/dr)50.44, D850.125, aH50.515,
bH50.0072, hH50.395, vTH /vA50.43, rLH /a50.019,
where b is the thermal plasma normalized energy dens
D8 is the derivative of the Shafranov shift,hH

5] r ln TH /]r ln nH with nH (TH) the fast ion density~tem-
perature!, vTH5ATH /mH is the fast ion thermal speed an
vA is the Alfvén velocity. The simulations assume that t
fast ion tail distribution function is a Maxwellian in energ
with a pitch angle distribution highly peaked aroun
mB0 /(v2/2)51, m being the magnetic moment andB0 the

FIG. 5. Radial profile forq ~solid line! andbH ~broken line!.

FIG. 6. Radial profile fors5rq8/q ~solid line! andaH ~broken line!.
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vacuum magnetic field on axis. Results are shown in Fig
where the growth rate~solid line! and the mode frequenc
~broken line! of the EPM, normalized to the local Alfve´n
frequency (vA /qR0), are shown vs the fast ion Larmor ra
dius normalized to the inverse poloidal wave numb
(kurLH , lower horizontal scale! or, equivalently, vs the tor-
oidal mode number~upper horizontal scale!. The two hori-
zontal dashed lines indicate the local width of the toroid
frequency gap in the Alfve´n continuum. The reason why th
mode can be considered a resonantly excited EPM and n
toroidal Alfvén eigenmode~TAE!10 is given by the strength
of the growth rate, which generally exceeds the gap betw
the mode frequency and the continuum accumulation po
A more articulated explanation of this interpretation is pr
vided in Ref. 2.

On the basis of linear stability analyses, presented so
in Secs. II and III, we may conclude that EPMs are genera
excited at different radial locations as either EPM gap mo
or resonant EPMs. These modes are described by the s
dispersion relation with different dominant damping mech
nisms and a smooth transition from one to the other m
can be obtained, e.g., by varyingaH ~Refs. 3, 4, 12, and 25!
or vTH /vA .3 Due to the peculiar role of wave-particle inte
actions in the mode excitation, resonant EPMs are prefe
tially excitedwithin the minimum-q surface, where the mod
drive is expected to be strongest. Other Alfve´nic modes are
usually not excited in the plasma core region inside
minimum-q surface due to finite-a stabilization of TAE
modes via strong continuum damping.3,4,22,26–28The thresh-
old condition for finite-a TAE stabilization is very low for
low magnetic shear,a.acrit5r 0 /R012D81s2,29–31 and it
can be easily exceeded.3 Thus, if the excitation condition of
resonant EPMs is not satisfied in the plasma core, T
modes can be generally expected only in strongly reverseq
profiles, around the most negative shear position, whereacrit

is maximum and the conditiona,acrit is more likely to
occur.4,22 EPM gap modes, meanwhile, are affected
weaker damping mechanisms and are preferentially exc

FIG. 7. Local values of growth rate~solid line! and real frequency~broken
line! of an EPM atr /a50.2. The two horizontal lines indicate the toroida
gap in the Alfvén continuum~Ref. 5!.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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at the minimum-q surface for two basic reasons:~i! this is
the place where a frequency gapnaturally appears in the
shear Alfvén continuous spectrum even for negligible toro
dal coupling;6 ~ii ! this is also the innermost surface where t
downwards frequency shift due to thermal plasma comp
sion ~finite a! is relatively small and, at the same time, t
strength of the mode drive is relatively large.

The radial localization, growth rate, and mode struct
of the most unstable EPM are determined mainly by fast
pressure andq profiles. Thus, on basis of previous discu
sions, a great variety of scenarii is possible and case by
must be considered for detailed discussion. Nonetheless
may draw some general conclusions when looking at
different qualitative behaviors we could expect. To do so,
assume reasonable profiles as those of Figs. 5 and 6, and
bH0 , the value ofbH on axis, ascontrol parameter to move
from one regime to another.

Starting from lowbH0 , the first EPM to be excited is th
EPM gap mode at the minimum-q surface. Call this first
threshold valuebH0,, . Meanwhile, theq profile of Fig. 5,
can be considered as strongly reversed sinces520.58 at the
position of maximumaH ands&21 at r /a.0.3. In fact, in
the absence of fast ions and consistently with what is
pected from the discussion above, the local TAE dispers
relation22 predicts the existence of a toroidal gap mode w
V50.53 atr /a50.2, for the core plasma parameters used
the simulation in Fig. 7. Furthermore, radial positions
most negative shear~maximumacrit) and maximumaH are
nearly the same. For this reason, the toroidal gap mod
0.2&(r /a)&0.3 is characterized by both strong drive as w
as weak damping. Thus, forbH0*bH0,, we conclude that
two EPM gap modes should be excited, one at the minimu
q surface and another at the radial position which gives
best compromise between maximizingaH and minimizings
~i.e., maximizing acrit for finite a enhanced continuum
damping!.

IncreasingbH0 further, we reach a second thresho
value,bH0,u , above which the mode inside the minimumq
surface is excited as resonant EPM. Strong resonant ex
tion of such instability generally yields rapid particle tran
port and frequency chirping on time scales that are sho
than any characteristic time of equilibrium changes.3 Due to
its resonant character, the mode is preferentially excite
the position of maximum drive, which is typically that o
maximumaH . However, this is not always the case, sin
orbit averaging effects, which are sensitive to theq profile,
may play an important role. Changing the profiles from tho
of Figs. 5 and 6 allows us, in principle, to have situations
which, for bH0*bH0,u , we could have a transition of th
EPM gap mode at the minimum-q surface into a resonan
EPM before the excitation of resonant EPMs inside
minimum-q surface.

The actual values ofbH0,, andbH0,u depend both on the
profiles and on the relevant wave-particle resonance. For
ample, these values would be different for transit resonan
with circulating ions and for precession-bounce resonan
with trapped particles, as in the case of ICRH. Nonethele
the qualitative plot of possible excitation scenarii, discus
above, remains the same, regardless to the details of w
Downloaded 29 Nov 2002 to 192.107.53.171. Redistribution subject to A
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particle dynamics. Linear theory, presented in Secs. II a
III, indicates thatbH0*bH0,u.bH0,, for the profiles of Figs.
5 and 6.

From the experimental point of view, resonant EPM
excited deep in the plasma core have a high poloidal m
number due to the high local value ofq: thus, they would be
difficult to be detected by MHD loops located at the plasm
edge. Their direct detection would require adequate diagn
tics for spatially resolved fluctuation measurements, as
flectometry, which already proved to be successful in m
suring core localized Alfve´nic activity.32,33 However, there
could be severe requests on the time resolution that is a
ally required for detecting fast frequency chirping that
expected for strong resonant EPM excitation.3 As it is dem-
onstrated in the next section, the chirping rate scales n
rally as the inverse mode growth rate. Measuring
‘‘asymptotic’’ frequency of the nonlinearly saturated res
nant EPMs is an easier task since it involves resolving
characteristic lifetime of the nonlinear structures. Dire
measurement of EPM gap modes is much less cumberso
since these modes are radially localized at the position of
minimum-q surface and are typically characterized
smaller poloidal mode numbers than those of the reson
EPMs excited in the plasma core. Magnetic fluctuation m
surements at the plasma edge are the readily available d
nostic in this respect, as it is remarkably shown by obser
tions of Alfvén cascades,6–9 that have largely motivated th
present theoretical investigation.

Fluctuation measurements obviously provide dire
proof of the type of modes that are excited in actual exp
mental conditions. An indirect but nonetheless very intere
ing option to provide evidence of resonant EPM excitatio
is given by measuring the actual fast ion distribution, both
space~radial! and energy. The discussion of such asp
takes us into a truly nonlinear dynamical picture, which
the topic of the next section.

IV. EPM EXCITATION AT DIFFERENT RADIAL
LOCATIONS: THE NONLINEAR DYNAMIC POINT
OF VIEW

In the present section, we discuss the broader framew
of EPM stability and EPM induced transport in tokama
with hollow q profiles. From the discussions presented
Sec. III, we concluded that both resonant EPMs inside
minimum-q surface and EPM gap modes are excited for
profiles of Figs. 5 and 6. The former short wavelength mo
are excited deep in the plasma core and are difficult to
detected by MHD loops located at the plasma edge. T
latter fit well with experimental evidence of Alfve´n
cascades,6–9 as remarkably demonstrated by magnetic flu
tuation measurements.

In the presence of two linearly unstable modes, exci
at different radial locations, two qualitatively different an
limiting scenarii are possible for the nonlinear mode evo
tion. In the first moderate-drive scenario, the fast parti
transport time scale between regions where different mo
are excited is long compared with the inverse mode gro
rates. Then, both modes evolve nonlinearly in an indep
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



co
ce

rs

ia
a
u
o
n

ita
s

a
on

n
v

nt

ra
n
tu
re
te
lin

t
a

on
a

o
th

e,
PM

i.e.,
r of
ce is
to a
he

ase
-
tter-

fter

ere
ffer-
the
at

nd
s of
da-
of

a-
ted
un-
rac-

tly
f it
ion
etic
lu-
he
in

ilib-

y-
M
his
eri-
ns-

ts of

sly
ant
nce

e of
ful
e

on-
ifi-
er
so-

-

4948 Phys. Plasmas, Vol. 9, No. 12, December 2002 Zonca et al.
dent fashion and can be considered separately. In the se
strong-drive scenario, the inner mode grows and indu
nonlinear fast particle redistributions~transport! on a charac-
teristic time which is shorter or comparable with the inve
growth rate of the outer mode. In this case, the problem
intrinsically nonlinear and modes excited at different rad
locations cannot be considered independently. For the s
of precision, we may not exclude that the outer mode co
be the most rapidly growing. This situation, however, is n
typical, as it is discussed in detail at the end of Sec. III a
we will not further comment on that.

The two limiting scenarii discussed above are qual
tively illustrated in the following nonlinear numerical studie
using a Hybrid MHD-Gyrokinetic Code~HMGC!.11,12Theq
andbH profiles used in the simulations are those of Fig. 8,
isotropic Maxwellian is assumed for the fast ion distributi
function, andrLH50.01, vTH /vA51 are kept fixed. For
bH050.008, we are in the first moderate-drive scenario a
relative to the discussion at the end of Sec. III, we ha
bH0*bH0,u.bH0,, . Simulations show that, after a transie
phase, a resonant EPM is excited at the radial position
maximum drive. Results are shown in Fig. 9. After satu
tion, without significant radial redistribution of the fast io
source, the resonant EPM reaches a time asymptotic fluc
tion amplitude at a comparable level with that of a mo
weakly growing EPM gap mode, which appears at la
times, as shown in Fig. 10. Discussing the details of non
ear dynamic evolution and saturation processes is beyond
scope of the present paper. These and other results are
lyzed elsewhere.34

At bH050.022, well above the resonant EPM excitati
threshold, we are in the second strong-drive scenario
bH0.bH0,u.bH0,, . Nonlinear simulations19,20 demonstrate
that, in such conditions, very rapid radial redistributions
fast ions take place on a time scale that is proportional to
inverse EPM growth rate~typically '100tA , tA5R0 /vA

being the Alfvén time!. In the linear destabilization phas
Fig. 11 evidentiates strong resonant excitations of E

FIG. 8. Radial profiles ofq andbH that are used in the nonlinear simula
tions with the HMGC code~Refs. 11 and 12!.
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around the position where the resonant drive is strongest,
at r /a'0.3. As a demonstration of the resonant characte
the mode, the mode structure evolves as the fast ion sour
radially displaced and weakened, till the mode merges in
weakly driven Alfvén mode near the frequency gap at t
radial position of theq-minimum surface,r /a'0.5 ~cf. Fig.
12!. This rapid nonlinear evolution suggests that, in the c
of strong resonant EPM excitation inside the minimumq
surface, these modes would basically serve as strong sca
ing mechanism for the fast ions and quickly disappear a
the particle radial redistribution. The case atbH050.022,
with strongly driven resonant EPMs, clearly shows that th
can be a strong connection between modes excited at di
ent radial locations. In this case, EPM excitation near
minimum-q surface is an intrinsically non-linear process th
should be analyzed together with particle transport.

From a comparison of the contour plots of Figs. 10 a
12, no major differences emerge in the asymptotic state
the EPM gap mode frequency spectra. Meanwhile, fun
mental differences clearly emerge by direct comparison
asymptotic fast ion radial profiles. For lowbH0 , radial fast
particle transport does not significantly affect the initial r
dial distribution: resonant EPM and EPM gap mode, exci
at different radial locations, can be assumed as linearly
stable modes that independently evolve on different cha
teristic time scales and eventually saturate viaindependent
nonlinear dynamic evolutions. On the contrary, forbH0

50.022, strong and fast radial particle transport significan
affects the linear destabilization of the EPM gap mode. I
were not for such fundamental differences in the fast
dynamics, from experimental measurements of magn
fluctuation frequency spectra one could hardly draw conc
sions on any significant difference for these two scenarii. T
long time scale behavior of the mode frequency would,
both cases, follow the adiabatic changes in the local equ
rium quantities. For thevery energetic fast ion taillimit,
discussed in Sec. II, the trend would be that ofupwards
frequency chirping, as observed forAlfvén cascades.6–9

The complexity and richness of nonlinear fast ion d
namic behavior and of self-consistent description of EP
excitations emerges clearly from the present analysis. T
fact should always be considered in discussions of exp
mental results since very different energetic particle tra
ports may take place despite the very similar Alfve´nic char-
acter of observed modes. Therefore, actual measuremen
fast ion distribution functions~both in space and energy! and
of radially resolved frequency spectra are simultaneou
needed to draw conclusions and to make any signific
comparison between theory and experiment. In the abse
of spatially resolved fluctuation measurements, knowledg
fast ion distribution functions could nonetheless be use
and provide indirect but still important information about th
modes that are actually excited in realistic experimental c
ditions. If measured energetic particle profiles were sign
cantly different from those expected on the basis of pow
density deposition, our analysis would suggest strong re
nant EPM excitation inside the minimum-q surface as a good
candidate to explain such a discrepancy.34 No useful infor-
mation would be provided in the opposite case.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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FIG. 9. ~Color! Contour plot~left! of the EPM scalar
potential fluctuation intensity in the (r /a,vtA) plane at
t5t/tA5120, in the linear destabilization phase. Her
bH050.008 andtA5R0 /vA is the Alfvén time. The
shear Alfvén continuous spectrum is also shown for re
erence in the background. The initial fast ion radial d
tribution ~right!, (r /a)(nH /nH0), is also shown as a
function of r /a.

FIG. 10. ~Color! Same as Fig. 9, but att5354tA , in
the fully nonlinear saturated phase. The fast ion rad
distribution ~right!, (r /a)(nH /nH0), does not indicate
significant modifications from that of the initial state.

FIG. 11. ~Color! Same as Fig. 9, but with a stronge
drive. Here,bH050.022 andt545tA , in the linear de-
stabilization phase.

FIG. 12. ~Color! Same as Fig. 11, but att5132tA , in
the fully nonlinear saturated phase. The fast ion rad
distribution ~right!, (r /a)(nH /nH0), shows strong
modifications when compared with that of the initia
state, confirming significant and rapid radial partic
transport.
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The question of resonant EPM excitation within t
minimum-q surface and of the rapid fast ion radial transp
that such modes may cause has been recently analyzed.19,20,34

More careful comparisons with experimental observatio
require detailed analyses that will be presented elsewh
since they are beyond the scope of the present work. Her
a final remark, we note once more that resonant EPMs,
all excited, would yield rapid particle transports on a tim
scale that, for most present tokamaks, would be of'1 ms.
Such rapid transport events have been recently observe
JT-60U during N–NBI~negative neutral beam injection! and
have been named abrupt large amplitude events, ALE.35

V. DISCUSSION AND CONCLUSIONS

In this work, we have presented a thorough analysis
EPM stability and mode structures in tokamaks with hollo
q profiles. From the point of view of EPM excitations b
ICRH fast ion tails, we have shown the importance of bo
the region inside the minimum-q surface and of the toroida
annulus of widths2&S2/n, centered atr 0 .

In the region near the minimum-q surface, we have
shown that two types of EPMs may exist. The first type
EPM gap modes, for which the existence condition as loc
ized modes with frequency inside the gap in the shear Alf´n
continuous spectrum is equivalent to the condition of vani
ing local continuum damping. For such modes, the domin
damping mechanism is nonlocal continuum damping. T
second type of EPMs are resonant EPMs, with real freque
given by Eq.~7! and determined essentially by fast ion com
pressibility effects, and with growth rate set by the compe
tion of resonant drive and local continuum damping, as
Eq. ~8!. Generally speaking, however, the distinction b
tween the two types of EPMs appears somewhat artifi
since they are given by the same dispersion relation an
smooth transition from one type to the other may be obtai
by controlling the fast ion distribution function or, equiva
lently, their fundamental dynamic properties. When toroi
coupling becomes important and nonlocal continuum dam
ing is exponentially small, due to the higher mode frequen
the dominant damping mechanism for EPM gap mode
radiative damping or ion Landau damping, that are not
cluded in the present analysis for the sake of simplicity. B
sides this aspect, the ‘‘distinction’’ between the two types
EPMs remains as discussed above. Meanwhile, it is dem
strated that EPMs with frequency near the TAE gap m
have either single or double hump radial structures.

A detailed discussion of the fast ion resonant and n
resonant response is also presented in connection wit
crucial importance in determining the characteristic sig
tures of the excited EPMs, e.g., the either upward or do
ward frequency chirping that the mode would exhibit as
consequence of adiabatically slow changes in the locaq
profile. Here, by adiabatically slow we mean on char
teristic time scales which are much longer than the inve
mode growth rate. In this sense, all equilibrium quantit
are treated as ‘‘fixed’’ parameters; the parametrized mo
prediction~mode frequency and growth rate!, in turn, would
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adiabatically depend on time through the correspond
slow time changes of the plasma equilibrium und
investigation.5–7

Using the physical argument of spatial scale separa
between equilibrium quantities and mode wavelengths,
have shown that there exists a unified mathematical form
lation, which is valid both for vanishing magnetic shear ne
r 0 and in the region inside the minimum-q surface, where
magnetic shear is small but finite. On the basis of this unifi
formulation, we have argued that most unstable EPMs
generally excited at the radial position of strongest energ
particle drive.

The linear theory developed here allows us to defi
excitation thresholds for both EPM gap modes and reson
EPMs. Our results are consistent with experimental obse
tions of Alfvén cascades.6–9 However, it also suggests that
richer phenomenology can be observed by suitable cho
of experimental conditions. Acting on density of the minori
ion species or on the position of the ICRH resonant abso
tion layer provides direct control on the velocity rat
vTH /vA , which has a crucial role in determining the com
pressional response of the fast ion population, e.g., by se
the value ofV5V0(vTH /vA ,...), where ReLm(V) van-
ishes. For2VA,m,VA,m21,V0 , a drop inq0 , due to cur-
rent diffusion, results in upwards frequency chirping of t
EPM gap mode atr 0 , as it is observed with Alfve´n cascades.
However, forV0,2VA,m,VA,m21 , the direction of chirp-
ing would be downwards, and, even further, both upwa
and downwards chirping modes should be observed
2VA,m,V0,VA,m21 . This prediction of the present theor
can be easily checked in actual experimental conditions.

Adjusting the position of the ICRH resonant absorpti
layer or changing the level of power input provides an e
perimental knob for regulating the power density and, u
mately, the strength of energetic particle drive. In this way
is possible to control a smooth transition from EPM g
modes to resonant EPM excitation. Unlike EPM gap mod
that are readily observed with magnetic fluctuation measu
ments at the plasma edge, direct detection of resonant E
requires radially resolved fluctuation measurements.

For sufficiently peaked pressure profiles, nonlinear sim
lations confirm that resonant EPMs are destabilized at
radial location whereaH is maximum. Numerical results
show that nonlinearly saturated states are always chara
ized by EPM gap modes at the minimum-q surface, even
when EPMs of either type are excited within the minimumq
surface. Scenarii that yield these time-‘‘asymptotic’’ sat
rated conditions continuously vary between two limitin
cases. Close to marginal stability, the transport time scal
energetic ions is longer than the inverse growth rate of b
resonant EPMs and EPM gap modes excited atr 0 . In these
conditions, EPM excitations at different radial locations a
well described within the theoretical formulations of Secs
and III, and the modes are characterized by independent
linear evolutions. For strong drive, rapidly evolving resona
EPMs are radially displacing the fast ion source towards
position where it can more easily destabilize more wea
growing EPM gap modes. In this second case, the chara
istic time scale of EPM gap mode growth is longer than t
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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of fast ion transport: linear stability analyses are, thus, in
equate and the problem is intrinsically nonlinear.

The presence of an EPM gap mode at the minimumq
surface in both limiting scenarii, as well as in the case
which resonant EPMs are not excited, makes spectrogra
measurements of frequency spectra at the plasma edg
suited for discriminating among the various cases, which
characterized by crucial differences in nonlinear fast ion
namics. More information could be obtained by search
evidence of resonant EPMs within the minimum-q surface in
radially resolved fluctuation spectra, e.g., based on refle
metry. Detection of the resonant EPMs would indicate t
experimental conditions can be appropriately described
terms of aclose to marginal stabilityregime. On the other
hand, lack of evidence of these resonant modes could
interpreted, on the basis of numerical results, in two oppo
ways: ~i! complete absence of EPMs excited within t
minimum-q surface;~ii ! strongly unstable EPMs and rap
energetic particle transport that yields mode saturation. T
uncertainty can be obviously removed by direct detection
fast frequency chirping of strongly excited EPMs within t
minimum-q surface during their nonlinear saturation proce
However, such measurement is difficult and is a challe
for realistic reflectometry time resolution, since it involv
characteristic times that scale as the inverse mode gro
rate and are shorter than any ‘‘equilibrium’’ relaxation time3

Fast reflectometry with time resolution shorter that 1
would be required to actually resolve rapid frequency chi
ing in the early nonlinear phase of strongly unstable reson
EPMs. If this were not available, only nonlinearly saturat
mode structures would be detected. Indirect evidence
strong resonant EPM excitation can, however, be obtaine
observing that actually measured energetic particle pro
are significantly broader than those expected from po
deposition calculations. Such discrepancy, according
simulation results, could be explained in terms of EP
induced fast ion transport.34

From the present work, linear stability aspects seem
be fairly well understood. However, the issue of nonline
EPM dynamics and fast ion transport requires further an
ses, as far as both numerical simulations and theore
modeling are concerned. In fact, fast ion distributions a
radial profiles may be of crucial importance in determini
which operation scenarii are accessible in present and
step experiments. The expected radial profiles of energ
ions would be quite different depending on whether or
resonant EPMs are excited within the minimum-q surface.
Nonetheless, in the presence of external ion heating~ICRH,
NBI, N-NBI!, the usually adopted approach is to compu
fast ion distributions treating them as test particles. In ot
words, the possibility that collective phenomena may be
cited and eventually cause fast ion transport is neglec
This classic approach is inadequate in burning plasma c
ditions or with high power-density additional heating and t
effect of collective phenomena, as EPMs, should be s
consistently included.

Our numerical simulations of EPM induced fast io
transports so far have been made using simplifying assu
tions on fast ion distribution~isotropic Maxwellian! and
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plasma equilibria ~shifted circular magnetic
surfaces!.11,12,19,20,25Their main ‘‘robust’’ results are essen
tially that rapid fast ion transport occurs right above the e
citation threshold of resonant EPMs, but that—at the sa
time—the nature of such transport~local radial redistribu-
tions vs global losses! depends on the details of radial mod
structures, fast ion profiles and plasma equilibrium~essen-
tially the q profile!. As a consequence, if remaining ever
where below the local excitation threshold of resonant EP
is an obvious and elementary criterion for plasma operatio
locally unstable fast ion profiles can be acceptable, espec
for peaked energetic particle sources that are only lik
to cause radially trapped modes and local radial redistri
tions.3 With peaked fast ion profiles, the nonlinear satura
EPM can also induce localized zonal flows in the plasm
although the effect that these may have on core trans
remains to be assessed.36,37Thus, it is of primary importance
to develop reliable theoretical models of fast ion transpor
the presence of resonant EPMs as well as predictive num
cal simulation capabilities.

In this work, we have focused on the fundamental ph
ics aspects of EPM excitation and mode structure in to
maks with hollowq profiles, rather than on applications an
comparisons with actual experimental conditions. T
present results on mode stability, summarized by Eqs.~16!
and~B5!–~B8!, may indeed be taken as the starting point
further work with the aim of designing experimental setu
in which specific aspects of wave and particle dynam
could be studied. The fairly simple and compact form of t
equations could be used to rapidly obtain preliminary a
useful results for more detailed and complex numeri
investigations.7 Similar consideration can obviously be mad
for nonlinear simulations using the HMGC code.11,12
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APPENDIX A: EPM MODE STRUCTURES: NONLOCAL
CONTINUUM DAMPING

In this section, we take a closer look at Eq.~1! in order
to compute thenonlocal continuum dampingassociated with
the nonlocal interaction with the shear Alfve´n continuous
spectrum as shown in Fig. 1. Introducing the new varia
y[n1/2x/S, it is straightforwardly seen that the eigenvalu
problem for the (m,n) mode—the one that can belocalized
by the negativefast ion compressibility, as indicated in Eq
~3!—reduces to an asymptotic matching between two
gions: I, characterized byx'1⇔Sy/An'1, in which
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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F]y
2211

2/y

~11S2y2/4nVA,m!
]y

1
S2

nVA,m

y]y

~11S2y2/4nVA,m!

1
nLm /S2VA,m

y2~11S2y2/4nVA,m!Gdcm50; ~A1!

and II, wherex!1⇔Sy/An!1 and

F]y
2211

2yS2/n]y

~2~V1VA,m!1S2y2/n!
]y

1
Lm /VA,m

~2~V1VA,m!1S2y2/n!Gdcm50. ~A2!

Using the symmetry of Eqs.~A1! and ~A2! for y→2y, we
may focus on they>0 axis. Equation~A1! is evidently the
one that contains thenonlocal interaction with the shear Al-
fvén continuous spectrum~see Fig. 1! in the singular points
at y25y0

2[24nVA,m /S2. Omitting the lengthy but straight
forward details, it is possible to show that Eq.~A1! has the
following solution fory→y0

(1) :

dcm,I
(1).~y2uy0

22y2u!21/2Auy2y0uK0~y2y0!, ~A3!

where K0 is the modified Bessel function of zero orde
Equation ~A3! has the correct asymptotic behavior fory
@y0 , i.e., dcm,I

(1).Ap/2 exp(y02y)/y2. Using thecausality
constraintsto analytically continue the solution of Eq.~A3!
acrossy5y0 , i.e., to describe the mode interaction with t
shear Alfvén continuous spectrum,38 we have that Eq.~A1!
has the following solution fory→y0

(2) :

dcm,I
(2).~y2uy0

22y2u!21/2Auy2y0u

3@K0~y02y!1 ipI 0~y02y!#. ~A4!

For 1!y!y0 , Eq. ~A4! yields dcm,I
(2). iAp/2(expy0 /y)

3(exp(2y)2i exp(22y0) exp(y)), which must match the
asymptotic solution of Eq.~A2!. In fact, this condition may
be actually used as a boundary condition for the solution
Eq. ~A2! as y@1. At this point, the eigenvalue problem
well posed and, proceeding as in Ref. 3, we find the disp
sion relation for theevenmode, i.e., Eq.~4!:

AVA,m1V@11 i exp~24A2nVA,m/S!#

5
Sp

25/2n1/2S 2n

S2

Lm

VA,m
21D .

Equation~4! is the generalization of Eq.~3! that includes the
effect of thenonlocal continuum damping, which is expo
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f

r-

nentially small and depends on the mode frequency,
VA,m , as it was expected from Fig. 1. The trend is that of
exponential reduction ofnonlocalcontinuum damping as the
mode frequency increases. We emphasize again that, in
opinion, this is the reason why EPMs in reversed shear
charges on JET appear only above a certain minimum m
frequency5,6 ~see Fig. 2, from Ref. 5!.

APPENDIX B: TOROIDAL DISPERSION RELATION
AND MODE STRUCTURES

When VA,m1VA,m21@r 0 /R0 , (m,n) and (m21,n)
modes can be considered independent because of the
~perturbative! influence of toroidal coupling. This effect can
not be treated as a perturbation anymore asVA,m1VA,m21

→0, as it clearly emerges from Fig. 3.
Assume thatVA,m.2VA,m21.21/2. At this value of

VA,m , the effect ofnonlocal continuum damping become
exponentially small~cf. Appendix A!. Thus, we will omit its
explicit computation in the toroidal case. In these conditio
the most relevant damping mechanism isradiative dam-
ping15,16 or ion Landau damping,17 that could be straight-
forwardly included in the present formalism.4 However, for
the sake of simplicity, we will neglect these damping mech
nisms in the present analysis to better emphasize the n
and peculiar features in the mode structures of toroi
Alfvénic modes near a minimum-q surface.

Equation~1! in Fourier space is replaced by3

F]kr
~11k r

2!]kr
1

V22VA,m
2

Qm
~11k r

2!1
Lm

Qm
Gdfm

1
e0V2

Qm
k r

2dfm2150,

~B1!F]kr
~11k r

2!]kr
1

V22VA,m21
2

Qm21
~11k r

2!1
Lm21

Qm21

n

S2Gdfm21

1
e0V2

Qm21
k r

2dfm50.

Here, Qm is the same that was defined in Eq.~14!. Mean-
while, k r is the Fourier conjugate variable ofm(r 2r 0)/r 0 ,
introduced above in Sec. III, whereasdfm ,dfm21 are the
Fourier Transforms ofdcm ,dcm21 . Introduce also the no-
tation Gm5(V22VA,m

2 )/Qm , and Em52e0V2/Qm

.2Em21 . Taking into account thatQm21.2Qm , it is
readily demonstrated3,5 that the asymptotic solution of Eq
~B1! for k r@1 is given by
dfm.
1

2k r
Fc1SAGm2Gm21

2
1Em1AGm2Gm21

2
2EmD expi ~k1k r !

1c2SAGm2Gm21

2
1Em2AGm2Gm21

2
2EmD expi ~k2k r !G , ~B2!
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dfm21.
1

2k r
Fc1SAGm2Gm21

2
1Em2AGm2Gm21

2
2EmD expi ~k1k r !

1c2SAGm2Gm21

2
1Em1AGm2Gm21

2
2EmD expi ~k2k r !G , ~B3!
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wherec6 are arbitrary constants and

k6
2 5

Gm1Gm21

2
6AS Gm2Gm21

2 D 2

2Em
2 . ~B4!

Clearly, k6 are defined as the roots of Eq.~B4! with Imk6

.0.
As for the ‘‘cylindrical’’ case~see Sec. II!, Eqs.~B1! can

be used to generate a variational form, in which Eqs.~B2!
and ~B3! can be used as trial functions. Considering th
Lm.Lm21 , this lengthy but straightforward calculatio
yields the following dispersion relation for toroidal EPM
near a minimum-q surface:

FAEm
2 1GmGm211

p2

16
2 i

p

4
~k11k2!

2S pLm

2Qm
D 2G~k11k2!5 i

pLm

2Qm
~Gm2Gm21!. ~B5!

It is instructive to consider a simple limit of the above equ
tion in which the effect of toroidicity may be neglected. A
sumingGmGm21@Em

2 , Eq. ~B4! gives

k11k25 iA2Gm1 iA2Gm21,
~B6!

k12k25sgn~Gm2Gm21!~ iA2Gm2 iA2Gm21!.

With these results, Eq.~B5! becomes

SA2Gm1
p

4
2

pLm

2Qm
D SA2Gm211

p

4
1

pLm

2Qm
D50, ~B7!

i.e., it recovers the cylindrical limit of Eq.~16!.
In general, Eq.~B5! requires a numerical solution, de

spite its fairly simple and compact form that, as we ju
showed, can describe consistently the toroidal mode dis
sion relation as well as the cylindrical limit. However, the
is a simple but still relevant toroidal case in which Eq.~B5!
can be cast into a more transparent form. This is the c
when either the toroidal EPM gap modes or the toroidal re
nant EPMs have a frequency very close to the accumula
point of the shear Alfve´n continuous spectrum andGm21

52Gm , i.e.,VA,m52VA,m21521/2. Then, with the opti-
mal ordering

~Em
2 2Gm

2 !1/4'UpLm

2Qm
71U'e0

1/2,

we readily obtain the dispersion relation for the toroid
mode, Eq.~9!, as anticipated in Sec. II:
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2V42~V221/4!2#1/4

52
Sp

8n1/2F S 164
nLm

S2 D
1sgn~• !AS 164

nLm

S2 D 2

1
16e0n

p2S2 G ,
sgn~• !5sgnReS 164

nLm

S2 D .

Here, the upper~lower! sign refers to an EPM mode excite
near the lower~upper! accumulation point of the shear Al
fvén continuum, i.e.,V2.(1/4)(17e0).

On the left-hand side of Eq.~9!, the expression@e0
2V4

2(V221/4)2#, which accounts for the toroidal frequenc
gap formation in the shear Alfve´n continuous spectrum, is
the same that appears in the well-known case with fin
magnetic shear,q08Þ0. The difference, here, is that this ex
pression enters the equation at the 1/4 power, rather than
square root: this is due to the peculiar structure of the sh
Alfvén continuous spectrum in the present case, with f
~rather than two! shear Alfvén waves that are degenerate
the lowest order.

For Re(114nLm /S2),0, and considering thatImLm

,0 ~cf. Appendix C!, it is readily demonstrated that the up
per sign corresponds to an EPM gap mode excited atV2

.(1/4)(12e0), whereas no gap mode may exist for th
lower sign. On the contrary, forRe(124nLm /S2),0, an
EPM gap mode is excited atV2.(1/4)(11e0) ~lower sign!,
but no gap mode may be located near the lower continu
accumulation point~upper sign!. Actually, Eq.~9! gives only
the most unstable modes that may be excited in the co
tions described above. Two other roots are possible as w
i.e., those given by Eq.~10!,

@e0
2V42~V221/4!2#1/4

52
Sp

8n1/2F S 164
nLm

S2 D
2sgn~• !AS 164

nLm

S2 D 2

1
16e0n

p2S2 G .
For Re(114nLm /S2),0, the lower sign gives an EPM ga
mode excited near the upper continuum accumulation po
which is characterized by a much weaker drive than tha
the EPM gap mode atV2.(1/4)(12e0), described by Eq.
~9!. Similarly, for Re(124nLm /S2),0, Eq. ~10! yields a
much weaker EPM gap mode atV2.(1/4)(12e0) ~upper
sign! than that of Eq.~9!, located near the upper accumul
tion point ~lower sign!.
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One effect of toroidal coupling is, thus, to increase t
number of unstable modes: these are indeed two, rather
one as in the ‘‘cylindrical case,’’ at least in the conditio
discussed above for the validity of Eqs.~9! and ~10!. How-
ever, Eq.~B5! shows clearly that no toroidal gap modes c
exist in the absence of fast ions, i.e.,Lm50, sinceIm(k1

1k2).0. This result is evidently an artifact of the intrins
assumption made in this Appendix: that thermal~core!
plasma compression is negligible with respect to that of
fast ions. In fact, this assumption is reasonable in the p
ence of ion cyclotron resonant heating~ICRH!. But it evi-
dently fails if we wish to take theLm→0 limit in Eq. ~B5!.
Following Ref. 3, the effect of core plasma compressibility
readily included into Eqs.~B1! and~B5!. Omitting the details
of the derivation for brevity, we directly write the genera
zation of Eq.~B5!,

FAEm
2 1GmGm211

p2

16
2 i

p

4
~k11k2!2S pLm

2Qm
D 2

1S p~a2ac0!

4Qm
D 2G~k11k2!

5 i
pLm

2Qm
~Gm2Gm21!1 iEm

p~a2ac0!

2Qm
, ~B8!

where a52R0q2b8 and ac05r 0 /R012D8.3,29 Equation
~B8!, similarly to Eq. ~B5!, generally requires a numerica
solution. However, it admits a very simple solution near
continuum accumulation points and withLm50,

@e0
2V42~V221/4!2#1/45

4&

p

n3/2

S3 e0~ac02a!. ~B9!

Equation ~B9! demonstrates that toroidal Alfve´n eigen-
modes10 exist at a minimum-q surface, provideda,ac0 ,
even in the absence of a fast ion population.

APPENDIX C: FAST ION RESONANT AND
NONRESONANT RESPONSE

In this appendix, we derive an expression forLm in Eq.
~1!, i.e., for the wave-particle resonant and nonresonant
teractions. Here, it is worth noticing that fast ions orbits p
duced during ion cyclotron resonant heating may well
nonconventionalpotatoorbits.39 These potato orbits are cha
acterized by a typical width,dp , comparable with the mode
radial localization, i.e.,dp'r 0 . For such particles, the cha
acteristic orbit size normalized to the poloidal wavelength
(m/r 0)dp'm@1, and their interaction with high-m localized
modes is affected by strongresonance detuning.1,3,4,40On the
other hand, some potato orbits may not reachu5p/2 in po-
loidal angle~the typical bounce angle for trapped particl
with on axisICRH!, depending on the value of their toroid
canonical angular momentum. However, these orbits do
effectively tap energy from the ICRH since they do not rea
the resonant absorption layer. Thus, orbits that most ef
tively exchange energy with high-m modes tend to be con
ventional trappedbananaorbits. For this reason, and sinc
transition from potato to banana orbits can be obtained
changing~lowering! the particle energy,39 in the following
Downloaded 29 Nov 2002 to 192.107.53.171. Redistribution subject to A
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we will assume that ICRH heated ions that effectively e
change energy with EPMs are characterized by conventio
banana orbits. Forfat banana orbits, in the high energy tra
sition region to potato orbits, this assumption obviously fa
but the error in evaluating the resonant energy excha
would be nonetheless small because, as stated ab
(m/r 0)dp'm@1. In what follows we will also see that thi
assumption is appropriate not only for theresonantbut also
for the nonresonantwave-particle interactions even for
case withv̄dH*vBH@v, vBH being the fast ion bounce
frequency between magnetic mirror points. In fact, in th
very energetic particlelimit, the nonresonant fast-ion re
sponse in not sensitive to the details of the drift orbits.

For the reasons discussed above, we may closely fol
the analysis of Ref. 3, which solves the fast ion gyrokine
equations for deeply trapped particles @Eqs. ~2!–~10!
therein#. Thus, for the particle distribution function we a
sume the representation41,42

d f H5S e

mD
H
F ]F0H

]v2/2
df2J0~lH!

QF0H

v
eiL kHdcG

1eiL kHdKH , ~C1!

wheredf is the perturbed scalar potential anddc is related
to the perturbed parallel vector potential asb•“dc
[2(1/c)] tdAi . Furthermore, LkH5(k3b)•v/vcH and
dKH is obtained from the following gyrokinetic equation fo
the energetic ions:42

@v ib•“2 i ~v2vdH!#dKH5 i
eH

mH
QF0HJ0~lH!

vdH

v
dc.

~C2!

For deeply trappedbanana orbits, we have that the particle
bounce motion between magnetic mirror points~located at
u56ub) is given byv i.ubqR0vBH cosh, with the bounce
frequency given byvBH5@(v2/2)(r /R0)#1/2/qR0 and

vdH.v̄dH~11ubj sinh!, ~C3!

wherej[( i /m)r ]/]r is to be intended as a differential op
erator and the toroidal precession frequency isv̄dH5(v2/2)
3(m/r )/(vcHR0). Transforming to the banana orbit cent
frame,40 we have

dKH5S (
h

i hJh~lBH!e2 ihhD dKBH ,

wherelBH[ub(v̄dH /vBH)j and the banana orbit distribu
tion function, dKBH , satisfies the following gyrokinetic
equation:3

@vBH]h2 i ~v2v̄dH!#dKBH

5 i
eH

mH
QF0H(

h
~2 i !heihhJ0~lH!Jh~lBH!

3S 11h
ubj

lBH
D v̄dH

v
dc. ~C4!

Note that, for a correct interpretation of Eq.~C4!, the deeply
trapped particle assumption has to be kept in mind. If n
inconsistencies would arise on the waydc appears on the
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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right-hand side. Within this framework, Eq.~C4! is easily
integrated and the~magnetic! flux surface averaged contribu
tion of fast ions can be obtained in the form3

Lm.2
q2R0

2

m2/r 0
2 S r 0

R0
D 1/2

vTH
3 8

p E
0

` dz

11z2 E
0

`

w1/2dw

3E
0

p

dub sinubK ~sin~ub/2!!
4pv

c2

eH
2

mH
J0

2~lH!QF0H

3(
h

Jh
2~lBH!

v̄dH1hvBH

v̄dH1hvBH2v
, ~C5!

where K (sin(ub/2)) is the complete elliptic integral of th
first kind, vTH[ATH /mH is the fast tail ion thermal speed
w[v2/2vTH

2 , lH5A2wkurLHA11z2, rLH5vTH /vcH ,
lBH5AwR0 /r 0ubzq0kurLH , v̄dH5kurLH(vTH /R0)w, and
vBH5Awr0 /R0(vTH /q0R0).

The expression ofLm from Eq. ~C5! is made of two
contributions:3 thepositive compressionterm associated with
the convective response, i.e., the second term on the r
hand side of Eq.~C1!; and the resonant plus nonresona
response coming fromdKH in the same equation. The pos
tive compression term is that which yields the usual fast
ballooning-interchangedrive3 and it is always associate
with a downwardsfrequency shift. The}dKH fast ion com-
pressions, instead, depend crucially on the details of the
ticle equilibrium distribution function and, as a consequen
on the detailed particle dynamics, including particle orb
In particular, thenonresonant~real! part of such respons
may change sign as either the fast ion energy, e.g.,
vTH /vA , or the parallel wave vector are changed. Here, p
allel wave vector or mode frequency may be equally us
sinceqR0v/vA.6(nq2m).qR0ki . In the very energetic
ion limit, v̄dH@v, the fast ion compression}dKH becomes
negative and it cancels the positive compression term to
lowest order in (v/v̄dH). It may be interesting to note tha
the same result is valid assuming aflute-like limit, i.e.,
qR0ki.V→0. This digression should put the emphasis
the fact that the type of nonresonant particle response
pends both on the details of the particle dynamics~distribu-
tion function! and on the mode structure. From the expe
mental point of view, these are the properties that must
controlled in order to explore the various regimes cor
sponding to fundamental changes in the dynamic prope
of the system.

The nonresonant contribution of energetic ions from E
~C5! clearly reduces to the expression of Eq.~2! for v̄dH

@v, keeping into account that(hJh
251 and that, for deeply

trapped particles, the flux surface averaged value of the
locity space integral is

^~¯ !&54S r 0

R0
D 1/2

vTH
3 E

0

`

w1/2dwE
0

p

dub sinub

3K ~sin~ub/2!!~¯ !.

Thus, as mentioned above, the property of Eq.~2! to predict
Lm,0 is strictly connected with the properties of the pa
ticle orbits atv̄dH@v. Note that this fact, as it was discuss
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in the previous section, is whatselectswhich of the two
branches described by Eq.~3! is excited.Lm,0 is obviously
compatible with the excitation of localized modes just abo
the local maximum of the shear Alfve´n continuous spectrum
of the (m,n) mode ~cf. Fig. 1!. The opposite case would
instead yield the excitation of a localized mode just bel
the local minimum of the shear Alfve´n continuous spectrum
of the (m21,n) mode. Thus, in the former case, a drop in t
value ofq0 ~as observed experimentally5–7!, would manifest
itself as anupward frequency chirping, whereas in the sec
ond case adownward frequency chirpingmode would be
predicted, the critical control parameter between the t
situations being the sign ofLm , i.e., a quantity determined
by fast ion dynamics and, ultimately, by the properties of f
ion distribution function. In fact, the present results could
used to design experimental operation scenarii for switch
from one situation to the other by simply controlling the fa
ion tail energy, e.g., acting on the density of the minority i
species. Evidently, only a conceptual experiment could be
flexible to operate in all possible scenarii that are interest
from the theoretical point of view. But changing the add
tional heating scheme, e.g., to NBI~or N–NBI35 as men-
tioned in the Introduction!, would introduce additional flex-
ibility in controlling the particle distribution function and
ultimately, the fast ion compressional response.
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